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Preface 


“As long as a branch of science offers an abundance of problems, so long it is 
alive; a lack of problem foreshadows extinction or the cessation of independent 
development. Just as any human undertaking pursues certain objects, so also 
mathematical research requires its problems. It is by the solution of problems 
that the investigator tests the temper of his steel; he finds new methods and new 
outlooks, and gains a wider and freer horizon.” 


These words of David Hilbert impressed me and motivated to write this book as 
a counter part of mathematics. There are several reasons for acceleration of interest 
in Graph theory. While Graph theory is intimately related to many branches of 
mathematical sciences, it also has applications to some areas of physical, chemical, 
communication, computer, engineering and social science. In fact, it serves as a 
mathematical model for any system involving a binary relation. Partly, because of 
their diagrammatic representation, graphs have an intuitive and aesthetic appeal. 
While many results in graph theory are of elementary nature, there is abundance of 
problems with enough combinatorial subtlety to challenge the most sophisticated 
mathematics. 


The present book is based on the curriculum of undergraduate and postgraduate 
courses of universities in India and abroad. Every effort has been made to present the 
various topics in the theory of graphs in a logical manner with adequate historical 
background and include suitable figures to illustrate concepts and results ideally. 
The formidable exercises, neither easy nor straight forward, are bold faced and 
highlighted. The theory portion of each chapter must be studied thoroughly as it 
would help solve many of the problems with comparative ease. The instructor may 
select material from this book for a semester course on graph theory, while the entire 
book can serve for a whole session course. 


Dr. Santosh Kumar Yadav 
drskyadav@hotmail.com 
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Basics of Graph Theory 


Leonhard Euler (1707-1783) was born in an intellectual family in Basel, 
Switzerland. His father was a mathematician and a calvinist paster and 
wanted him to be a pastor in future. Euler had different ideas, he 
followed his father’s wishes and entered in the university of Basel fo 
study Hebrew and theology. For his hard work and remarkable ability 
the famous mathematician Johann Bernoulli was very much impressed 
and recognized this young chap’s talent. He approached Euler’s father 
to change the track and got a positive response. Euler was allowed to 
Leonhard Euler _ pursue his studies in mathematics. 
(1707-1783) Euler brought out his first paper. He won Paris Academy prize 12 times. 
He was the most prolific mathematician and contributed every branch 
of mathematics. With his phenominal memory, he had perfect recall for every result. As a genius, 
he could work anywhere and under any conditions. Euler belongs in a class by himself Euler is 
known as the father of Graph theory. 
Ne wy, 


1.1 Introduction 


In the last five decades graph theory has established itself as a worthwhile 
mathematical discipline and there are many applications of graph theory to a 
wide variety of subjects that include Operations Research, Physical Sciences, 
Economics, Genetics, Sociology, Linguistics, Engineering and Computer 
Science etc. Such a development may be roughly described as follows 


Deductions 


Mathematical Model Mathematical Solution 


Interpretation 


Real Life Problem Real Life Solution 
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Graph theory has been independently discovered many times through some 
puzzles that arose from the physical world, consideration of chemical isomers, 
electrical networks etc. The graph theory has been independently discovered 
many times, since it may be considered as a counter part of Applied Mathematics. 

In the words of Sylvester, “the theory of ramification is one of pure 

colligation, for it takes no account of magnitude or position, geometrical 

lines are used, but have no more real bearing on the matter than those 
employed in genealogical tables have in explaining the laws of procreation. ” 

In the present century, there have already been as great many rediscoveries 
of graph theory which we can only mention most briefly in this chronological 
account. 

Graph theory is considered to have begun in 1736 with the publication of 
Euler’s solution of the K6nigsberg bridge problem. Euler (1707-1782) is known 
as the father of graph theory as well as topology. 


There are various types of graphs, each with its own definition. Unfortunately, 
some people apply the term “graph” rather loosely, so we cannot be sure what 
type of graph we are talking about unless we ask them. After we have finished 
this chapter, we expect us to use the terminology carefully not loosely. To 
motivate the various definitions we will take suitable example. 


1.2 Graph! What is it? 


1.2.1 Simple Graph 


A simple graph G is a pair G = (V, E) 
Where 
¢ Visa finite set, called the vertices of G 


* E is a subset of P, (V) (a set E of two-element subset of V), called the edges 
of G. 


To avoid rotational ambiguities, we always assume tactly that VANE = 9. 


A nuisance in first learning graph theory is that there are so many definitions. 
They all correspond to intuitive ideas, but can take a while to absorb. Some 
ideas have multiple names. For example, graphs are sometimes called networks, 
vertices are sometimes called nodes, and edges are sometimes called areas. Even 
worse, no one can agree on the exact meanings of these terms. For example, 
in our definition, every graph must have at least one vertex. However, other 
authors permit graphs with no vertices. (The graph with no vertices is the single, 
stupid counter example to many would—be theorems—so we’re banning it!). This 
is typical; everyone agrees more-or-less what each terms means, but disagrees 
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about weird special cases. So do not be alarmed if definitions here differ subtly 
from definitions we see elsewhere. Usually, these differences do not matter. 


If we take an example of graph as shown in Fig. 1.1 
B 


sa 


C E G 
Fig. 1.1: Simple Graph 


The vertices correspond to the dots in the picture, and the edges correspond 
to the lines. Thus, the dots and lines diagram above in a pictorial representation 
of the graph (V, E) where 


V = {A, B, C, D, E, F, G, H, I 
B= A,B, (Ay Ch (8, DAG Dh 1G Bh, te #12, Gh tS 
Hereafter, we use A—B to denote an edge between vertices A and B rather 


than the set notation {A, B}. Note that A—B and B—A are the same edge, just 
as {A, B} and {B, A} are the same set. 


Two vertices in a graph are said to be adjacent if they are joined by an edge, 
and an edge is said to be incident to the vertices it joins. The number of edges 
incident to a vertex is called the degree of the vertex. For example, in the graph 
above, A is adjacent to B and B is adjacent to D, and the edge A—C is incident 
to vertices A and C. Vertex H has degree 1, D has degree 2, and E has degree 3. 


Deleting some vertices or edges from a graph leaves a subgraph. Formally, 
a subgraph of G =(V, £) is a graph G’ = (V’, E’) where V’ is a nonempty subset 
of V and E’ is a subset of E. Since a subgraph is itself a graph, the end points 
of every edge in £” must be vertices in V’. 


m Example 1.1: 4 Computer Network Problem 


Computers are linked with one another so that they can interchange information 
through a particular network. Given a collection of computers, we can describe 
this linkage in clear terms so that we might answer the questions like; “How can 
we send a message from computer 4A to computer B using the fewest possible 
intermediate computers?” 


We can do this by making a list coasting of pairs of computer that are 
interconnected. The pairs are unordered since, if computer C can communicate 
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with computer D, then the reverse is also true. We have implicitly assumed that 
the computers are distinguished from each other. It is sufficient to say that “4 
PC is connected to Ayan.” We must specify which PC and which Ayan. Thus, 
each computer has a unique identification label of some sort. 


For those who like pictures rather than lists, we can put dots on a piece of 
paper, one for each computer we label each dot with a computer’s identifying 
label and draw a curve connecting two dots if the corresponding computers are 
connected. The shape of the curve does not matter because we are only interested 
in whether two computers are connected or not. We can see two such pictures 
of the same graph (as shown in Fig. 1.2). Each computer has been labeled by 
initials of its owner. 


AC 
SK 
SK 
BM RK 
BM RK 
NB 
KW i sk @: 
AR 
AR SJ 
HB 
AC NB HB 


Fig. 1.2: Computer Network Problem 


Computer (vertices) are indicated by dots (-) with labels. The connections 
(edges) are indicated by lines. When limes cross, they might be thought of as 
cables that live on top of each other not as cables that are joined. 


1.2.2 Graph 


A graph is a triple G = (V, E, ) 
Where 
* Vis a finite set, called the vertices of G. 
* Eis a finite set, called the edges of G 
* @ is a function with domain E and Co-domain PV). 
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This definition tells us that to specify a graph G it is necessary to specify the 
sets V and E and the function ). We have to specify V and 6 in set theoretic terms. 


The function is sometimes called the incidence function of the graph. The 
two element of (x) = {u, v}, for any x € E, are called the vertices of the edge 
x, and we say u and v are joined by x. We can also say that u and v are adjacent 
vertices and u adjacent to v or, equivalently, v is adjacent to u. 


For any uv € v, if vis a vertex of an edge x than we can say the x is incident 
on v. Likewise, we can say v is the member of x, v is on x, or vis inx. Of course, 
v 1s a member of x actually means v is a member of 0(x). 


m= Example 1.2: Problem of Routes between Cities (Geographical Placement 
Problem) 

We consider four cities named, (with characteristic mathematical charm), A, B, 

C and D. Between these cities there are various routers of travel, denoted by a, 

b, c, d, e, fand g (as shown in Fig. 1.3). 


D 


Cc 


Fig. 1.3: Geographical Placement Problem 


On observing this picture, we can see that there are three roots between 
cities B and C. These routs are d, e and f: This picture is intended to give us only 
information about the interconnections between the cities. This leaves out so 
many aspects of the situation that might be an interest to the traveler. Unlike a 
typical map, no claim is made that the picture represents in any way the distance 
between the cities or their geographical placement relative to each other. The 
object shown in this picture is a graph. 


One is tempted to list the pairs of the cities which are connected; in other 
words, to extent a simple graph from the information. This does not describe 
the problem adequately because there can be more than one route connecting 
a pair of cities e.g. d, e and f connecting cities B and C as shown in Fig. 1.3. 

In the pictorial representation of the cities graph 

G =(/, E, 6) where 
V = {A, B, C, D}, E = {a, b, c, d, e, f, g}. 
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al act . d e Ff 
{A, B\{ A, B} {A, C} {B,C} {B, Cl {B, C} {B, D} 


The function @ is determined from the picture by comparing the name 
attached to a route with the two cities connected by that route. Thus, the route 
name d is attached to the route with end points B and C. This means that o(d) 
= {B,C} 

Since part of the definition ofa function includes its co-domain and domain, 
determined P, (V) and E. Also, V can be determined from P,(V). Consequently, 
we could have said a graph is a function @ whose domain is a finite set and 
co-domain is P, (V) for some finite set V. Instead, we choose to specify V and 
E explicitly because the vertices and edges play a functional role in thinking 
about graph G. 


Fig 1.4 Shows two additional pictures of the same cities graph given above 
(Fig. 1.3) 


A ab B 
é D 
2 
def a 
d 
— C D 


Fig. 1.4 Same Cities Location Graph 


The drawings look very different but exactly the same set V and function 6 
are specified in each case. It is very important that are to understand exactly what 
information is needed to completely specify the graph. When thinking in terms 
of cities and routes between them, we want the pictorial representation of the 
cities to represent their geographical positioning. If the pictorial representation 
does this, that’s fine, but it is not a part of the information required to define 
a graph. The geometrical positioning of the vertices, A, B, C and D is very 
different, in the first of the two pictorial representations above, than it was in 
our original representation of the cities. However, in each of these cases, the 
vertices on a given edge are the same and hence the graphs specified are the 
same. In the second of two pictures above, a different method of specifying the 
graph is given. There, 0”! the inverse of , is given. For example, 01({C, B}) is 
shown to be {d, e, f}. Knowing 6! determines o and hence determines G since 
the vertices A, B, C and D are also specified. 
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1.2.3 Loops 


A loop is an edge which connects a vertex to itself. Graphs and simple graphs 
cannot have loops, why? Let us explain it. Suppose e € E is a loop in a graph 
that connects ve V' to itself. Then o(e) = {u, v} = {v} because repeated elements 
in the description of a set count only once. They are the same element. 


Since {v} € P,(V), the range of , we cannot have o(e) = {u, v} i.e. we 
cannot have a loop. 

If we want to allow loops, we will have to change our definitions. For a 
graph, we expand the codomain of $ to be P,(V) U P,(V). For a simple graph 
we need to change the set of allowed edges to include loops. This could be 
done by saying that E is a subset of P,(V) U P\(V) instead of a subset of just 
PV). For example, if V= {1, 2, 3} and E=[{1, 2}, {2}, {2, 3}], this simple 
graph has a loop at vertex 2 and vertex 2 is connected by edge to the other two 
vertices. When we want to allow loops, we can say about a graph with loops on a 
simple graph with loops. 

Now we correlate simple graph and graph. Let G=(V, E) be a simple graph. 
Define 0 : E > E to be identity map; i.e. d(e) =e for allee E. 

The graph G’ = (V, E, 6) is essentially the same as G. There is one subtle 
difference in the picture: The edges of G are unlabeled but each edge of G’ 
is labeled by a set consisting of the two vertices at its ends. But this extra 
information is contained already in the specification of G. Thus, we can say 
that simple graphs are special case of graphs. 


1.2.4 Degree of Vertices 


Let G=(V, E, 6) be a graph and v € Va vertex. Define the degree of v, d(v) to 
be the number of e € E such that v € 0(e); i.e; e is incident on v suppose |v| = 
n. Let d,, d,,...,d,, where d, <d,<,...,<d_ be the sequence of degrees of the 
vertices of G, sorted by size. We refer to this sequence as the degree sequence 
of the graph G. 

From Fig. 1.4 (the graph for routes between cities) d(A) = 3, 


d(B) = 6, d(C) = 4 and d(D) = 1. The degree sequence is 1, 3, 4, 6. 
Theorem 1.1 

The number of vertices of odd degree in a graph is always even. 
Proof: 


Let G be a graph of size m. 


We divide V(G) into two subsets V, and V, where V, consists of the odd 
vertices of G and V, consists of the even vertices of G. 
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Since, if G is a graph of size m, then 


>) degy =2m itd) 


vel (G) 
We can conclude by equ. (7) that, 


> degy = )\degv+ >) degv =2m ... (ii) 


ve (G) ve, ve, 


The number S deg v is even since it is a sum of even integers. 


vel, 

Thus 
Dd degv =2m— ¥ degv ... (iit) 
vel, vi, 


The above implies that 


>, degv is even 


vel, 


Since each of the number deg v, ve V, is odd the number of odd vertices of 
G is even. | 


Note: A graph in which all vertices are of equal degree is called a regular 
graph. 
In order to have a partition of S, we must have 
(a) the B(s) are nonempty and every t € S is in some B(s) and 
(b) for every p, g € S, B(p) and B(q) are either equal or disjoint. 
Since ~ is reflexive, s € B(s), proving (a). Suppose x € B(p) A B(q) andy € 
B(p). We have, p ~x,q~x and p~y. Thus q~x~p~yand so ye B(q), proving 
that B(p) C B(q). Similarly B(q) c B(p) and so B(p) = B(q). This proves (6). 


m Example 1.3: Sex in America (Matching Problem) 

A 1994 University of Chicago study entitled The social Organization of 
Sexuality found that on average men have 74% more opposite-gender partners 
than women. 

Let us recast this observation in graph theoretic terms. Let G = (V, E) be a 
graph where the set of vertices V consists of everyone in America. Now each 
vertex either represents either a man or a woman, so we can partition V into two 
subsets: M, which contains all the male vertices, and W, which contains all the 
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female vertices. Let’s draw all the / vertices on the left and the W vertices on 
the right as shown in Fig. 1.5. 
M 


ae ef 
be ef 
ce eh 
de ei 
ee e/ 


Fig. 1.5: Matching Problem 


Now, without getting into a lot of specifics, sometimes an edge appears 
between an M vertex and a W vertex. (Fig. 1.6) 


Fi af 
be & 
c h 
d i 
e j 


Fig. 1.6: Perfect Match 


Since we’re only considering opposite-gender relationships, every edge 
connects an M vertex on the left to a W vertex on the right. So the sum of 
degrees of the M/ vertices must equal the sum of the degrees of the W vertices: 


>, deg(x) = > deg(y) 


xeM veW 
Now suppose we divide both sides of this equation by the product of the 


sizes of the two sets, |M|.|W): 


[Fay el) I [Faneet) 1 


nud wT) (Ml 


10 Advanced Graph Theory 


The terms above in parentheses are the average degree of an VM vertex and 
the average degree of a W vertex. So we know: 
Avg.deginM — Avg.deg in W 
"| \M| 
Avg. deg in M= ar Avg. deg in W. 


Now the Census Bureau reports that there are slightly more women than 


men in America; in particular |W] / |M] is about 1.035. So— assuming the Census 
Bureau is correct— we have just proved that the University of Chicago study 
got bad data! On average, men have 3.5% more opposite-gender partners. 
Furthermore, this is totally unaffected by differences in sexual practices between 
men and women; rather, it is completely determined by the relative number of 
men and women! 


We consider a graph G with e edges and n vertices v,, v,,.....v,. Since each 
edge contributes two degrees, the sum of the degrees of all vertices in G is twice 
the number of edges in G. That is 


> 4(v,) =2e ...(i) 


From Fig. 1.4. d(A) + d(B) + d(C) + dD) =3+6+4+1= 14i.e. twice 
the number of edges. 


1.2.5 Equivalence Relation 


An equivalence relation on a set S is a partition of S. We say that s, ¢€ S are 
equivalent if and only if they belong to the same block (called an equivalence 
class in this context) of the partition. If the symbol ~ denotes the equivalence 
relation, then we write s ~ t to indicate that s and t are equivalent. 


= Example 1.4: ///ustration of Equivalence Relations 


Let S be any set and let all the blocks of the partition have one element. Two 
elements of S are equivalent if and only if they are the same. This rather trivial 


6o__99 


equivalence relation is, of course, denoted by 


Now let the set be the integers Z. Let’s try to define an equivalence relation 
by saying that n and k are equivalent if and only if they differ by a multiple of 
24. Is this an equivalence relation? If it is, we should be able to find the blocks 
of the partition. There are 24 of them, which we call number 0, ..., 23. Block 
j consists of all integers which equals 7 plus a multiple of 24; that is, they have 
a remainder of 7 when divided by 24. Since two numbers belong to the same 
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block if and only if they both have the same remainder when divided by 24, 
it follows that they belong to the same block if and only if their difference 
gives a remainder of 0 when divided by 24, which is the same as saying their 
difference is a multiple of 24. Thus this partition does indeed give the desired 
equivalence relation. 


Now let the set be Z x Z*. where Z* is the set of all integers except 
O. Write (a, b) ~ (c, d) if and only if ad = bc. With a moment’s reflection, 
we should see that this is a way to check if the two fractions a/b and 
c/d are equal. We can label each equivalence class with the fraction 
a/b that it represents. In an axiomatic development of the rationals from the 
integers, we define a rational number to be just such an equivalence class and 
proves that it is possible to add, subtract, multiply and divide equivalence classes. 


Suppose we consider all functions S = m". We can define a partition 
of S in a number of different ways. For example, we could partition 
the functions f into blocks where the sum of the integers in the Image 
(f ) is constant, where the max of the integers in Image (/) is constant, or 
where the “type vector” of the function, namely, the number of 1’s, 2’s, etc. in 
Image(/), is constant. Each of these defines a partition of S. a 


= Example 1.5: Ghosts of Departed Graphs 


We consider the following two graphs represented by Fig 1.7. 


Let us remove all symbols representing edges and vertices. We have left two 
“forms” on which the graphs were drawn, we can think of drawing a picture of 
a graph as a two step process 


(i) draw the form (ii) add the labels 


Fig. 1.7: Ghosts of Departed Graphs 


We get form F’ and Form F’, have a certain similarity as shown in Fig 1.8. 
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F F 


a b 


Fig. 1.8: Similarity of Graphs 


Now suppose we have any two graphs, G, = (V,, E., @,). We can think of 
these graphs not as pictures, but as specified in terms of sets and functions. Now 
we choose forms F' and F, for G, and G, respectively, and draw their pictures. 
We leave it to our intuition to accept the fact that either F, ~ F,, no matter what 
we choose for F’ and F’, or F’, ? F, no matter what our choice is for the forms 
F and F\.. If F ~ F, we say that G, and G, are isomorphic graphs and write G, 
= G,. The fact that ~ is an equivalence relation forces ~ to be an equivalence 
relation also. In particular, two graphs Gand use that same form forG,. 


Theorem 1.2 


Let S'be a set and suppose that we have a binary relation RC S x S. We write s ~ 
t whenever (s, t) € R. This is an equivalence relation if and only if the following 
three conditions hold. 

(i) (Reflexive) For all s € Swe have s ~s. 

(ii) (Symmetric) For all s, ¢€ S such that s ~ t we have t~ s. 


(iii) (Transitive) For all 7, s,t€ S such that r~s and s ~ t we have r ~ ¢. 
Proof: 


We first prove that an equivalence relation satisfies (i)-(iii). Suppose that ~ is an 
equivalence relation. Since s belongs to whatever block it is in, we have s ~ s. 
Since s ~ ¢ means that s and ¢ belong to the same block, we have s ~ tif and only 
if we have t~ s. Now suppose that r ~ s ~ t. Then r and s are in the same block 
and s and ¢ are in the same block. Thus r and ¢ are in the same block and sor ~ ¢. 


We now suppose that (i)-(iii) hold and prove that we have an equivalence 
relation. Everything equivalent to a given element should be in the same block. 
Thus, for each s € S let B(s) be the set of all t © S such that s ~ t. We must show 


that the set of these sets from a partition of S. 
a 
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1.2.6 Random Graph Model 


Let G (n, p) be the probability space obtained by letting the elementary 
events be the set of all n-vertex simple graphs with V = n. If Ge G 
(n, p) has m edges, the P(G) = p” q’” where g = 1—p and N= (3) 

We need to show that G (n, p) is a probability space. There is a nice way to 
see this by reinterpreting P. List the N= é ) vertices P,(V) in lex order. Let the 
sample space be U= x* {choose, reject} with P(d,,...,d,,...,d) =P*(a,) x ... * 
P*(a,,) where P* (choose) = p and P* (reject) = 1 — p. We’ve met this before in 
Unit F’ and seen that it is a probability space. To see that it is, note that P 2 0 and 


> PY dence) = >, aa ees 


( \ 
pag) roX| DLP (ay)| 


prlap)Ase*@r (lp) 


We think of the chosen pairs as the edges of a graph chosen randomly from 
G(n, p). If G has m edges, then its probability should be p™(1 — p)*™ according 
to the definition. On the other hand, since G has m edges, exactly m of GC aiieglly 
equal “choose” and so, in the new space, P(a.,..., a,) =p” (1 — P)*™” also. We 
say that we are choosing the edges of the random graph independently. 


1.2.7 Isolated Vertex, Pendent Vertex and Null Graph 


A vertex having no incident edge is called an isolated vertex or isolated vertices 
are the vertices with zero degree. 


In Fig. 1.9 vertices v, and v, are isolated vertices. 


Fig. 1.9: Isolated Vertex 
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A vertex of degree one is called a pendent vertex or an end vertex. Vertex 
in Fig. 1.9 is a pendent vertex. Two adjacent edges are said to be in series if 
their common vertex is of degree two. In Fig. 1.9, the two edges incident on 
v, are in series. 


Note: A graph without any edges, is called a null graph. 


1.3 Digraphs 


A directed graph (or digraph) is a triple D = (V, E, 0) where V and E£ are finite 
sets and 0 is a function with domain £ and codomain V x V. We call E the set 
of edges of the digraph D and call V the set of vertices of D. 


We can define a notion of a simple digraph. A simple digraph is a pair D = 
(V, E), where Vis a set, the vertex set, and E x C V x Vis the edge set. Just as 
with simple graphs and graphs, simple digraphs are a special case of digraphs 
in which @ is the identify function on E;.e. O(e)=e V e€ E. 

There is a correspondence between simple graphs and simple digraphs that 
is fairly common in application of graph theory. To interpret simple graphs in 
terms of simple digraphs, it is best to consider simple graphs with loops. 

We consider G = (V, E) where E C P, (V) U P,(V). We may identify {u, v} 
€ P(V) U PV) with (u, v) € V x Vand with (v, uv) € Vx V. We identify {4} 
with (u, v). The Fig. 1.10 shows the simple graph and corresponding digraph. 


Cc C 


(a) (b) 
Fig. 1.10: Show the Simple Graph and Corresponding Digraph 


Each, edge that is not a loop in the simple graph is replaced by two edges 
“in opposite directions” in the corresponding simple digraph. A loop is replaced 
by a directed loop (e.g., {A} is replaced by (A, A)). 

Simple digraphs appear in mathematics under another important guise: 


binary relations. A binary relation on a set V is simply a subset of V x V. Often 
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the name of the relation and the subset are the same. Thus we speak of the binary 
relation E CV x V. If you have absorbed all the terminology, you should be able 
to see immediately that (V, £) is a simple digraph and that any simple digraph 
(V’ x V’) correspondence to a binary relation E°c V’ x V’. 


We can recall that a binary relation R is called symmetric if 
(u, v) € R implies (v, uw) € R. Thus simple graphs with loops correspond to 
symmetric binary relations. 

An equivalence relation on a set S is a particular type of binary relation R 
CS x S. For an equivalence relation, we have (x, y) € R if and only if x and y 
are equivalent (i.e., belong to the same equivalence class or block). Note that 
this is a symmetric relationship, so we may regard the associated simple digraph 
as a simple graph. Which simple graphs (with loops allowed) correspond to 
equivalence relations? As an example, take S'= 7 and take the equivalence class 
partition to be { {1, 2,3, 4}, {5, 6, 7}}. Since everything in each block is related 
to everything else, there are ts = 6 non-loops and i = 4 loops associated 
with the block {1, 2, 3, 4} for a total of ten edges. With the block {5, 6, 7} there 
are three loops and three non-loops for a total of six edges. Here is the graph 


of this equivalence relation: (Fig. 1.11) 


Fig. 1.11: Graph of Equivalence Relation 


A complete simple graph G = (V, E) with loops is a graph with every 
possible edge. That is, E = PV) U P,(V). In the above graph, each block of 
the equivalence relation is replaced by the complete simple graph with loops 
on that block. 


Handshaking Lemma: For a graph G we have 
DY do(“) =2| E(G)| 


ueV(G) 


16 Advanced Graph Theory 
Proof 


We consider a collection of guests in a partly. 
Let some guests shook hands with some other guests. 


If we asked everyone in that partly how many guests they shook hands with 
and added those numbers all up, this sum could be equal to twice the number 
of total hands shake. 


In graph theoretic terms, each vertex represents a guest, and an edge between 
two guests represents a hand shake between them. 


Each edge in E(G) has end vertices (say uw and v) which could be identical 
(if the edge is a loop), and hence contributes two to the sum in the left: One to 
du) and other to d_,(v) or two to d_(u) (if the edge is a loop). 


The following two corollaries are possible as a consequence of the Hand- 

shaking theorem: 
(7) In any graph there is always as even number of vertices having odd degree. 
i.e. the value oy dg U) is always even, and hence the number of odd 


ud (G) 
dG(u) terms in even i.e. the number of vertices of odd degree is even. 


(ii) Every k-regular graph on n vertices has kn/2 edges. The complete graph 
K_ has (n — 2)n/2 edges. | 


m Example 1.6: Flow of Commodities Problem 

We can recall example 2. Imagine now that the symbols a, b, c, d, e, f and g, 
instead of standing for route names, stand for commodities (applesauce, bread, 
computers, etc.) that are produced in one town and shipped to another town. 
In order to get a picture of the flow of commodities, we need to know the 
directions in which they are shipped. This information is provided by picture 
below (Fig. 1.12) 


Fig. 1.12: Flow of Commodities Problem 
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In set-theoretic terms, the information needed to construct the above picture 
can be specified by giving a pair D=(V, E, 0) where 0 is a function. The domain 
of the function 6 is F = {a, b, c, d, e, f, g} and the codomain is V x V. Specifically, 


ie a b c d e f g = 
(B, A) (A,B) (C, A) (C, B) (B,C) (C,B) (D, B) 


1.4 Path, Trail, Walk and Vertex Sequence 


Let G=(V, E, 6) be a graph. Let e,, e,,...,e, , be a sequence of elements of E 
(edges of G) for which there is a sequence a,, d.,...,a, of distinct elements of V 
(vertices of G) such that o(e,) = {a, a,,,} for i= 1, 2,...,1— 1. The sequence of 
edges e€,, @,,....€, , is called a path in G. The sequence of vertices a,, a,,...,a, iS 


i+] 


called the vertex sequence of the path. (Note that since the vertices are distinct, 
so are the edges.) 

If we require that e,,...,.e, , be distinct, but not that a,,...,a, be distinct, the 
sequence of edges is called a trail. 

If we do not even require that the edges be distinct, it is called a walk. 

If G=(V, E, ©) is a directed graph, then (e,) = {a, a,,,} is replaced by 
o(e,) = (a, a,,,) in the above definition to obtain a directed path, trail, and walk 
respectively. 


Note: Every path is a trail and every trail is a walk, but not conversely. 
Theorem 1.3 


Walk implies path 
Suppose u # v are the vertices is a graph G=(V, E, 6). 
The following are equivalent: 
(i) There is a walk from u to v. 
(ii) There is a trail from u to v. 
(iii) There is a path from u to v. 


Furthermore, given a walk from u to v, there is a path from u to v all of 
whose edges are in the walk. 


Proof: 


Since every path is a trail, (iii) implies (i). Since every trail is a walk, (ii) 
implies (i). Thus it suffices to prove that (i) implies (iii). Let e,, e,,..., e, be a 
walk from u to v. We use induction on n, the number of repeated vertices in a 
walk. If the walk has no repeated vertices, it is a path. This starts the induction 
at n = 0. Suppose n > 0. Let r be a repeated vertex. Suppose it first appears in 
edge e. and last appears in edge e. 
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Ifr=u, then Cigars is a walk from u to v in which r is not a repeated vertex. 

Ifr = vy, then e.,...,e, is a walk from u to v in which r is not a repeated vertex. 

Otherwise, ¢,,...,€, oe is a walk from u to v in which r is not a repeated 

vertex. Hence there are less than n repeated vertices in this walk from u to v 

and so there is a path by induction. Since we constructed the path by removing 
edges from the walk, the last statement in the theorem follows. 

a 


1.5 Subgraph 


Let G=(J/, E, 6) be a graph. A graph G’ = (V’, E’, 0’) is a subgraph of G iff V’ 
CV,E’ CE, and 0’ is the restriction of @ to E’. 

The fact that G’ is itself a graph means that (x) € P, (V’) for each x € E” 
and, in fact, the codomain of ’ must be P,(V’). If G is a graph with loops, the 
codomain of ’ must be P,(V’) U P,(V’). This definition works equally well if 
G is a digraph. In that case, the codomain of ’ must be V x V. 


1.6 Circuit and Cycle 


Let G=(V, E, 0) be a graph and let e,, ¢,,...,e, be a trail with vertex sequence a,, 
,,...,2,, a,. (returns to the starting point) The subgraph G’ of G induced by the 
set of edges {e,, é,,...,e,} 18 called a circuit of G. The length of the circuit is n. 
* Ifthe only repeated vertices on the trail are a, (the start and the end), then the 
circuit is called a simple circuit or cycle. 
* If ‘trail’ is replaced by directed trail, we obtain a directed circuit and a directed 
cycle. 
Note: Jn the above definitions, a path is a sequence of edges but a cycle is a 
subgraph of G. In actual practice, we often think of a cycle as a path, except 
that it starts and ends at the same vertex. This sloppiness rarely causes trouble, 
but can lead to problems in formal proofs. Cycles are closely related to the 
existence of multiple paths between vertices. 


m Example 1.7: Subgraph-Key Information 

For the graph G = (V, E, 0) as shown in Fig. 1.13, let G’ =(V, E’, 0’) be defined 
by WV’ = {A, B, C}, E” = {a, b, c, f }, and by 0’ being the restriction of fto E” 
with codomain P,(V’). o’ is determined completely from knowing V’, E’ and 6. 
Thus, to specify a subgraph G’, the key information is V’ and E’. 

In the same graph, let V’ = Vand E’ = {a, b, c, f}. In this case, the vertex D 
is not a member of any edge of the subgraph. Such a vertex is called an isolated 
vertex of G’. 

We may specify a subgraph by giving a set of edges E” C E and taking 
to be the set of all vertices on some edge of E’. 
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It shows that, V’, is the union of the sets (x) over allx € E’. Such a subgraph 
is called the subgraph induced by the edge set E’ or the edge induced subgraph of 
E’. The first subgraph of this example is the subgraph induced by E’ = {a, b, c, ft. 

Given a set V’ C V, we can take E’ to be the set of all edges x € E such 
that o(x) C V’. The resulting subgraph is called the subgraph induced by /’ or 
the vertex induced subgraph of V’. In the given Fig., the edges of the subgraph 
induced by V’ = {C, B}, are E” = {d, e, ft 


C 


Fig. 1.13: Parallel Edges 


We consider the path c, a with vertex sequence C, A, B. The edged has o(d) 
= {C, B}. The subgraph G’ = (V’, E’, 0’} where V = {C, A, B} and E’ = {c, a, 
d} is called a cycle of G. Whenever there is a path in G, (say é,, @,,...,e,, with 
vertex sequence d,, d,,...,@,) and an edge x with (x)= {a,,a,}, then the subgraph 
induced by the edges e,, é,,...,e, , x 18 called the cycle of G. 

Parallel edges like a and 5 in the Fig. 1.13 induce a cycle. A loop also 
induces a cycle. a 


1.7 Cycles and Multiple Paths 


Two vertices u # v are on a cycle of graph G iff there are at least two paths 

from u to v that have no vertices in common except the end points u and v. 

To illustrate the above, we consider u and v are on a cycle. We follow the 
cycle from u to v to obtain one path. Then we follow the cycle from v to u to 
obtain another. Since the cycle has no repeated vertices, the only vertices that 
lie on both paths are u and v. On the other hand, a path from wu to v followed 
by a path from v to uw is a cycle if the paths have no vertices in common other 
than wu and v. 


1.8 Connected Graph 


Let G =(V, E, 0) be a graph. If for any two distinct elements u and v of V 
there is a path P from u to v than G is a connected graph. If |V| = 1, than 
G is connected. 
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To illustrate this definition we refer example 1 which has two distinct pieces. 
It is not a connected graph. There is, for example, no path from u = NB to 
v=AC. Note that one piece of this graph consists of the vertex induced subgraph 
of the vertex set {AC, SK, BM, RK} and the other piece consists of the vertex 
induced subgraph of {NB, AR, SJ, HB}. These pieces are called connected 
components of the graph. This is the case in general for a graph G = (V, E, 6). 


The vertex set is partitioned into subsets V,, V,,...,.V,, such that if 
u and v are in the same subset then there is a path from wu to v and if 
they are in different subsets there is no such path. The subgraphs G, = 
(V,, £,, ,),..5.G, = (V,, £,, >,) induced by the sets V,, V,,...,.V_ are 
called the connected components of G. Every edge of G appears in 
one of the connected components. We can see this by considering that 
{u, v} is an edge and note that the edge is a path from u to v and so u and v are 


in the same induced subgraph, G,. 


m= Example 1.8: Connected Components as an Equivalence Relation 


We have to define firstly, two integers to be ‘connected’ if they have a 
common factor. Let 2 and 6 are connected and 3 and 6 are connected, 
but 2 and 3 are not connected and so we cannot partition the set V = 
{2, 3, 6} into “connected components’. 

We must use some property of definitions of graphs and paths to show that 
the partitioning of vertices is possible. We can use to do this by constructing 
an equivalence relation. 


For u, v € V, we write u ~ v iff either uw = v or there is a walk from 
u to v. It is clear that ~ is reflexive and symmetric. We can prove that it 
is transitive also. Let u ~ v ~ w. The walk from u to v followed by the 
walk from v to w is a walk from u to w. This completes the proof that 
u~ vis an equivalent relation. The relation partitions V onto subsets V,, V,,...,V, . 
The vertex induced subgraphs of the V, satisfy the definition of connected graph. 


1.9 Spanning Subgraph and Induced Subgraph 


A spanning subgraph is a subgraph containing all the vertices of G. 


i.e. if VA) C V(G) and E(A) C E(G) then H is a proper subgraph of G and 
if V(H) = V(G) then it can be said that H is a spanning subgraph of G. 

A spanning subgraph need not contain all the edges in G. 

For any set S of vertices of G, the vertex induced subgraph or simply an 
induced subgraph < S'> is the maximal subgraph of G with vertex set S. Thus 
two vertices of S are adjacent in < S'> if and only if they are adjacent in G. 

In other words, if G is a graph with vertex set V and Uis a subset of V then 
the subgraph G(U) of G whose vertex set is U and whose edge set comprises 
exactly the edge of E which join vertices in U is termed as induced subgraph of G. 
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1.10 Eulerian Graph (Eulerian Trail and Circuit) 


Let G = (V, E, ») be a connected graph. If there is a trail with edge sequence 
(€,, €,)---5 @,) in G, which uses each edge in £, then (e,, @,,..., €,) 1s called the 
Eulerian trail. If there is a circuit C = (V’, E’, 6’) in G with EZ” = E, then C is 
called an Eulerian circuit. 


We can describe a process for constructing a graph G = (V, E, 0). 


Starting with V= {v,} consisting of a single vertex and with E = 9. Adding 
an edge e, with 0(e,) = {v,, v,), to Z. If v, = v,, we have a graph with one vertex 
and one edge (a loop), else we have a graph with two vertices and one edge. 
Keeping track of the vertices and edges in the order added. Here (v,, v,) is 
the sequence of vertices in the order added and (e,) is the sequence of edges 
in order added. Suppose we continue this process to construct a sequence 
of vertices (not necessarily distinct) and sequence of distinct edges. At the 
point where k distinct edges have been added, if v is the last vertex added, 
then we add a new edge e,,,, different from all previous edges, with 0(e,,,) 
= {v, v'} where either v’ is a vertex already added or a new vertex. Here is a 
picture of this process carried out with the edges numbered in the order added 


(Fig. 1.14) 
2 9 


10 WS A eS 7 Oll 
rT 


6 10 
Fig. 1.14: Eulerian Graph 


where the vertex sequence is 
S =(a, a, b, e, d, a, b, f, g, ec, C, g). 


Such a graph is called a graph with an Eulerian trail. The edges, in the order 
added, are the Eulerian trail and S is the vertex sequence of the trail. 


By construction, if G is a graph with an eulerian trail, then there is a trail 
in G that includes every edge in G. If there is a circuit in G that includes every 
edge of G then G is called an Eulerian circuit graph or graph with an Eulerian 
circuit. Thinking about the above example, ifa graph has an Eulerian trail but no 
Eulerian circuit, then all vertices of the graph have even degree except the start 
vertex (a in our example with degree 5) and end vertex (g in our example with 
degree 3). Ifa graph has an Eulerian circuit then all vertices have even degree. 
The converses in each case are also true (but take a little work to show): If G is 
a connected graph in which every vertex has even degree then G has an Eulerian 
circuit. If Gis a connected graph with all vertices but two of even degree, then 
G has an Eulerian trail joining the two vertices of odd degree. 
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1.11 Hamiltonian Graph 


A cycle in a graph G = (V, E, ) is a Hamiltonian cycle for G in every element 
of v is a vertex of the cycle. A graph G = (V, E, 6) is Hamiltonian if it has a 
subgraph that is a Hamiltonian cycle for G. 

We can start with a graph G’ = (V, E’, 0’) that is a cycle and then add 
additional edges, without adding any new vertices, to obtain a graph G=(V, E, 
&). As an example, consider (Fig. 1.15) 


Fig. 1.15: Hamiltonian Graph 


(V, E’, 6’) is the cycle induced by the edges {a, b, c, d, e, f |. The second 
graph G =(V, E, 6) is obtained from G’ by adding edges g, h, i andj. A graph 
that can be constructed from such a two-step process is called a Hamiltonian 
graph. The cycle G’ is called a Hamiltonian cycle of G. 


1.12 Biconnected Graph 


Let G = (JV, E, ) be a graph. For e, fe E write e ~ fif either e = for there is 
a cycle of G that contains both e and f; We claim that this is an equivalence 
relation. The reflexive and symmetric parts are easy. Suppose that e ~ f~ g. If 
e = g, then e ~ g, so suppose that e # g. Let o(e) = {v,, v,}. Let C(e, f) be the 
cycle containing e and fand C(f, g) the cycle containing fand g. In C(e, f) there 
is a path P, from v, to v, that does not contain e. Let x and y # x be the first and 
last vertices on P, that lie on the cycle containing fand g. We know that there 
must be such points because the edge fis on P,. Let P, be the path in Cle, f) 
from y to x containing e. In C(f, g) there is a path P, from x to y containing g. 
We claim that P, followed by P, defines a cycle containing e and g. 


Since ~ is an equivalence relation on the edges of G, it partitions them. If 
the partition has only one block, then we say that G is a biconnected graph. 
If E” is a block in the partition, the subgraph of G induced by E” is called a 
bicomponent of G. Note that the bicomponents of G are not necessarily disjoint: 
Bicomponents may have vertices in common (but never edges). There are four 
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bicomponents in the following graph. (Fig. 1.16) Two are the cycles, one is the 
edge {C, O}, and the fourth consists of all of the rest of the edges. 


Fig. 1.16: Biconnected Graph 


1.13 Algebraic terms and operations used in Graph Theory 
1.13.1 Graphs Homomarphism and Graph Isomorphism 
Let G =(V, E, 6) and G' = (V’, E", 6’) be two graphs. A homomorphism 
f:GoG 
from G to G’ is an ordered pair 
S=(,f) of maps f,:V— V and f,: E — E' satisfying the following 
condition: 
(2) = {u, v} > O(£(e)) = hw), L}- 
i.e. if u and v are the endvertices of e in G, then f(u) and f(v) are the 
endvertices of f,(e) in G’. 
Let G, = (v, E,) and G, = (v, E,) be two graphs. A function f : u, — v, is 
called a graphs isomorphism iff. 
(i) fis one-to-one and onto. 
(ii) for alla, be v, fa, b} € E, iff f(a), f(b) € E,when such a function exists, 
G,, and G, are called isomorphic graphs and written as G, = G,. 
OR 


Two graphs G, and G, are called isomorphic to each other if there is a 
one-to-one correspondence between their vertices and between edges such 
that incidence relationship is preserve. Written as G,= G, or G, = G, 


The necessary conditions for two graphs to be isomorphic are: 
(?) Both graphs must have the same number of vertices. 
(ii) Both graphs must have the same number of edges. 
(iii) Both graphs must have equal number of vertices with the same degree, 


(iv) They must have the same degree sequence and same cycle vector (c 
C,5++C,), Where e, is the number of cycles of length i. 


1? 
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e.g. Fig. 1.17 has isomorphism of graphs. 


mo 


Fig. 1.17: lsomorphism of Graphs 


= Example 1.9: Show that the two Graphs shown in Fig. 1.18 are Isomorphic 
1 


Fig. 1.18 


Solution: 


Observing the above graphs G, and G,, we find. 
VG.) = 41.2.3. 435 WG.) = 40, 0,6, a} 
E(G,) = {tl 2}, (2, 3}, 3, OF 
and EG.) = {{4, 5}, 1, dj, {d, ch}. 
Defining a function f: V(G,) > V(G,) as. 
SU) =a, f(2) = b, f(3) = d, and f(4) = c. 
fis clearly one-one and onto, hence an isomorphism. 
Furthermore, {1,2} € E(G,) and { f(1), f(2)} = {a, a} © E(G,) 
{2,3} © E(G,) and { f(2), {(3)} = {b, d} € E(G,) 
{3, 4} © E(G,) and { f(3), f4)} = td, c} © E(G,) 
and {1, 2} € E(G,) and {f(1), A3)} = {a, d} € E(G,) 
{1,4} € E(G,) and { f(1), f(4)} = ta, c} € E(G,) 
{2, 4} € E(G,) and { (2), f(4)} = {b, c} € E(G,) 
Hence fpreserves adjacency as well as non-adjacency of the vertices. 


Therefore, G, and G, are isomorphic graphs. 
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1.13.2 Union of two Graphs 
If we have two graphs G;, and G,, then, their union will be graph such that 
WG, OG) =(G,) WG) 
and E(G, UG,) = E(G,) VU E(G,) 
Fig. 1.19 Shows the union operation of two graphs G, and G,. 


a e b 
e e, 
c é, d 

(G,) (G,) (G,U G,) 


Fig. 1.19: Union of two Graphs 


1.13.3 Intersection of two Graphs 
If we have two graphs G, and G, with at least one vertex is common then their 
intersection will be a graph such that 
ViG, AG,) =ViG,) 0 ViG,) 
and E(G, 0 G,) = E(G,) 0 E(G,) 
Fig. 1.20 illustrates the intersection operation of two graphs G, and G,. 


a e; b 
e e 
c e, a 

(G,) (G,) (6,9 G,) 


Fig. 1.20: Intersection of two Graphs 


1.13.4 Addition of two Graphs 


If we have two graphs G, and G, such that V((G,) X V(G,) = 9, then the sum G, 
+ G, is defined as the graph whose vertex set is V(G,) + V(G,) and the edge set 
is consisting these edges, which are G, and in G, and the edges contained, by 
joining each vertex of G, to each vertex of G,. Fig. 1.21 illustrates the addition 


of two graphs G, and G,. 
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1 
a 


a a 
a 
b' b' 
b 
b c c 
(G,) (G,) (G,+ G,) 


Fig. 1.21: Addition of two Graphs 


1.13.5 Direct Sum or Ring Sum of two Graphs 
If we have two graphs G,(V,, E,) and G,(V,, E,). Then the direct sum of G, and 
G, (denoted by G,, G,) is defined as the graph G such that 
(i) ViG)=ViG)U MG) 
(ii) E(G) = E(G,) U E(G,) - E(G,) nN (G,) 
i.e. the edges that either in G, or G, but not in both. The direct sum is 
illustrated in Fig. 1.22 for two graphs G, and G,. 


“ y 1 x 2 
2 3 
Zz a w 
w 
4 a b : 
(G,) (G,) (G,® G,) 


Fig. 1.22: Ring Sum of two Graphs 


1.13.6 Product of two Graphs 


We can define the product of two graphs G, x G, by considering any two points 
u=(u,,u,) and v= (v,, v,) is V= V, x V,. Then u and v are adjacent in G, x G, 


whenever [u, = v, and w, adj. v,] or [v, and u, adj v,]. 
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Fig. 1.23 illustrates the product of two graphs (G, x G,). 


U, (u,, v,) (u, > 7) (u, 2 W,) 


(v,, U2) (%,, V2) (v,, W2) 


(G,) (G,) (G, x G,) 
Fig. 1.23: Products of two Graphs 


1.13.7 Composition of two Graphs 

The composition G = G,[G,] also has v = v, x v, as its point set, and u = (u,, 

u,) is adjacent with v = (v,, v,) whenever (uw, adj. v,) or (u, = v, and u, adj. v,). 
Fig. 1.24 illustrates the composition of two graphs. 


(uz, 4) (u,, Vi) 


(vy, U2) (u,, V2) (u,, W2) 
(2, U1) (V2, V2) 


(Y,, us) (v,, v;) (M1, W2) (w,, u,) (w,, v,) 


GG.) GG.) 
Fig. 1.24: Composition of two Graphs 


1.13.8 Complement of a Graph 


The complement G’ of a graph G may be defined as a simple graph with the 
same vertex set as G and where two vertices u and v adjacent only when they 
are not adjacent in G. 


Fig. 1.25(a) shows the complement of a graph 
Vv 


Vv 


(G) (G') 


Fig. 1.25 (a): Complement of a Graph 
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A graph G is self-complementary if it is isomorphic to its complement. 
Fig. 1.25(b) shows this situation. 


and 


Fig. 1.25 (b): Self Complement of a Graph 


The self-complementary graph with five vertices is (as shown in Fig. 1.25(c)) 


Fig. 1.25 (c): Self Complementary with Five Vertices 


1.13.9 Fusion of a Graph 


A pair of vertices v, and v, in a graph G is said to be ‘fused’ if these two vertices 
are replaced by a single new vertex v s.t. every edge that was adjacent to either 
v, or v, on both is adjacent v. 


We can observe that the fusion of two vertices does not alter the number 
of edges of graphs but reduced the vertices by one. Fig. 1.26 shows this kind 
of fusion. 


Fig. 1.26: Fusion of Graph 


1.13.10 Rank and Nullity 
Let G be a graph with n vertices, m edges and k components. We define the rank 
P(G) and nullity u(G) of G as follows: 
P(G) = Rank of G=n—-k 
u(G) = Nullity of G=m-nt+k 
If G is connected Hence, 
P(G) =n-1and w(G)=m—-n+ 1. 
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1.13.11 Adjacency Matrix 


A graph can be represented by an adjacency matrix. In particular, ifa graph has 
vertices v,,...,v,, then the adjacency matrix is n x n. The entry in row i, column j 
is 1 if there is an edge vy, and is 0 if there is no such edge. For example, here 
is a graph and its adjacency matrix: 

Vi V; Vv, V2 V3 V4 
ly ‘1 


Foor 


0 1 
0 0 
0 0 


x 
rm) 
eee 


V3 V4 


The adjacency matrix of an undirected graph is always symmetric about the 
diagonal line running from the upper left entry to the lower right. The adjacency 
matrix of a directed graph need not be symmetric, however. Entries on the 
diagonal of an adjacency matrix are nonzero only if the graph contains self-loops. 


Adjacency matrices are useful for two reasons. First, they provide one way 
to represent a graph in computer memory. Second, by mapping graphs to the 
world of matrices, one can bring all the machinery of linear algebra to bear on 
the study of graphs. For example, one can analyze a highly-prized quality of 
graphs called “expansion” by looking at eigenvalues of the adjacency matrix. 
(In a graph with good expansion, the number of edges departing each subset of 
vertices is at least proportional to the size of the subset. This is not so easy to 
achieve when the graph as a whole as few edges, say |E| = 3|V|.) Here we prove 
a simpler theorem in this vein. If M is a matrix, then M., denotes the entry in 
row i, column /. Let M* denote the k-th power of M. As a special case, M° is 
the identity matrix. 


1.13.12 Some Important Theorems 


Theorem 1.4 


The maximum number of edges in a simple graph with n vertices is n(n = !) 
2 


Proof: 
By handshaking theorem, we have 


Where e is the number of edges with vertices in the graph G. 
d(v,) + d(v,) + ,..., + d(v,) = 2e. ssh) 
Since we know that maximum degree of each vertex in a graph G can be 


(n—1). 
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Therefore, equ (i) reduces to 
(n—1)+(n—-1)+,..., tom terms = 2e 
n(n—1) =2e 


n(n-1) 


2 


e= 
Hence the maximum number of edges in any simple graph with n vertices 


dae " 
2 


1S 


Theorem 1.5 


The maximum number of lines among all p point graphs with no triangles is 
2 
P 


4 


Proof: 


Suppose the statement is true for all even p < 2n. 
We then prove for p = 2n + 2. 
Let G be a graph with p = 2n + 2 points and no triangles. 
Since G is not totally disconnected, there are adjacent points u and v. 


The subgraph G’ = G — {u, v} has 2” points and no triangles, so that by the 
induction hypothesis. 


2 


n 
G’ has at most [) = n’ lines. 


There might not be a point w s.t., u and v are both adjacent to w, for then 
u, v and w would be points of a triangle in G. 


If u is adjacent to k points of G’, v can be adjacent to at most 2n — k points. 
l) p 1] p 


Thus G has at most 


2 2 
mbt On-w + ants ane = & = [EE lines. a 
Theorem 1.6 


A simple graph with n vertices must be connected if it has more than 
—1)(n-2 
ae ae edges. 
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Proof: 


Let G be a simple graph on n vertices. 


We can choose n —I vertices v,, v,,..., v,, of G. 


n-1 —1)(n-2 
5 = a number of edges. 


Only can be drawn between there vertices. 


We have maximum 


If we have more than (n=1)(n~2) edges, at least one edge should be 
drawn between the n™ vertex v, to some vertex v,, 1 S<i<n—1 of G. 

Hence G must be connected. 
Theorem 1.7 


A simple graph with n vertices and k components cannot have more than 
(n—k)(n-k +1) 


1 
edges. If m> a(n —1)(n —2) then a simple graph with n 


vertices and m edges in connected. 


Proof: 


Let n, the number of vertices is component i, i <i <k 


Then >a =i 


i=l 


A component with n, vertices will have the maximum possible number of 
edges when it is complete. 


sds | 
i.é., it contains —n,(n, —1) edges. 


The maximum number of edges is 


| 
= 
— 
Ss 
| 
a 
— 
ll 
Nle 
= 
NR 
| 
Nl 
M>- 
~ 


lA 
Nl 
Fr. | 
= 
Nu 
— 
> 
— 
an” 
— 
N 
3 
> 
a” 
La! 
3 


= on? = 2nk +k? +k] 


= F(n-K)(n-k +1) 


Suppose graph is disconnected. Then it has at least two components, 


BY Advanced Graph Theory 


1 
Therefore, ms 3(" k)(n k4 1) for k= 2. 


< $(n=2)(n-1) 


This contradiction assumes that 


m= (n=1)(1-2) 


Therefore, the graph is connected. a 
Theorem 1.8 
Every graph G = (V, E) has at least |V| — |E| connected components. 
Proof: 


We use induction on the number of edges. Let P(7) be the proposition that 
every graph G = (V, E) with |E| =7 has at least |V| — n connected components. 


Base case: In a graph with 0 edges, each vertex is itself a connected 
component, and so there are exactly |V| — 0 = |V| connected components. 


Inductive step: Now we assume that the induction hypothesis 
holds for every n-edge graph in order to prove that it holds for every 
(n + 1) — edge graph, where n = 0. Consider a graph G (V, E) with 
n+ 1 edges. Remove an arbitrary edge u-v and call the resulting graph 
G’. By the induction assumption, G’ has at least |V| — n connected 
components. Now add back the edge u — v to obtain the original graph 
G. If u and v were in the same connected component of G’, then G has 
the same number of connected components as G’, which is at least 
|V| — n. Otherwise, if u and v were in different connected components of G’, 
which is at least |V| — n. Otherwise, if uw and v were in different connected 
components of G’, then these two components are merged into one in G, 
but all other components remain. Therefore, G has at least |V| —n — 1 =|V| — 
(n + 1) connected components. ia 


Corollary: Every connected graph with n vertices has at least n — I edges. 


Acouple points about the proof of Theorem 7 are worth noting. First, notice 
that we used induction on the number of edges in the graph. This is very common 
in proofs involving graphs, and so is induction n the number of vertices. 


The second point is more subtle. Notice that in the inductive step, we took 
an arbitrary (n + 1)-edge graph, threw out an edge so that we could apply the 
induction assumption, and then put the edge back. This might seem like needless 
effort; why not start with an n-edge graph and add one more to get an (n + 1)- 
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edge graph? That would work fine in this case, but opens the door to a very 
nasty logical error in similar arguments. fl 


Theorem 1.9 
A connected graph has an Euler tour if and only if every vertex has even degree. 
Proof: 


If a graph has an Euler tour, then every vertex must have even degree; in 
particular, a vertex visited k times on an Euler tour must have degree 2k. 


Now suppose every vertex in graph G has even degree. Let Wbe the longest 
walk in G that traverses every edge at most once: 
WV = Ve VaeViHv. 


Voy vey V 


pha) 4 Va Vn 


The walk W must traverse every edge incident to v ; otherwise, the walk 
could be extended. In particular, the walk traverses two of these edges each time 
it passes through v_ and traverses v_,—v_ at the end of the walk. This accounts for 
an odd number of edges, but the degree of v_ is even by assumption. Therefore, 


the walk must also begin at v ; that is, v, = v,. 

Suppose that W is not an Euler tour. Because G is a connected graph, we 
can find an edge not in W but incident to some vertex in W. Call this edge u —v.. 
But then we can construct a longer walk: 


WU=V, VV = v,=V 


i Eel"? va V2 Vv. V7 Vip aes Vig Ve V; 


This contradicts the definition of W, so W must be an Euler tour after all. 


Corollary: A connected graph has an Euler walk if and only if either 0 or 2 
vertices have odd degree. 

Hamiltonian cycles are the unruly cousins of Euler tours. A Hamiltonian 
cycle is walk that starts and ends at the same vertex and visits every vertex 
in a graph exactly once. There is no simple characterization of all graphs 
with a Hamiltonian cycle. (In fact, determining whether a given graph has a 
Hamiltonian cycle is “NP-complete”’.) a 


Theorem 1.10 


Let G be a digraph (possibly with self-loops) with vertices v,,...,v,. Let M be 


the adjacency matrix of G. Then M | is equal to the number of length-k walks 
from v, to vi. 


Proof: 


We use induction on k. The induction hypothesis is that i is equal to the 
number of length-A walks from v, to Vis for all i, 7. 
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Each vertex has a length-0 walk only to itself. Since M@ ; = 1 if and only if 
i=, the hypothesis holds for k = 0. 


Now suppose that the hypothesis holds for some k = 0. We prove that it 
also holds for + 1. Every length-(k + 1) walk from v, to v consists of a length 
k walk from v, to some intermediate vertex v_ followed by an edge ae Thus, 
the number of length-(& + 1) walks from v, to ¥, is equal to: 


k k k 
MMi + MoM oj) +--+ MM ng 


ivl ivn 


This is precisely the value of M/*', so the hypothesis holds for k + 1 as 
well. The theorem follows by induction. 


1.14 Some Popular Problems in Graph Theory 
1.14.1 Tournament Ranking Problem 


Suppose that n players compete in a round-robin tournament. Thus, for every 
pair of players wu and v, either u beats v or else v beats u. Interpreting the results 
of a round-robin tournament can be problematic. There might be all sorts of 
cycles where x beat y, y beat z, yet z beat x. Graph theory provides at least a 
partial solution to this problem. 


The results of a round-robin tournament can be presented with a tournament 
graph. This is a directed graph in which the vertices represent players and the 
edge indicate the outcomes of games. In particular, an edge from u to v indicates 
that player u defeated player v. In a round-robin tournament, every pair of players 
has a match. Thus, in a tournament graph there is either can edge from u to v 
or an edge from v to u for every pair of vertices u and v. Here is an example of 
a tournament graph (refer Fig. 1.27) 


LEI. 
ie 


Fig. 1.27: Tournament graph 


The notions of walks, Euler tours, and Hamiltonian cycles all carry over 
naturally to directed graphs. A directed walk is an alternating sequence of 
vertices and directed edges: 


Vo Vy V,V,7 Vo, Vv. Vv 


pry "1 g? Var Vg eg 


n-1? 


A directed Hamiltonian path is a directed walk that visits every vertex 
exactly once. 
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We’re going to prove that in every round-robin tournament, there exists a 
ranking of the players such that each player lost to the player ranked one position 
higher. For example, in the tournament above, the ranking. 


A>B>D>E>C 
satisfies this criterion, because B lost to A, D lost to B, E lost to D and C lost to 


E. In graph terms, proving the existence of such a ranking amounts to proving 
that every tournament graph has a Hamiltonian path. 


Theorem 1.11 
Every tournament graph contains a directed Hamiltonian path. 
Proof: 


We use strong induction. Let P(m) be the proposition that every tournament 
graph with n vertices contains a directed Hamiltonian path. 


Base case: P(1) is trivially true; every graph with a single vertex has a 
Hamiltonian path consisting of only that vertex. 


Inductive step: For n = 1, we assume that P(1),..., P(m) are all true and 
prove P(n + 1). Consider a tournament with 1 + 1 players. Select one vertex v 
arbitrarily. Every other vertex in the tournament either has an edge to vertex 
v or an edge from vertex v. Thus, we can partition the remaining vertices into 
two corresponding sets, 7 and F, each containing at most n vertices. (Fig. 1.28) 


vO 


Fig. 1.28: Tournament Graph as Hamiltonian Path 


The vertices in 7 together with the edges that join them form a smaller 
tournament. Thus, by strong induction, there is a Hamiltonian path within 7. 
Similarly, there is a Hamiltonian path within the tournament on the vertices 
in F’. Joining the path in T to the vertex v followed by the path in F gives a 
Hamiltonian path through the whole tournament. (As special cases, if 7 or F is 
empty, then so is the corresponding portion of the path.) a 

Note: The ranking defined by a Hamiltonian path is not entirely satisfactory. 
In the example tournament, notice that the lowest-ranked player (C) actually 
defeated the highest-ranked player (A). 
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1.14.2 The Kénigsberg Bridge Problem 


The K6nigsberg bridge problem is perhaps the best-known example in Graph 
Theory. It was a long-standing problem until solved by Leonhard Euler (1707- 
1783) in 1736, by means of a graph. Euler wrote the first paper even in graph 
theory and thus became the origination of Graph Theory as well as of the 
rest of topology. The city of Kénigsberg was located on the Pregel river in 
Prussia. The city occupied the island of kneiphopf plus areas on both banks. 
These regions were linked by seven bridges as shown in Fig 1.29. The citizens 
wondered whether they could leave home, cross every bridge exactly once, and 
return home. The problem reduces to traversing the Fig. (right) with heavy dots 
representing land masses and cures representing bridges. 


x 


Fig. 1.29: The Konigsberg Bridge Problem 


Two stands w and y, formed by the Pregel river in K6nigsberg (Then the 
capital of east Prussia but now renamed Kalinongrad and in West Soviet Russia) 
were connected to each other to the banks x and z with seven budges as shown 
in Fig. The problem was to start any of the four land areas of the city w, x, y or 
z, walk over each of the seven bridges exactly once, and return to the starting 
point (without swimming across the river). Euler represented this situation by 
means of a graph as shown in Fig.. The vertices represent the land areas and 
the edges represent the bridges. 


Later on the problem was solved by introducing a new bridge on left most 
side. 


1.14.3 Four Colour Problem 


One of the most famous problem of Graph Theory is the four colour problem. 
This problem states that any map on a plane on the surface of a sphere can be 
coloured with four colours in such a way that no two adjacent countries or states 
have the same colour. This problem can be translated as a problem in Graph 
Theory. We represent each country or state by a point and join two points by 
a line if the countries are adjacent. The problem is to colour the points in each 
way that adjacent points have different colours. This problem was first posed 
in 1852 by Frances Gutherie a post-graduate student at the University College, 
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London. This problem was finally proved by Appel and Hahen in 1976 and they 
have used 400 pages of arguments and about 1200 hours of computer time on 
some of the best computers in the world to arrive the solution. 


1.14.4 Three Utilities Problem 


We consider three houses H,, H, and H,, each to be connected to each of the three 
utilities viz. water (W), gas (G), and electricity (Z) by means of conducts. It is 
possible to make such connections without any crossovers of the conduits. We 
can see in Fig. 1.30. How this problem can represented by a graph the conduits 
are shown as edges while the houses and utilities supply centres are vertices. 
The graph (right) cannot be drawn n the plane without edge crossing over. The 
answer of this problem is no. 


Fig. 1.30: Three Utilities Problem 


1.14.5 Traveling - Salesman Problem 


A salesman requires to visit a number of cities during his assignment. Given the 
distance between the cities, in what order should be travel as to visit every city 
precisely once and return home, with the minimum mileage travelled? 


We represent the cities by vertices and the road between them by edges. 
We get a graph. 

In this graph, with every edge e. there is associated a real number W(e.) 
being the weight of edge e. 


Iilustration: 


Suppose that a salesman wants to visit five cities, namely A, B, C, D and F (as 
shown in Fig. 1.31). In which order should he visit these cities to travel the 
minimum total distance? To solve this problem we may assume the salesman 
starts in A (since this must be a part of circuit) and examine all possible ways 
for him to visit the other four cities and then return to A. There exist a total of 24 
such circuits, but since we travel the same distance when we travel a circuit in 
reverse order, we need to consider only 12 different circuits to find the minimum 
total distance he must travel. We can list these 12 different circuits and the total 
distance travelled for each circuit. The routes can be found the distance travelled. 
The travelling salesman problem asks for a circuit of minimum total weight 
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in a weighted, complete, undirected graph that visits each vertex exactly once 
and returns to its starting point. This is equivalent to asking for a Hamiltonian 
circuit with minimum total weight in the complete graph, since each vertex is 
visited exactly once in the circuit. 

A B 


D 
Fig. 1.31: Traveling Salesman Problem 


The most straight way to solve an instance of this problem is to examine all 
possible Hamiltonion circuits and select one of minimum total length. (Fig. 1.31) 


If we have n vertices in the graph. Once a starting point is chosen, there 
are (n—1)! different Hamiltonion circuits to be examined, since there are (n—1) 
choices for second vertex, (n — 2) choices for the third vertex and, so on. 


A Hamiltonion circuit can be travelled in reverse order, we can only examine 


(n-1)! 


-_jyro.). 
(n=)! circuits to reach the answer. 
2 


1.14.6 MTNL’S Networking Problem 


grown extremely rapidly. 


Suppose Mahanagar Telephone Nigam Limited (MTNL) is interested in 
identifying those lines that must stay in services to avoid disconnecting the 
network as shown in Fig. 1.32. Which is a typical problem of graph theory. 


2) Vs Vs 


vy 


Fig. 1.32: MTNL Network Problem 


1.14.7 Electrical Network Problems 


The properties of an electrical network are functions of only two key factors: 


(i) The nature and value of the elements forming the network, such as resistors, 
inductors and transistors etc. 
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(ii) The way these elements are connected together i.e. the topology of the 
network. 

Since these are a few different types of elements of electrical circuit, the 
variations in networks are due to variations in networks are due to variation in 
technology. 

The particular topology of an electrical network is studied by means of 
graph theory. While drawing a graph of an electrical network the junctions are 
represented by vertices, and the branches are represented by edges, regardless 


the nature and size of the electrical elements shown in Fig. 1.33. 
b b 


e e 


Fig. 1.33: Electrical Network Problem 


1.14.8 Satellite Channel Problem 


Suppose six TV companies apply for frequency allotment. If the relay centre of 
these companies are not less than 1000 km then only the same frequency could 
be alloted without interference. The aim is to assign as small number of different 
frequency as possible. The Fig. 1.34 shows the line joining two companies to 
show that they came relay centres less than 1000 km apart. This is a typical 
problem of graph theory. As an obvious case, we could assign same frequency 


to company | and 4, 2 and 5, and 3 and 6 respectively. 
6 


3 


Fig. 1.34: Relay Centres and their Distance 
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1.15 Applications of Graphs 


Graphs are the most useful mathematical objects in computer science. We can 
model an enormous number of real-world systems and phenomena using graphs. 
Once we have created such a model, we can tap the vast store of theorems about 
graphs to gain insight into the system we are modeling. Here are some practical 
situations where graphs arise: 

Data Structures: Each vertex represents a data object. There is a directed 
edge from one object to another if the first contains a pointer or reference to 
the second. 

Attraction: Each vertex represents a person, and each edge represents 
a romantic attraction. The graph could be directed to model the unfortunate 
asymmetries. 


Airline Connections: Each vertex represents an airport. If there is a direct 
flight between two airports, then there is an edge between the corresponding 
vertices. These graphs often appear in airline magazines. 

The Web: Each vertex represents a web page. Directed edges between 
vertices represent hyperlinks. 


People often put numbers on the edges of graph, put colors on the vertices, 
or add other ornaments that capture additional aspects of the phenomenon being 
modeled. For example, a graph of airline connections might have numbers on 
the edges to indicate the duration of the corresponding flight. The vertices in 
the attraction graph might be colored to indicate the person’s gender. 


1.16 Worked Examples 


m Example 1.10: Determine the number of edges in a graph with 6 vertices, 2 
of degree 4 and 4 of degree 2. Plot two such graphs. (Delhi, (MCA), 2004) 


Solution we consider a graph with 6 vertices and having e number of edges 
from Handshaking lemm, we have. 


= d(v,) + d(v,) + d(v,) + d(v,) + dv.) + d(v,) = 2e. 

given, 2 vertices are of degree 4 and 4 vertices are of degree 2. 
Hence the above equation 

(4+4)+(2+2+2+2)=2e. 

= 16=2e>e=8. 


Hence the number of edges in a graph with 6 vertices with the given 
conditions is 8. 


E.g. 
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Fig. 1.35 


= Example 1.11: Show that the following graphs are isomorphic 


e , 
| | 9 d c 
c 4 
b d a’ b 
(G) (GC) 


We define the function f: G > G’ between two graphs. 
The following are the degree of G and G’ 


Solution: 


deg. (G) deg (G’) 

deg(a) = 3 deg(a’) = 3 
deg(b) = 2 deg(b’) = 2 
deg(c) =3 deg(c’) = 3 
deg(d) = 3 deg(d’) = 3 
deg(e) = 1 deg(e’) = 1 


Each graph has 5-vertices and 6-edges, 
d(a) = d(a’) =3 
d(b) = d(b’) =2 
d(c) = d(c’) =3 
d(d) = d(d’) =3 
d(e) =d(e’) = 1 
Hence the correspondence is a — a’, b—D’,...,e —e 


/ 


which is one-to-one 


Hence the given graphs are isomorphic. 
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m= Example 1.12: Find the rank and nullity of the complete graph k,. 


Solution: 
Since k, is a connected graph with n vertices 


_ n(n—1) 


edges. 


Therefore, by the definition of rank and nullity, we have 
Rank of k, =n-—1 


1 
Nullity of k, =m oe a l)-n+1 


= 5 (n—1)(n=2) | 


m Example 1.13: /fG be a simple graph with n vertices and m edges where m 
is at least 3. 


1 
If m= 3 (n—1)(n— 2) + 2. 
Prove that G is Hamiltonian. Is the converse true? 
Solution: 


Let wu and v be any two non-adjacent vertices in G, and x, y be their respective 
degrees. 
If we delate u, v from G, we get a subgraph with (n — 2) vertices. 


1 
If this subgraph has g edges, then q < D (n —2)(n —3) 
Since u and v are non-adjacent, then 


m=qtxty. 


Thus, x+y =m a2 {hn Inn 2)42} - {Fn-2900-3)} 


=n 
Hence the graph is Hamiltonion. 


The converse of the result may or may not true because, a 2-regular graph 
with 5-vertices is Hamiltonian but the inequality does not hold. a 
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m Example 1.14: Show that the following sequence is graphical. Also find a 
graph corresponding to the sequence, 6,5, 5, 4, 3, 3, 2, 2, 2. 


Solution: 


The given sequence can be reduced as under: 
Given sequence 6, 5, 5, 4, 3, 3, 2, 2, 2 
On reducing first six terms by | counting from second term, we get 
4, 4, 3, 2, 2, 1, 2, 2. 
Which can be written in decreasing order as, 
4,4, 3, 2,2, 2,2, 1. 
On reducing first three terms by 1, counting from second, we get 
3,2,1,1, 2,2, 1 
Which can be written in decreasing order as, 
3,2,2,2,1,1,1 
On reducing first three terms by 1, counting from second, we get 
1,1,1,1,1,1 
Now sequence 1, 1, 1, 1, 1, 1 is graphical 
Hence the given sequence can be concluded as a graphical sequence. 
The graph of corresponding sequence 1, 1, 1, 1, 1, 1 is given below: 


We can obtain a graph corresponding to the given sequence, adding a vertex 
to each of the vertices of the vertices whose degrees are t—1, tI, ...... saa] 
and the process can be repeated. 


Step 1: 
Degree sequences of this graph is 3, 2, 2,2, 1, 1, 1. 
Step 2: 


Degree sequences of this graph is 4, 4, 3, 2, 2, 2, 2, 1. 


44 Advanced Graph Theory 


Step 3: Final graph can be plotted as; 


Degree sequences of this graph is 4, 4, 3, 2, 2, 2, 2, 1. a 


m@ Example 1.15: Find in-degree and out-degree of each vertex of the following 
directed graph. 


Vv 4 V3 
Vv Vy 
(A) 
Solution: 
(A) 
Vertex in-degree Out-degree 
v, 2 1 
V, 1 2 
V; 2 1 
¥, 2 2 
Vv. 1 2 
(B) 
Vertex in-degree Out-degree 
Pp 5 2 
qd 3 3 
r I 6 
Ss 4 2 
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m= Example 1.16: Find the total number of subgraphs and spanning subgraphs 
inK, L,and Q, 
Solution: 
In a graph K, 
We have |V| = 6 and |E| = 15 
then, total number of subgraph is (2! — 1) x 2 
(2°— 1) x 2° = 63 x 32768 = 2064384 
(The total number of spanning subgraphs is 2'° = 32768. 
In a Linear Graph (L,). 
We have |V| =5 and |E| =4 
Then, total number of subgraph is (2'Y'— 1) 2!" 
= (2°- 1) x 2*=31 x 16=496 
The total number of spanning subgraph is 2* = 16 
In a 3-Cube graph (Q,), 
we have, [V| = 8 and |E| = 12 
Then, total number of subgraph is (2'Y' — 1) x 2! 
= (28 1) x 27 = 127 x 4096 = 520192. 


(Total number of spanning subgraph is 2'? = 4096) a 
m= Example 1.17: Draw the undirected graph a corresponding to adjacency 
matrix. 
1 2 0 0 
3 0 1 1 
ale 7. 2 
0 1 2 0 
Solution: 


The given adjacency matrix is a square matrix of order 4. 
Let G has four vertices v,, v,, v, and v,. 
Since can draw n edges from v, to v, where a,=n 
Also we can draw n loop at v, where a,,=N, 
Hence the required graph is: 
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m= Example 1.18: Show that the graph G and G' are isomorphic. 


a 
a’ 
xy b a 
c 
c 


Solution: 


We con consider the map f: G — G’ and define as f(a) = d’, f(b) =a’, fic) =0'," 
fid)=c' and fle) =e' 


The adjacency matrix of G for the ordering a, b, c, d and e can be written as; 


abe de 
ajO 1 0 1 0 
b}1 O 1 0 1 
AG =clo 1 0 1 1 
dil 0 1 0 1 
ej/0 1 1 1 0 
The adjacency matrix of G’ for the ordering d’, a’, b’, c' and e’ may be 
written as. 
ab c dad e 
ajo 1 0 1 #0 
ail oOo 41 0 1 
A(G')=b'10 1 0 1 1 
cll 0 1 0 1 
e!/0 1 1 1 +0 
The above shows that 
A(G) = A(G’) 
Hence G and G’ are isomorphic. a 
SUMMARY 


1. A graph G consists of a nonempty, finite set V of vertices and a set EF of 
edges connecting them: G = (V E). An edge connecting vertices u and v is 
denoted by (uw, v). 


2. A graph with no loops or parallel edge is a simple graph. 
3. Two vertices v and w ina graph G are adjacent if (v, w) is an edge in G. 
4. The degree of a vertex v is the number of edges meeting at v. 
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5. 


14. 
15. 


16. 
17. 
18. 
19. 
20. 


21. 


22. 
23. 
24. 


The adjacency matrix of G is an n x n matrix A = (4,), where a, = the 
number of edges from vertex v, to vertex v, 


. Let e denote the number of edges of a graph with n vertices v,, v,, ..., v,. Then 


>) deg(v,) = 2e 
i=l 


. ASubgraph ofa graph G=(V, £) isa graph H=(V,, E,), where V, c Vand 


BE. 


. Asimple graph with n vertices is complex graph K_ if every pair of distinct 


vertices is connected by an edge. 


. Let G=(V, E) be a simple graph such that V= V, U V,, V, U V, = ©, and 


every edge is incident with a vertex in V, and V,. G is a bipartite graph. If 
every vertex in V, is adjacent to every vertex in V,, G is a complete bipartite 
graph. If |V,| = m and |V,| =n, then G is denoted by K 


mn 


. A weighted graph is a simple graph in which every edge is assigned a 


positive number, called the weight of the edge 


. An r-regular graph is a simple graph in which every vertex has the same 


degree r 


. The complement G’ = (V E’) of a simple graph G = (V, £) contains all 


vertices in G. An edge (u,v) € E" if and only if {u, v} ¢ E. 


. Two simple graphs, G, = (V,, E,) and G, = (V,, E,), are isomorphic if a 


bijection f: V, > V,,exists such that {u, v} € E, if and only if {f(w), f(v)} 
€ E,. The function fis an isomorphism between G, and G,. If G, and G, are 
isomorphic, they have exactly the same properties. 

An isomorphism invariant is a property shared by isomorphic graphs. 

A path of length n from a vertex v, to a vertex vis a sequence of vertices v, 


and edges e. of the form v,—e, —v, ...@,—v,, where each edge e, is incident 


with the vertices v.— 1 and v,(1 <i<n). A simple path contains no repeated 
vertices, except perhaps the endpoints. 


A path from v, to v, is closed if v, = v,. Otherwise, it is open. 

A eycle is a simple closed path. 

A circuit is a simple closed path with no repeated edges. 

A connected graph contains a path between any two distinct vertices. 


The length of a simple path between any two vertices of a connected graph 
is at most n — 1. 


If A is the adjacency matrix of a connected graph, the number of paths of 
length k from vertex v, to v, is given by ith entry of A‘, where 1 <k<n-1. 


A simple path in connected graph is Hamiltonian if it contains every vertex. 
A cycle in a connected graph is Hamiltonian if it contains every vertex. 


A connected graph that contains a Hamiltonian cycle is Hamiltonian. 
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5. 


7. 
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| EXERCISES 


. How many vertices are needed to construct a graph with 6 edges in which 
each vertex is of degree? [Ans. 6] 


. Show that the degree of a vertex of a simple graph G on n-vertices cannot 
exceed n — 1 


xr 


>| 


. What is the size of an r-regular (p, q) graph? [Ans. g = P 
. Show that the following graphs are isomorphic. 


b’ 
a 
e 
NS 
. m as 


(G) (GY 
Let O=(V, E, 0) be the graph where 


V = {A, B, C, D, E, F, G, H}, E= {a, b,c, d, e, f, g, h, i, 7, k, [} 
and 


What is the degree sequence of QO? 


. Consider the following unlabeled pictorial representation of Q 


Oe 

(a) Create a pictorial representation of Q by labeling P’(Q) with the edges 
and vertices of Q. 

(6b) A necessary condition that a pictorial representation of a graph R can 
be created by labeling P’(Q) with the vertices and edges of R is that the 
degree sequence of R be (0, 2, 2, 3, 4, 4, 4, 5). 

True or false? Explain. 


(c) A sufficient condition that a pictorial representation of a graph R can 
be created by labeling P’(Q) with the vertices and edges of R is that the 
degree sequence of R be (0, 2, 2, 3, 4, 4, 5). True or false? Explain. 

In each of the following problems information about the degree sequence 
of a graph is given. In each case, decide if a graph satisfying the specified 
conditions exists on not. Give reason in each case. 
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10. 


(a) A graph O with degree sequence (1, 1, 2, 3, 3, 5)? 

(6) A graph QO with degree sequence (1, 2, 2, 3, 3, 5), loops and parallel 
edges allowed? 

(c) A graph QO with degree sequence (1, 2, 2, 3, 3, 5), no but parallel edges 
allowed? 

(d) A graph O with degree sequence (1, 2, 2, 3, 3, 5), no loops or parallel 
edges allowed? 

(e) Asimple graph O with degree sequence (3, 3, 3, 3)? 

(f) A graph QO with degree sequence (3, 3, 3, 3), no loops or parallel edges 
allowed? 

(g) Agraph O with degree sequence (4, 4, 4, 4, 4), no loops or parallel edges 
allowed? 

(h) A graph QO with degree sequence (4, 4, 4, 4, 4), no loops or parallel edges 
allowed? 

(i) Agraph Q with degree sequence (4, 4, 4, 4, 6), no loops or parallel edges 

allowed? 


. Divide the following graphs into isomorphism equivalence classes and justify 


your answer; i.e., explain why you have the classes that you do. In all cases 
V=4. 
a b c d e f ) 
@ O=( toi G2} {2,3} {3,4} {1,4} {2,4}) 


A fF €© Dp Ff F \ 

©) O=la ai 4) 4,4} {1,2} {2,3} (3,4) 
: 

1,2}) 


u v w x io Zz 


C)O=(io3) (1.3) {3,4} {14} { 


y 2 & & FF 
(d) o= {3,4} {2,4} {1,3} {3, 4} {1, 2} (1,21) 


. Agraph G=(V, £)is called bipartite if Vcan be partitioned into two sets Cand Ssuch 


that each edge has one vertex in Cand one vertex in S. As aspecific example, let C 
be the set of courses at the university and S the set of students. Let V=CU Sand let 
{s, c} © EF if and only if student s is enrolled in course c. 

(a) Prove that G = (V, E) is a simple graph. 

(6) Prove that every cycle of G has an even number of edges. 
An oriented simple graph is a simple graph which has been converted 
to a digraph by assigning an orientation to each edge. The orientation 
of {u, v} can be thought of as a mapping of it to either (uw, v) or 


(v, u). 
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(a) Give an example of a simple digraph that has no loops but is not an 
oriented simple graph. 

(6) Find the number of oriented simple digraphs. 

(c) Find the number of them with exactly qg edges. 

11. A binary relation R on S is an order relation if it is reflexive, antisymmetric, 
and transitive. R is antisymmetric if for (x, y) € R withx 4 y, (y, x) € R. Given 
an order relation R, the covering relation H of R consists of all (x, z) € R,x# 
z, such that there is no y, distinct from both x and z, such that (x, y) € R and 
(vy, z) € R. A pictorial representation of the covering relation as a directed 
graph is called a “Hasse diagram” of H. 

(a) Show that the divides relation on 
S= {2, 3,4, 5, 6, 7, 8,9, 10, 11, 12, 13, 14, 15, 16} 
Is an order relation. By definition, (x, y) is in the divides relation on Sis x 
is a factor of y. Thus, (4, 12) is in the divides relation. x| y is the standard 
notation for x is a factor of y. 

(6) Find and draw a picture of the directed graph of the covering relation of 
the divides relation. 

Hint: You must find all pairs (x, z) € S x S such that x| y but there does not 

exist any 4, x <y <z, such that x| y and y|z. 
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Trees 


Gustav Robert Kirchoff (1824-1887) was a German physicist born in 
Konigsberg, Prussia. His father was a lawyer. He graduated in early age 
of 18 from the local gymnasium from the university of Konigsberg and 
received his doctorate five years later. He started teaching in Berlin 
in 1848 and two years later he joined as a faculty at the university 
of Breslan where he met well known Chemist Robert Bunsen. In 1854 
both moved to Heidelberg where he made the greatest contribution 
to science (Kirchoff’s laws) 


Gustav Robert 
Kirchoff In 1875, Kirchoff accepted the chair of theoretical physics at the 


ey te) university of Berlin which he hold until his death. 


Kirchoff made significant contributions to every branch of physics and engineering. Some of his 
results are widely used in data structure and graph theory. 


2.1 Introduction 


The word “tree” suggest branching out from a root and never completing a cycle. 
As a graph, trees have many applications especially in data storage, searching, 
and communication. Trees play an important role in a variety of algorithms. We 
use decision trees to enhance our understanding of recursion. We can point out 
some of its applications to simple situations and puzzles and games, deferring 
the applications to more complex scientific problems. 


Kirchhoff (1824-1887) developed the theory of trees in 1847, in order to 
solve the system of simultaneous linear equations which give the current in each 
branch and around each circuit of an electric network. In 1857, Cayley discovered 
the important class of graphs called trees by considering the changes of variables 
in the differential calculates. Later on, he was engaged in enumerating the 
isomers of saturated hydro-carbons (CH, ,,). 
© The Author(s) 2023 51 
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An acyclic graph, one not containing any cycle, is called a forest. 
A connected forest is called a tree. Thus, a forest is a graph whose components 
are trees. The vertices of degree one in a tree are its leaves. Every non trivial 
tree has atleast two leaves-take, for example, the ends of a longest path. This 
little fact often comes in handy, especially in induction proofs about trees: If we 
remove a leaf from a tree, what remains is still a tree (see Fig. 2.1) 


Fig. 2.1: A Tree 


2.2 Definitions of Tree 


If G is a connected graph without any cycles then G is called a tree. A tree is 
also called a free tree. If |V| = 1, then G is connected and hence it is a tree. 


Theorem 2.1 


Alternative definitions of a tree. 
If G is a connected graph, the following are equivalent: 
(i) Gis a tree. 
(ii) G has no cycles. 
(iii) For every pair of vertices u # v, there is exactly one path from u to v. 
(iv) Removing any edge from G gives a graph which is not connected. 


(v) The number vertices of G is one more than the number of edges of G. 
Proof: 


We are given that, G is connected, thus by definition of a tree (7) and (ii) are 
equivalent we have that two vertices u 4 v are on acycle of Giff there are atleast 
two paths from u to v that have no vertices in common except the end points u 
and v. from the above statement (i7) => (iii) 


If {u, v} is an edge, it follows from (iii) that the edge is only path from u 
to v and removing it disconnects the graph have (iii) => (iv). 

We have seen that (7) and (ii) are equivalent, and we also have seen that (ii) 
=> (iii) > (iv) > (v), 


so (i), (ii), (ii) and (iv) are equivalent. All that remains is to include (v) in 
this equivalence class of statements. a 
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2.3 Forest 


A forest is a graph all of whose connected components are trees. In particular, 
a forest with single component is a tree. 


mg Example 2.1: 4 Relation for Forests 


Suppose a forest has v vertices, e edges and c (connected) components. What 
values are possible for the triple of numbers (1, e, c)? It might seem at first that 
almost anything is possible, but this is not so. In fact v—c = e. Why? Let the 
forest consist of trees 7, ..., 7, and let the triples for T, be (v, e,, c,). Since a tree 
is connected, C, = 1. By the theorem, e,= v,— 1. Since v=v, + ...t v, and e = 
€, +, +e, we have 
eae DMD rach aD 
= (hare Vi) =e =) =e 

Suppose a forest has e = 12 and v= 15. We know immediately that it must 

be made up of three trees because c= v —e= 15-12. 


Suppose we know that a graph G=(V, E, ) has v= 15 and c= 3, what is the 
fewest edges it could have? For each component of G, we can remove edges one 
by one until we cannot remove any more without breaking the component into 
two components. At this point, we are left with each component a tree. Thus we 
are left with a forest of c = 3 trees that still has v = 15 vertices. By our relation 
v—c =e, this forest has 12 edges. Since we may have removed edges from 
the original graph to get to this forest, the original graph has at least 12 edges. 


What is the maximum number of edges that a graph G = (V, E, 6) with v= 
15 and c = 3 could have? Since we allow multiple edges, a graph could have 
an arbitrarily large number of edges for a fixed v and c. if e is an edge with (e) 
= {u, v}, add in as many edges e, with $(e,) = {u, v} as we wish. Hence we will 
have to insist that G be a simple graph. 

What is the maximum number of edges that a simple graph G with v = 15 
and c = 3 could have? We start with a graph where c is not specified. The edges 


V 
in a simple graph are a subset of P,(V) and since P,(V) has 4 elements, a 


simple graph with v vertices has at most ¢ ] edges. 


We return to the case when we know there must be three components in our 
simple graph. Suppose the number of vertices in the components are v,, v,, and v,. 
Since there are no edges between components, we can look at each component 
by itself. Using the result in the previous paragraph for each component, the 


maximum number of possible edges is (3 ) + ( Ke ) + ( i ) . We don’t know v,, v,, 
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v,. All we know is that they are strictly positive integers that sum to v. It turns 
out that the maximum occurs when one of v, is as large as possible and the others 


equal 1, but the proof is beyond this course. Thus the answer is (2?) , which in 
. (2B , 

our case 1S ( 2 ) = 78. In general, if there were c components, c — 1 components 

would have one vertex each and the remaining component would have v—(c— 1) 


v+l-c 


=v-+1-c vertices. Hence there can be no more than ( 2 ) edges. 
The above results can conclude that: 
(i) There is no graph G=(V, E, >) with y—c>e 
(ii) If v—c =e, the graph is a forest of c trees and any such forest will do as 
an example. 
(iii) If v—c<e, there are many examples, none of which are forests. 


(iv) If v — c < e and we have a simple graph, then we must have 
e< ("4"), 2 
2.4 Rooted Graph 
A pair (G, v), consisting of a graph G = (V, E, ») and a specified vertex v, is 
called a rooted graph with root v. 
A rooted tree 7 with the vertex set Vis the tree that can be defined recursively 
as: 
(i) Thasa specially designated vertex v, € V, called the root of 7. The subgraph 
of T, consisting of the vertices V— {v} is partitionade into subgraphs. 
(ii) T,, T,,...T. each of which is itself a rooted tree. Each one of these r-rooted 
tree is called a subtree of v, (as shown in fig 2.2) 


vy 


Fig. 2.2: A Rooted Tree 


Note: A tree T* of a spanning tree Tin a connected graph G is the spanning 
subgraph of G containing exactly those edges of G which are not in T. The edges 
of G which are not in T* are called its twigs. 
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2.5 Parent, Child, Sibling and Leaf 


Let (7, r) be a rooted tree. If w is any vertex other than r, let r= v,, V,, V,,.-.5 Vjs 


V,,, = W, be the list of vertices on the unique path from r to w. We can say v, is 
parent of w and w a child of v, parents and children are also called father and 
sons. Vertices with the same parent are siblings. A vertex with no children is 


called a leaf. All the other vertices are internal vertices of the tree. 


2.6 Rooted Plane Tree 


Let (T, r) be a rooted tree. For each vertex, order the children of the vertex. The 
result is a rooted plane tree, which is abbreviated as RP-tree. RP-trees are also 
called ordered trees. An RP-tree is also called, a decision tree, and, when there 
is no chance of misunderstanding, simply a tree. 


m Example 2.2: A Rooted Plane Tree 


Fig. 2.3 is a picture of a rooted plane tree T = (V, E, 6). In this situation V = 
11 and E = {a, b, c, d, e, f, g, h, i, 7}. There are no parallel edges or loops. The 
root is r= 1. For each vertex, there is a unique path from the root to that vertex. 
Since @ is an injection, once @ has defined that unique path can be specified by 
the vertex sequence alone. The path from the root is to 6 is (1, 3, 6). The path 
from the root to 9 is (1, 3, 6, 9) (In computer science we refer to the path from 
the root to vertex v as the “stack” if v. 


9 10 11 


Fig. 2.3: RP — Tree 


The vertex 6 is the parent of the vertex 9. The vertices 8, 9, 10 and 11 are 
the children of 6 and, they are siblings of each other. The leaves of the tree are 
4,5, 7, 8, 9, 10, 11. All other vertices (including root) are the internal vertices 
of the tree. 


We must remember that, an RP-tree is a tree with added properties. So, we 
must satisfy, 7 has no cycle. There is a unique path between any two vertices. 
Removing any edge gives a graph which is not connected. (e.g. removing / 
disconnects T into a tree with 10 vertices and a tree with | vertices; removing 
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e disconnects T into a tree with 6 vertices and one with 5 vertices). At last, the 
number of edges (10) is one less than the number of vertices. a 


m Example 2.3: Traversing a Rooted Plane Tree 


As in case of decision trees, we can define the notion of depth first traversals 
of a rooted plane tree. We can imagine going around the RP-tree (Fig. 2.3) 
following arrows. We can start at the root, 1, go down edge a to vertex 2 etc. 
We find the sequence of vertices as encountered in this process: 1, 2, 4, 2, 5, 2, 
1, 3, 6, 8, 6, 9, 6, 10, 6, 11, 6, 3, 7, 3, 1. This sequence of vertices is known as 
the depth first vertex sequence, DF V(7), of the rooted plane Tree 7. The number 
of times each vertex appears in DF'V(T) is one plus the number of children of 
that vertex. For edges, the corresponding sequence is a, c, c, d, d, a, b, e, g, g, 
h, h, i, i, j, j, e, f, f, b. This sequence is the depth first edge sequence, DFE(T), 
of the tree. Every edge appears exactly twice in DF'E(7). If the vertices of the 
rooted plane tree are read left to right, top to bottom, we can obtain the sequence 
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11. This is called the breadth first vertex sequence, 
BFV(T). Similarly, the breadth first edge sequence, BFE(7) is a, b, c, d, e, f, g, 
h, i, 7. (As shown in Fig 2.4). 


Fig. 2.4: TRP — Tree 


The sequence BFV(T) and BFE(T) are linear ordering of the vertices and 
edges of the RP-tree T (each vertex or edge appears exactly once in the sequence). 
We also associate linear ordering with DFV(T) which is called the sequence 
of vertices of T. 

PREYV(1), and the post order sequence of vertices of 7, POSV(T). 

Here PREV(T) = 1, 2, 4, 5, 3, 6, 8, 9, 10, 11, 7 is the sequence of first 
occurrances of the vertices of Tin DFV(7). 
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POSV(T) =4, 5, 2, 8,9, 10, 11, 6, 7, 3, 1 is the sequence of last occurrences 
of the vertices of Tin DFV(T). 
We can notice that the order in which the leaves of T appear, 4, 5, 8, 9, 10, 
11, is the same in both PREV(7), and POSV(1). a 
Theorem 2.2 
A (p, @) graph is a tree iff it is acyclic andp =q+lorq=p-1. 
Proof: 


If G is a tree, then it is acyclic. From definition, to verify the equation 
p=qtil. 

We can employ inductions on p. 

for p = 1, the result is so trivial. 


We can assume, then that the equality p = q + 1 holds for all (p, q) trees 
with p = | vertices 


Let G, bea tree with p + | vertices 
Let v be an end vertex of G.. 
The graph G, = G, — visa tree of order p, and so 
p=|B(G,|+1 
Since G, has one more vertex and one more edge than that of G,. 
[ViG,)| =p+1=|E(G,)|+1+1=|E(G)| +1. 
\V(G,)| = |E(G,)| + 1. (As shown in Fig. 2.5) 


V3 vy V3 vy 


v 
V3 2 Vy 


(G,) (G, = G,- v) 
Fig. 2.5 


Converse: Let G be an acyclic (p, g) graph with p=q+1 


We can show Gis a tree. To do so, we need only to verify that G is connected. 
We can denote by G,, G,,..., G, the components of G, where k 2 1. 


Further, Let G, be a (p,, g,) graph 
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Since each G, is a tree, p,=q,+ 1. 
k 

Hence p-l =g= 4 
i=l 


k 
= 4 -) =pPak 


i=l 


=> p-l=p-k 

> k = 1. and G is connected. 

Hence, (p, q) graph is tree. | 
Theorem 2.3 


A (p, q) graph G is a tree iff G is connected and p=q+ 1. 
Proof: 
Let G be a (p, q) tree. From definition of G, it is connected and A(p, q) graph is 
a tree iff it is a acyclic and p=q+1, org =p- 1 (Theorem 2.2). 

Conversely, we assume G is connected (p, g) graphs with p=q+ 1 

It is sufficient to show that G is acyclic. 

If G contains a cycle C and e is an edge of C, then G — e is a connected 
graphs with p vertices having p — 2 edges. 

It is impossible by definition and contridicts our assumption. 

Hence G is connected. a 


m Example 2.4: A tree has five vertices of degree 2, three vertices of degree 3 
and four vertices of degree 4. How many vertices of degree I does it have? 


Solution: 


Let x be the number of nodes of degree 1. 
.. Total number of vertices 
=53+3+4+x 
=12+x. 
The total degree of tree=5*2+3x3+4x4+x 
=35 +x 
The number of edge in the tree is half of the total degree of it. 
If G=(V, E) be the tree, then, we have 


= 124 and (ei eo 


If any tree |E] =|V|-1. 
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354+x 


=> =12+x-1 
2 
= _ =24+2x-2 
=> x = 13. 
“. There are 13 nodes of degree one in the tree. i 


m= Example 2.5: The Number of Labeled Trees 


How many n-vertex labeled trees are there? Or, count the number of trees with 
vertex set V =n. The answer has been obtained in a variety of ways. 


Solution: 


Suppose fis a function from V to V. We can represent this as a simple digraph 
(V, E) where the edges are {(v, f(v)) |v € V}. The function 


123 45 67 8 9 10 Il 
11092822 5 1 6 11 


corresponds to the directed graph 


[\/ 
J Cs 
ANC 


Fig. 2.6: Functional Digraph 


Such graphs are called functional digraphs. We should be able to convince 
ourself that a functional digraph consists of cycles (including loops) with each 
vertex on a cycle being the root of a tree of noncyclic edges. The edges of the 
trees are directed toward the roots. In the Fig. 2.6. 


* 1 is the root of the tree with vertex set {1, 3, 9}, 
* 2 is the root of the tree with vertex set {2, 4, 7} 

* 5 is the root of the tree with vertex set {5}, 

* 61s the root of the tree with vertex set {6}, 

* 8 is the root of the tree with vertex set {8} 

* 10 is the root of the tree with vertex set {10} and 
* 11 is the root of the tree with vertex set {11}. 
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In a tree, there is a unique path from the vertex 1 to the vertex n. Remove 
all the edges on the path and list the vertices on the path, excluding 1 and n, in 
the order they are encountered. Interpret this list as a permutation in | line form. 
Draw the functional digraph for the cycle form, adding the cycles form, adding 
the cycles (1) and (n). Add the trees that are attached to each of the cycle vertices, 
directing their edges toward the cycle vertices. Consider the following Fig. 2.7. 


1 10 8 2 ) 6 11 
Fig. 2.7: Tree with Cycle Certices 


The one line form is 10, 8, 2, 5, 6. In two line form it is. Thus the cycle form 
is (2, 10, 6) (5, 8). When we add the two cycles (1) and (11) to this, draw the 
directed graph, and attach the directed trees, we obtain the functional digraph 
pictured earlier. 


This gives us a one-to-one correspondence between trees with 
V =n and functions f: n > n with f(1) = 1 and f(n) = n. In creating such a 
function, there are n choices for each of f(2), ..., (m — 1). Thus there are n”~? 
such functions and hence n"~* trees. a 


m= Example 2.6: A tree has 2n vertices of degree I, 3n vertices of degree 2 and n 
vertices of degree 3. Determine the number of vertices and edges in the tree. 

Solution: 

We are given that total number of vertices in the tree is 27 + 3n +n = 6n 

The total degree of the tree is 2n x1 +3nx2+nx3 

=11n. 
The number of edges in the tree will be half of 117. 
If G=(V, E) bea tree then, we have 


11 
\V| = 6n and |E| = = 
for a tree |E] =|V|-1 
1ln 
We have, > =6n-1. 
=> lln =12n—-2 
=> n=2 


=> nodes = 12, edges = 11 | 
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2.7 Binary Trees 


A binary tree is a rooted tree where each vertex v has atmost two subtrees; if 
both subtrees are present, one is called a left subtree of v and the other is called 
right subtree of u. Iff only one subtree is present, it can be designated either as 
the left subtree or right subtree of v. 


OR 


A binary tree is a 2-ary tree in which each child is designated as a left child 
or right child. 


In a binary tree every vertex has two children on no children. 
A binary tree has the following properties: 


(i) The number of vertices n in a complete binary tree is always odd. This is 
because there is exactly one vertex of even degree, and remaining (n — 1) 
vertices are of odd degree. Since from the theorem (number of vertices 
of odd degree is even) n — 1 is even. Hence n is odd. 


(ii) Let p be the number of end vertices in a binary tree 7. Then n — p — 1 is 
the number of vertices of degree 3. The number of edges in Tis 


5p +3(n-p-1) +2] =n-1. 
n+1 


7 as 


(iii) Anon-end vertex in a binary tree is called an internal vertex. The number 
of internal vertices in a binary tree is one less than the number of end 
vertices. 


(iv) In a binary tree, a vertex v, is said to be at level /, and v, is at a distance /, 
from the root. Thus the root is at level O. 
(v) The maximum number of vertices possible in a k = level binary tree is 2° 
ee ee ee 
(vi) The maximum levell. of any vertex in a binary tree is called the height 
max 
of the tree. 


(vii) To construct a binary tree for a given n s.t. the farthest vertex is as far as 
possible from the root, we must have exactly two vertices at each level, 
except at the O level. 


Hence max.I. .= 
ma 


xX 


n-l 
> 
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—> level 0 


—> level 1 


—— > level 2 


——> level 3 


——> level 4 
Fig. 2.8: 13-vertices, 4-level Binary Tree 
(viii) The minimum possible height of n-vertex binary tree is min I, = [/og, 
(n+1)-1] 
(ix) The sum of levels of all end vertices is called path length of a tree. 
Theorem 2.4 
There are at the most n" leaves in an n-ary tree of height h. 
Proof: 
The theorem can be proved by the principle of mathematical induction on the 
height of the tree. 
As basic step to be h = 0 i.e. tree consists of root node only. 
Since n° = 1, the basis step is tree. 
We assume that the above statement is tree for h = k. 
i.e. an n-ary tree of height k has at the most n*‘ leaves. 


If we add 7 nodes to each of the leaf node of n-ary tree of height k, the total 
number of leaf nodes will be the most 
n' Xxn= nti 


Hence inductive step is also true 


This proves the statement for all h = 0. a 
Theorem 2.5 


In a complete n-ary tree with m internal nodes, the number of leaf node | is 


n—-ljy(x-l 
given by the formula | = CSae2 
nN 


Where x is the total number of nodes in the tree. 
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Proof: 
Given that, the tree has m internal nodes and it is complete n-ary, so total 
number of nodes. 
x=nxmrtl, 
x-1 
Then, we have, m= — 
n 


It is also given that / is the number of leaf nodes in the tree. We have, 
x=mt+1+1, 


Substituting the value of m in this equation, we get 


¢= Stree 
n 


- a-NDo-l) 


n 


> i 


2.8 Spanning Trees 


A spanning tree of a simple graph G = (V, E) is a subgraph T = (V, E’) which 
is a tree and has the same set of vertices as G. 


Connected graphs and Spanning Trees 


Since a tree is connected, a graph with a spanning tree must be connected. On the 
other hand, it is not hard to see that every connected graph has a spanning tree. 
Any simple graph G=(V, £) has a subgraph that is a tree, 7 =(V’, E’). Take V’ = 
{v} to be one vertex and E’ empty. Suppose that 7 =(V’ , E’) is the largest such 
“subtree”. If 7’ is not a spanning tree then there is a vertex w of G that is not a 
vertex of 7’. If Gis connected. We choose a vertex u in J’ and a path w Sasi 
e,=u from w to u. Letj, 1 <j <k, be the first integer such that x, is a vertex of 
T. Then adding the edge tx, -1, xt and the vertex x,_, to T creates a subtree 
T of G that is larger than 7’, a contradiction of the maximality of 7’. We have, 
in fact, shown that a graph is connected if and only if every maximal subtree 
is a Spanning tree. Thus we have: A graph is connected if and only if it has a 
spanning tree. It follows that, if we had an algorithm that was guaranteed to 
find a spanning tree whenever such a tree exists, then this algorithm could be 
used to decide if a graph is connected. 


Weight in a Graph 


Let G=(V, E) bea simple graph and let A (e) a function from F to the positive 
real numbers. We call A(e) the weight of the edge. If H=(V’, E’) is a subgraph 
of G, then A(A), the weight of H, is the sum of A(e’) over all e’ € E’. 
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A minimum weight spanning tree for a connected graph G is a spanning 
tree such that A(T) < A(7’) whenever T’ is another spanning tree. 


Theorem 2.6 
Each connected graph has a spanning tree, i.e. a spanning graph is a tree. 
Proof: 


Let HCG bea minimal connected spanning subgraph, i.e. a connected spanning 

subgraph of G s.t. H — e is disconnected for all e € E,. Such a subgraph is 

obtained from G by removing nonbridges. 

* To start with, let H, = G. 

* Fori2o, let H,,,=H,—e, where e, is nota bridge of H.. Since e, is not a bridge 
H, ,, is aconnected spanning subgraph of H, and thus of G. 

* H=H, when only bridges are left. 


Hence H is a tree. a 
Theorem 2.7 


A nondirected graphs G is connected iff G containing a spanning tree. Indeed, 
if we successive —ly delete edges of cycles until no further cycles remains, then 
the result is a spanning tree of G. 


Proof: 


If G has a spanning tree 7, there is a path between any pair of vertices in G 
along the tree 7. 


Thus G is connected. 


Conversely, We can prove that a connected graph G has a spanning tree by 
PMT on the number k of cycles in G. If k= 0, then G is connected with no cycles 
and hence G is already a tree. Suppose that all connected graphs with fewer than 
k cycles have a spanning tree. Then suppose that G is a connected graph with k 
cycles. Remove an edge e from one of the cycles. Then G— e is still connected 
and has a spanning tree by the inductive hypothesis because G — e has fewer 
cycles then G. But since G — e has all the vertices of G, the spanning tree for 
G —e is also one for G. a 


2.9 Breadth — First Search and Depth — First Search 
(BFS and DFS) 


An algorithm based on the proof of theorem 7 could be designed to produce 
a spanning tree for a connected graph. If we recall from the proof that all that 
one need is destroy cycles in the graph by removing an edge from a cycle until 
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no cycles remain. Unfortunately, such an algorithm not very efficient because 
it consumes a long time to find cycles. On the other hand, we can define other 
rather efficient algorithms for finding a spanning tree of a connected graphs. 
There algorithms are called breadth — first search (BFS) and depth — first search 
(DFS). 

BSF Algorithm for a spanning tree 

Input: A connected graph G with Vertices v,, v,,...,V 


n 


Output: A spanning tree T for G. 
Method 


(i) (Start.) Let v, be the root of 7. From the set V= {v,}. 


(ii) (Add new edges.) Consider the vertices of V in order consistent with the 
original labeling. Then for each vertex x € V, add the edge {x, v,}. to T 
where é is the minimum index such that adding the edge {x, v,). to T does 
not produce a cycle. If no edge can be added, then stop; 7 is a spanning 
tree for G. After all the vertices of V have been considered in order, go to 
step (iii) 

(iii) (Update V.) Replace V by all the children v in 7 of the vertices x of V where 
the edges {x, v} were added in step (ii). Go back and repeat step (ii) for 
the new set V. 


General Procedure 


(i) Arbitrarily choose a vertex and designate it as the root. Then add all edges 
incident to this vertex, such that the addition of edges does not produce 
any cycle. 

(ii) The new vertices added at this stage become the vertices at level | ina 
spanning tree, arbitrarily order them. 

(iii) Next, for each vertex at level 1, visited in order, add each edge incident 
to this vertex to the tree as long as it does not produce any cycle. 

(iv) Arbitrarily order the children of each vertex at level 1. This produces the 
vertices at level 2 in the tree. 


(v) Continue the same procedure until all the vertices in the tree have been 
added. 


(vi) The procedure ends, since there are only a finite number of edges in the 
graph. 

(vii) A spanning tree is produced since we have already produced a tree without 
cycle containing every vertex of the graph. 
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m Example 2.7: Use BFS algorithm to find a spanning tree of graph G of 
Fig. 2.9. 


Fig. 2.9 


Solution: 


Step 1: Choose the vertex a as the root 
°a 
Step 2: Add edges incident with all vertices adjacent to a, so that edges {a, 
b}, {a, c} are added. The two vertices b and c are in level 1 in the tree. 


bh 
(e 


Step 3: Add edges from these vertices at level 1 to adjacent vertices not 
already in the tree. Hence the edge {c, d} is to be added. The vertex dis in level 2. 


b 
a 
<u 
Cc 
Step 4: Add edge from d in level 2 to adjacent vertices not already in the 
tree. The edge {d, e} and {d, g} are added. e and g are is level 3. 


b e 
<< 4 
a 
c 2 
Step 5: Add edge from e at level 3 to adjacent vertices not already in the 
tree and hence {e, f} is added. The steps of Breath first procedure are obtained. 


b e 
<K™ 
a if 
Cc & 
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@ Example 2.8: ///ustrate BFS on the graph given in Fig. 2.10. 
d . j . 


a 1 g 


Solution: 


We firstly select the ordering of the vertices a, b, c, d, e, f, g, h, i, j, k. 


(i) Select a as the first vertex in the spanning tree T and designate it as the 
root of 7. At this stage, T consists of the single vertex a. Add to Tall edges 
{a, x} as x sums in order from 5 to k, that do not produce a cycle in 7. 


(ii) Add {a, b} and {a, d}. These edges are called tree edges for the BFS. 


(iii) Repeat the process for all vertices on level one from the root by examining 
each vertex in the designated order. Since 5 and d are at level 1, we first 
examine b. 


(iv) For bc, we include the edge {b, c} as a tree edge. For d, we reject the edge 
{d, c} since inclusion would produce a cycle in 7. But we include {d, e}. 


(v) Consider the vertices at level two. Reject the edge {c, e}; include {e, f} 
and {e, g}. 
(vi) Repeat the procedure again for vertices on level three. Reject the {f gt}, 
but include {f, h}. At g, reject {f, g} and {g, h}. 
(vii) On level four, include {h, i}, {h, 7}, {h, k}. 
(viii) We attempt to apply the procedure on level five at i, 7 and k, but no edge 
can be added at these vertices so the procedure ends. 
a d fe i J 


DFS Algorithm for Spanning Tree 
Input: A connected graph G with vertices v,, v,, ..., V,- 
Output: A spanning tree T for G. 

Method 


(i) (Visit a vertex). Let v, be the root of 7, and set L — v, (LZ is the vertex last 
visited) 
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(ii) (Find an unexamined edge and an unvisited vertex adjacent to L) For all 
vertices adjacent to L, choose the edge {L, V,}, where & is the minimum 
index such that adding {L, v,} to 7 does not create a cycle. If no such 
edge exists, go to step (iii) otherwise, add edge {L, v,} to T and set L — v, 
i repeat step (ii) at the new value for L. 

(iii) (Back track or terminate). If x is the parent of L in T, set (L — x) and apply 
step (ii) at the new value of L. If, L has no parent in 7 (so that L — v,) then 
the DFS terminates and 7 is a spanning tree for G. 


General Procedure 


(i) Arbitrarily choose a vertex from the vertices of the graph and designate 
it as the root. 


(ii) From a path starting at this vertex by successively adding edges as long 
as possible where each new edge is incident with the least vertex in the 
path without producing any cycle. 


(iii) If the path goes through all vertices of the graph, the tree consisting of this 
path is a spanning tree. Otherwise, move back to the next to last vertex in 
the path, and, if possible, form a new path starting at this vertex passing 
through vertices that were not previously visited. 

(iv) If this cannot be done, move back another vertex in the path, that is two 
vertices back in the path and repeat. 

(v) Repeat this procedure, beginning at the last vertex visited, moving back 
up and path one vertex at a time, forming new paths that are as long as 
possible until no more edges can be added. 

(vi) This process ends since the graph has a finite number of edges and is 
connected. A spanning tree is produced. 


= Example 2.9: Use DFS to construct a spanning tree of the graph given 
in Fig. 2.11. 
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Solution: 


(i) Start with vertex a, build a path by successively adding edges incident 
with vertices not already in the path, as long as this is possible. 
This produces a path a— b—e-—f—g-—i-h-d-e. 


a b c 
d e 
h i j 


(ii) Now back track to d. There is no path at d containing vertices no already 
visited. So move back track to 4 and form the path h — k —m. Now back 


track to k, and h, and i and j then form the path j — g —/. This produces the 
spanning tree. 


& 
a 
m= Example 2.10: Find a spanning tree of the graph of Fig. 2.12 using DFS 
algorithm. 
b e 
a if 
d 
: g 
Fig. 2.12 
Solution: 


(7) Choose the vertex a. 


(ii) Forma path by successively adding edges incident with vertices not already 
in the path as long as possible. 
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(iii) Now back track of F. There is no path beginning at F containing vertices 
not already visited. 


(iv) Similarly, after backtrack at e, there is no path. So, move back track at d 
and form the path d— b. 


This produces the required spanning tree which is shown in Fig. below 


Theorem 2.8 


For every tree T = (V, E), if |\V| = 2, then T has at least two pendent vertices 
[Delhi 2006] 


Proof: 
Let |Vj=n22 

Same |E|=n — 1, so, if G=(V, E) is an undirected graph or multigraph then 
> deg cv) = 2\z] 
veV 

It follows that 2 (n — 1) = 2|E|= > dee (”) 

Since T is connected, we have deg(v) 21 V ve V. 

If T has fewer than two pendent vertices, then either 

deg(v) =ve V 
deg(v*) = 1 for only once vertex v* in V. 


In the first case we arrive at the contradictions. 
2n—1) = 2 48) > 2 [y}=2n 
veV 
for second case we find that 


2(n—1) = Videgw) >14+2(n-1). 


veV 


Which is another contradiction | 
m Example 2.11: Let T= (V, E) be a tree with V = {v,, v,...,v,) forn2 2. Prove 


that the number of pendent vertices in Tis equal to 2+ > [ deg (v7; )- 2] 
deg (v; )23 
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Solution: 


Let 1 <i(<n). Let x, = no. of vertices v, where deg(v) = i 


Then. 2 raga, = (l] = 12| 41. 
So, 2B 2 (a) Pe Py dt ey) 
But 2|B] = >, deg”) 


4 (hye 2k, Ok, eee Grol) x5 


Solving, we get 
BH DE PRP gg FH) HR TORT eg P= Lye 

for x,, we find that 
$= DT Ree heat 3) 


1 


n-l 


= 2+ > [deg¢v;,)-2] a 


deg; 23 


2.10 Minimal Spanning Trees 


The application of spanning trees are many and varied, and in order to gain 
some appreciation for this fact, we would describe what is sometimes called 
the connector problem. Let us consider that we have a collection of cities, and 
that we wish to construct a utility, communication, or transportation network 
connecting all of the cities. Assuming that we know the cost of building the 
links between each pair of cities and that, in addition, we wish to construct the 
network as cheaply as possible. The desired network can be represented by a 
graph by regarding each city as a vertex and by placing an edge between vertices 
if a link runs between the two corresponding cities. 


Let G be the graph of all possible links between the cities with the non- 
negative cost of construction c(e) assigned to each edge e in G. Then if H is 
any subgraph of G with edges e,, e,,...,e, the total cost of constructing the 
network H is 


m 


C(H) = Ce) 
i-l 


A spanning tree 7 where c(7) is minimal is called a minimal spanning tree 
of G. 


2.10.1 Kruskal’s Algorithm (for Finding a Minimal Spanning Tree) 


Input: A connected graph G with non negative values assigned to each edge. 
Output: A minimal spanning tree for G. 


Step 1: Select any edge of minimal value that is not a loop. This is the first 
edge of 7. 
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(If there is more than one edge of minimal value, arbitrarily choose one of 
these edges). 


Step 2: Select any remaining edge of G having minimal value that does not 
for a circuit with the edges already included in 7. 


Step 3: Continue step 2 until 7 contains n — 1 edges, where n is the number 
of vertices of G. 


Theorem 2.9 


Let G be a connected graph where the edges of G are labelled by nonnegative 
numbers. Let T be an economy tree of G obtained from Kruskal’s Algorithm. 
Then 7 is a minimal spanning Tree. 


Proof: 


For each edge e of G, let C(e) be the value assigned to the edges by the labelling. 
If G has n vertices, an economy tree T must have (n — 1) edges. 


Let the edges e,, €,, € e _, be chosen in the Krushal’s Algorithm. 


a Esore09 ©, 


n-l 
Then C(T) = ze Ce) (i) 
Let 7, be a minimal spanning tree of G. We can show that C(T,) = C(7), 
and conclude that 7 is also minimal spanning tree. 
If T and 7, are not the same, let e, be the first edge of T not in 7). 
Adding the edge e, to 7, we obtain the graph G,. 
Suppose e,= {a, b}. Then a path P from a to b exists in T, and so P together 
with e, produces a circuit C in G,. 
Since 7 contains no circuits, there must be an edge e, in C that is not in 7. 
The graph 7, = G, — e, is also a spanning tree of G since T, has 
(n — 1) edges. 
Moreover, 
C(T,) = C(T,) + Cle) — Cle,) 
We know that, C(7,) < C(7,) since 7, was a minimal spanning tree of G. 
Thus 
C(T,) — C(T,) = Cle) — Cle,) 2 9. 
It implies that, C(e) 2 C(e,). 
Since T was constructed by Kruskal’s Algorithm, e, is an edge of smallest 


value that can be added to the edges e,, e,, €,,...,e,_, without producing a circuit. 
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Also, if e, is added to the edges e,, e,, €,,..., €, ,, no circuit is produced 
because the graph formed is a subgraph of the tree T,,. 

Therefore, Cle) = C(e,), 

so that C(T,) = C(7Z,). 


We have constructed from 7, a new minimal spanning tree 7, such that the 
number of edges common to 7, and T exceeds the number of edges common 
to T, and T by one edge, namely e.. 

Repeating this procedure, to construct minimal spanning tree 7, with one 
more edge in common with 7 than was in common between 7, and 7. 

By containing this process, we finally reach at a minimal spanning tree with 


all edges in common with 7, and we conclude that T is a minimal spanning 
tree. a 


mw Example 2.12: Use Kruskal’s Algorithm to find minimal spanning tree for 
Fig. 2.13. Also find the cost of it. 


V3 
Vs 18 V, 
Fig. 2.13 
Solution: 
We collect lengths of edges into a table. 
Edge Cost 
Vv, ) 
Kav, 6 
Vi—v, 10 
VW, 11 
v=, 14 
wHy, 16 
w=, 18 
oe, 19 
v=? 21 
Vo—V, 23 
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(i) Choose the edge v, — v, (Min. wt.) 


uy 


Uz 


uy 


(iii) Reject the edge v, — v,, because it forms a cycle. 


(iv) Add the edge v, — v, 


Uy 


11 5 
6 
V6 "5 
V4 
(v) Reject v,— v, since it forms cycle. 
(vi) Add the edges v, —v,, v, — v, 
vy 16 Vo 


V3 


Vs V4 
Now all the vertices of G are covered, therefore we stop the algorithm. 
Cost or weight of Minimal spanning tree 


=5+6+114+16+18 
= 56. | 
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m Example 2.13: Determine a railway network of minimal cost for the cities 
as shown in Fig. 2.14. Also find minimal cost. 


Solution: 


Collecting lengths of edges into a table, we set: 


Edge Cost 
b-c 3 
d-f 4 
a-g 5 
c-d 5 
c-—e 5 
a—b 15 
a-d 15 
f-h 15 
g—-h 15 
e-f 15 
ies 18 


(i) Choose the edges b—c,d—f,a—g,c—dandc-—e. 


(ii) We have options: we may choose only one of a — b and a — d for the 
selection of both creates a circuit. Suppose we choose a — b. 


(iii) Likewise we may choose only one of g— 5 and f— h. Suppose we choose 
fr-h. 


(iv) We then have a spanning tree as illustrated in the Fig. below. 
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The minimal cost for construction of this tree is 
=3+4+5+5+5+15+15 
=5.2 a 


2.10.2 Prim’s Algorithm 


Input: A connected weighted graph G with n vertices. 
Output: A minimal spanning tree 7. 


Step 1: Select an arbitrary vertex v, and an edge e, with minimum weight 
incident with vertex v,. This forms initial MST, 7. 


Step 2: If edges C15 C55 Cy5---€, have been chosen involving end points Vis 


2 


Vp5+++5V;, ;- Choose and edge e,,, =v, v, with v.€ Tandv, € Ts.f. e,,, has 
smallest weight among the edges of G with precisely one and in Vis Mesias be 


Step 3: Stop after n — 1 edges have been chosen. Otherwise go to step 2. 


m Example 2.14: Find the minimal spanning tree of the weighted graph of Fig. 


2.15, using Prim’s Algorithm. 
ba 


Vo V3 


V4 V5 
Fig. 2.15 


Solution: 


(i) We choose the vertex v,. Now edge with smallest weight incident on v,, 


is (V,, V;), SO we choose the edge on (¥,, v,). 
vy 
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(ii) w (v,, v,) = 4, w (V, v,) = 3, w (V,, v5) = 4, w (vy, v,) = 2 and 
w (v,, v,) = 3. So, we choose the edge (v,, v,) since it is of minimum weight. 


Vv) V5 
V3 


(iii) w(v,,v,) = 3, w(v,, v,) = 1. and w (v,, v,) = 3. We choose the edge (¥,, v,). 


v 
V4 V3 


(iv) We choose the edge (v,, v.). Now all vertices are covered. The minimum 
spanning tree is produced. 


V. 
5 V4 
\ oy 
V4 V3 


m Example 2.15: Find the minimal spanning tree of the weighted graph using 
Prim’s Algorithm. 


uy 
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Solution: 


According to step 1, choose vertex v,. Now edge with smallest weigh incident 


on v,, iS €= v, v, Or v, v,, choose e = Vv, v,. 


Similarly choose the edges v, v,, Vv, V,, V, Vs 


The minimal spanning tree is 


Vy 


Vs 


2.10.3 Dijkstra’s Algorithm 


Dijkstra’s Algorithm [(Dijkstra, 1959) and Whiting-Hiller (1960) solved the 
problem of the shortest path from one location to the other. How can we find 
the shortest routes from our home to every place in the town? This problem 
requires finding the shortest paths from one vertex to all other vertices in the 
weighted graph as the form of spanning tree. 

To find a shortest path from vertex A to vertex E(say) in a weighted graph, 
we should carry out the following steps: 


Step 1: Assign to A the label (-, 0). 
Step 2: Upto E is labeled or no further labels to be assigned, follows the sub 
steps as: 
(i) For each labeled vertex u (x, d) and for each unlabeled vertex v adjacent 
to u, compute d + w(e), where e = uv. 
(ii) For each labeled vertex u and adjacent unlableled vertex v giving minimum 
d'=d+w(e), assign to v the label (u, d’). 
It a vertex could be labeled (x, d') for various vertices x, we can make any 
choice. 


Improved Dijkstra’s Algorithm 
To find the length of a shortest path from vertex a to vertex E in a weighted 


graph, we should proceed as the following: 


Step 1: Set v,=A and assign to this vertex to the permanent label O. (assign 
very other vertex a temporary label of as where as is a symbol deemed 
to be larger than any real number) 


Step 2: Until E has been assigned a permanent label (no temporary labels 
are changed) in (2) or (ii), follow as: 
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(i) Take the vertex v,, most recently acquired a permanent label 
(say d), For each vertex v adjacent to vi has not yet received a 
permanent label, if d + w(v,, v) < t, the current temporary label 
of v tod + w(y, v). 

(ii) Take a vertex v, has a temporary smallest among all temporary 
labels in the graph. Set v,+ 1 = v and make its temporary label to 
permanent. If there are so many vertices v which tie for smallest 
temporary label we can make any choice in particular. 


CTM: Dijkstra’s Algorithm — Distance from one Vertex 


Input : 


Idea : 


Initialization : 


Iteration : 


Note: 


A graph with non-negative edge weights and a starting vertex 
u. The weight of edges xy is w(x, y); let w(x, y) = ©, if xy is not 
an edge. 

Mantain the set s of vertices to which a shortest path from u is 
known, enlarging s to include all vertices. Maintain a tentative 
distance ¢(z) from u to each z ¢s, being the shortest length of 
the shortest v, z-path yet found. 


Set S= {u}; t(u) = 0; t(z) = w(uz) for all z # u. 
Select a vertex v outside S 
such that ¢(v) = min... 4(z) 
Add v to S. 
Explore edges from v to update tentative distances: for each 
edge vz with z ¢S, update ¢(z) to min {¢(z). ((v) + w(vz)}. 
The iteration continues until $= V(G) or until (z)=0 VzéS. 
At the end, set d(u, v) = t(v) V v. 


2.10.4 The Floyd-Warshall Algorithm 


This algorithm can be used to find the length of a shortest path between all 
pairs of vertices in a weighted connected simple graph. However, this alogrithm 
cannot be used to construct shortest paths. We assign an infinite weight to any 
pair of vertices not connected by an edge in the graph. 


The Floyd-Warshall algorithm is too efficient from the point of view of 
storage since it can be implemented by just updating the matrix of distances 
with each change in k (see in algorithm), there is no storage in matrices. It is 
more faster than Dijkstra’s algorithm in many ways. 


To find the shortest distance between all pairs of vertices in a weighted 
graph where the vertices are v,, v,, v,,..., v, we carry out the following steps. 


Step 1: Fori=1 ton. 


Set di, 1) =0 V i4/ iff vy, is an edge. 
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Let d(i, /) be the weight of this edge. 
Otherwise, set d(i, 7) = ©. 
Step 2: Fork=1 ton. 
for i,j = 1 ton, Let (i, 7) =min {d(i, /), d(i, k) + d(k, /)] the final value 
of d(i, j) is the shortest distance form y, to v,. 


2.11 Directed Trees 


Two vertices u and v of a directed graph G are called quasi — strongly connected 
if there is a vertex w from which there is a direct path to uw and a directed path 
to v. If there is a directed path P from u to v then certainly u and v are quasi 
— strongly connected, because we can take w to be w itself, and then there is a 
trivial path with no edges from wu to v and the path P from u to v. 

The graph G is said to be quasi — strongly connected if each pair of vertices 
of G is quasi — strongly connected. It is clear that if a directed graph G is quasi — 
strongly connected, then the underlying non directed graphs will be connected. 
The digraph (Fig. 2.17) Quasi — Strongly connected. 


KON 


Fig. 2.17: Quasi-strongly Connected Graph 


A digraph a has a directed spanning tree iff G is quasi— strongly connected. 


A directed forest is a collection of directed trees. The height of vertex v in 
a directed forest in the length of the longest directed path from v to a leaf. The 
height of a nonempty tree is the height of its root. 


The level of a vertex v in a forest is the length of the path to v from the root 
of the tree to which it belongs. A directed tree T is said to have degree k if k is 
the maximum of the out-degrees of all the vertices in T. 


Theorem 2.10 
Let G be a digraph. Then the following are equivalent: 


(i) G is quasi — strongly connected. 


(ii) There is a vertex r in G such that there is a directed path from r to all the 
remaining vertices of G. 
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Proof: 


It is clear that (ii) => (7) 

On the other hand, Let G is quasi— strongly connected and we consider its 
vertices v,, v,,..., v,. There is a vertex w, from which there is a path to v, and a 
path to v,. There might also be a vertex w, from which there is a path to w, and 
w,, and so on finally we conclude that there is a vertex w, from which there is 
apathtow,, anda path tov. 


It is clear that, there is a directed path from w, to each vertex v, of G since 
w, is connected to v,,..., v,_, through w_,. Hence (i) => (ii). a 


2.12 Solved Examples 


m= Example 2.16: Suppose that a tree T has N, vertices of degree 1. N, vertices 
of degree 2, N, vertices of degree 3,..., N, vertices of degree k. Prove that 
NO NA aN, POND gh (ZN 


Solution: 


We consider a tree 7. 
The total number of vertices = N+ N, + N,+,....+N, 
Sum of degrees of vertices = N, + 2N,+3N,+,....+N.. 
*. Total number of edges in T =N,+N,+,..., + N,- 1. 
by handshaking property, we have 
NOP ZN PANT a PEN SZ EN ag 1) 
Solving, we get 
NaN pra et ko 2) NS 2 
> NS ZN oN Pa es FH a 


m= Example 2.17: Which trees are complete bipartite graphs? 
Solution: 


Let T be a tree, which is a complete bipartite graph. 
Let T=K,, , then the number of vertices in T=m +n 
.. The tree contains (m + n — 1) number of edges. 
But the graph k,,_, number of edges. 
Therefore, m+n—1=mn. 
=> mn—-m—nt+1=0 
= m(n—1)-1(n-1) =0 
=> (m—1)(n—1) =0 
=> m=lorn =1. 


This means that 7 is either k, or Kk ‘. 


ie. Tis a star. | 
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m= Example 2.18: Let G = (V, E) be a loop free undirected graph with |V| =n. 
Prove that G is a tree if and only if, P(G, }) = (A — 1)". 


Solution: 


If Gis a tree. We consider G is a rooted tree. There are A choices for closing the 
root of G and (A — 1) choices for colouring each of its descendents. The result 
followed by rule of product conversely, if P(G, A) = A(A — 1)"~', then since the 
factor A occurs only once, the graph G is connected. P(G, A) = A(A — 1)"~', then 
since the factor A occurs only once, the graph G is connected. 
P(G, A)=A(A=— 1)" 1 =A"-(n- DAT, (AyD. 
= G has n vertices and (n — 1) edges. 


Hence G is a tree. a 


m Example 2.19: Using the Kruskal’ Algorithm, find a minimal spanning tree 
for the weighted graph given below (Fig. 2.18). 


A 10 B 
10 
C 
5 
P 7 R 
Fig. 2.18 


Solution: 


The given graph has 6 vertices hence a spanning tree will have (6— 1) =5 edges. 


Edge Weight Select 
C-R 5 v 
P-R 7 v 
O-R 7 v 
B-@Q 8 v 
B-R 9 x 
A-B 10 v 
B-C 10 x 
A-R 11 x 
P-Q 12 x 
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A minimal spanning tree of given graph contains the edges C— R, P—R, O-R, 
B-OQ,A-—B. The tree will be 


A 10 B 


The weight of the tree will be 


§+7+7+8+ 10 =37 units. a 


m= Example 2.20: Use Prim’s algorithm find an optimal graph for the graph in 
Fig. 2.19. 


Nn 


Solution: 


An optimal tree can be generated as follows: 
To initialize: i =1, P= {a}, N= {b,c,d,e,f, g}, T=0. 
Titeration: T =[{a,b}], P= {a,b}, N= {c, d,e,f, g}, i=2. 
ITiteration: T =[{a,b}, {b, e}], P= {a, b, e}, N = {c, d, f, g}, 
i=3. 
IT iteration: T =[{a, b}, {b, e}, {e, g}], P= {a, b, e, g}, 
N ={ce,d,ft,i=4 
IV iteration: T =[{a, b}, {b, e}, fe, g}, {d,e}, fet] 
Viteration: T =[{a, b}, {b, e}, fe, g}, {d, e}, ff g}] 
P ={a,b,e, 2, d, ft, N= {c},1=6. 
Vliteration: T =([{a, b}, {b, e}, {e, 2}, {d, e}, fg}, {c, gh] 
P ={a,b,e,g,d,f,ch}=V,n=o,i=7=|V| 
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Hence it can be proved that Tis an optimal spanning tree of weight 17 for G. 


of T=14+24+2+3+4+5=17. i 


m Example 2.21: Find the shortest path to the graph given below from p to u 
by using Dijkstra’ algorithm. 


Solution: 


We can arrange the initial labelling by: 


Vertex (V) 72) qd r Ss t 

L(v) Ce) a (or (or a a 

T {p qd r Ss t u} 
Iteration 1; U =p,has L(u)=0 


T becomes T— {p} 
Then, two edges incident p i.e. pg and pr 


where g andr e€ 7. 

L(q) = min {old L(q), L(p) + w(pq)} 
=min {a,0+ 1.0} = 1.0. 

L(r) =min. {old L(r), L(p) + w(pr)} 
=min. {a, 0+ 4.0} = 4.0 


Hence minimum label is L(q) = 1.0 


Vertex (V) 2) qd r Ss t u 


L(v) (0) 1.0 4.0 a a (or 
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U =gq, the permanent label of g is 1.0 T 
becomes T— {gq}. There are three edges 
incident with q i.e. gr, gs and gt where r,s, t € T 
L(r) =min {old L(r), L(g) + w(qr)} 
=min {4.0, 1.0+ 2.0} = 3.0. 
L(s) =min. {old L(s), L(g) + w(qgs)} 


= min. {a, 1.0+ 6.0} =7.0 


. {old L(t), L(g) + w(qt)} 
_ fa, 1.0 + 5.0} = 6.0 


L(t) =min 


= min 


Vertex (V) 


P 


q 


r 


1.0 


3.0 


L(v) 0 
T { r Ss t u} 


Hence minimum label is L(r) = 3.0 
Iteration 3: U =r, the permanent label of tis 3.0 
T becomes T— {7}. 
There is only one edges incident with r 
Le. r,t wheret € T 
=min {old L(r), L(r) + w(rt)} 
=min {6.0, 3.0 + 1.0} = 4.0. 
Vertex (V) 2) qd r Ss t u 
L(v) 0 1.0 3.0 7.0 4.0 a 
T { Ss t u} 
Hence minimum label is L(r) = 4.0 
U =t, the permanent label of ¢ is 4.0 
*. T becomes T— {tf}. 

There are two edges incident with t¢ 


L(r) 


Iteration 4: 


i.e. ts and tu where s, u € T 
L(s) =min {old L(s), L() + w(tu)} 
=min {7.0, 4.0 + 3.0} = 7.0. 
L(u) =min {old Liv), L(A + w(tu)} 
=min {a, 4.0+ 7.0} = 11.0. 
Vertex (V) 2) qd r KY t u 
L(v) 0 4.0 11.0 
T { Ss u} 


Hence minimum label is L(s) = 7.0 
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Iteration 5: U =s, the permanent label of s is 7.0 
.. Tbecomes T — {s}. 


L(u) 


There is only one edges incidents on s 


Le. su where u € T 
= min {old L(u), L(s) + w(su)} 
=min {11.0, 7.0+2.0} =9.0. 


Vertex (V) 72) qd r Ss t u 
L(v) 0 1.0 3.0 7.0 4.0 9.0 
T { u} 


Hence the minimum label is L(u) = 9.0 


Since U=u is the only choice. Hence the shortest distance between p to u 
is g and the shortest path is {p, q, r, t, s, u} a 


SUMMARY 


1. A tree is a connected acyclic graph. 


2. Aconnected graph is a tree if and only if a unique, simple path runs between 
any two vertices. 


3. Aconnected graph with n vertices is a tree if and only if it has exactly n — 1 


edges. 


4. A spanning tree of a connected graph contains every vertex of the graph. 


5. Every connected graph has a spanning tree. 
6. Kruskal’s algorithm, the DFS method, and the BFS method and find 


spanning trees. 


7. A minimal spanning tree of a connected weighted graph weighs the least. 


8. Kruskal’s algorithm and Prim’s algorithm can find minimal spanning 


trees. 


9. A specially designated vertex in a tree is the root of the tree. A tree with a 
root is rooted tree. 


10. The subtree rooted at v consists of v, its descendants, and the edges incident 


with them. 


11. The level of a vertex is the length of the path from the root to the vertex. 


12. The height of a tree is the maximum level of any leaf in the tree. 


13. In an ordered rooted tree the children of every vertex are ordered. 


14. An m- ary tree is a rooted tree in which every vertex has at most m children. 
It is binary if m = 2, and ternary if m=3. 


15. An m-ary tree is full if every internal vertex has m children. 


16. An m-ary tree is balanced if all leaves fall on the same level or two adjacent 


levels. 
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17. 
18. 
19. 
20. 
21. 


22. 


23. 


24. 


25. 


26. 


An m-ary tree is complete if all leaves lie at the same level. 

An m-ary tree of height / has at most m’ leaves. 

For an m-ary tree of height h with / leaves, h 2 [log /]. 

If it is full and balanced, h = [log J]. 

Preorder, inorder, and postorder traversal are three ways to visit every 
vertex of a binary tree. 


An algebraic expression with only binary operators can be written in prefix, 
infix, or postfix form. In prefix form, each operator precedes its operands. 
The other two forms behave similarly. 


An algebraic expression containing only binary operators can be represented 
by a binary expression tree. 


A binary search tree is homogeneous with every element in the left subtree 
of every vertex v less than v and every right subtree element is greater than 
v. 


A Huffman code, a variable-length code, minimize the length of encoded 
messages. 


A decision tree is an m-ary tree in which a decision is made at each internal 


| EXERCISES 


vertex. 


1. Show that a Hamiltonian path is a spanning tree. 


. Let Gbe a graph with & components, where each component is a tree. If 7 is 


the number of vertices and m is the number of edges in G. Prove that n = m 
+k. 


. Show that the complete bipartite graph K, is not a tree ifr > 2. 
. Show that the number of vertices in a binary tree is always odd. 
. Prove that the maximum number of vertices in a binary tree of depth d is 


2?—1 whend=>1. 


. Let T=(V, E) be acomplete m—ary tree of height / with | leaves. Then prove 


that | < m’ and h = (logm'). 


. If G=(V, £) is an undirected graph then G is connected iff G has a spanning 


tree. 


. If every tree T= (V, E) then prove that |V| = |E| + 1. 
. If G=(V, E) bea loop-free undirected graph, and deg(v)>2 Vve V, prove 


that G contains a cycle. 


. Explain that, a graph with n vertices, n— 1 edges, and no circuit is connected. 
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Planar Graphs 


(— >) 
Kazimierz Kuratowski (1896-1980) was a Polish mathematician born in 


Warsaw. His father was a lawyer. He studied engineering in the university of 
Glasgow, Scotland and completed it in 1913. Due to First World Wor in 1914, 
he could not returns fo Glasgow. In 1915, Kuratowski studied mathematics 
at the university of Warsaw under the guidance of the reputed logician Jan 
Lukasiewicz and graduated in 1919. He received his Ph.D. in 1921. 
Kuratowski became professor of mathematics at Lvov Technical University 
in 1927. Six years later, he returned to the university of Warsaw and hold 
academic and administrative both posts where he worked untill 1966. He 
ratawakt was editor-in-chief of several research journals and council member of 
(1896-1980) various research and apex bodies of that time. 

Kuratowski wrote numerous articles for professional journals and contrib- 


uted to topology, analysis and graph theory. 
Ne S 


Kazimierz 


3.1 Introduction 


In Graph Theory, a planar graph is a graph which can be embedded in the plane 
i.e., it can be drawn on the plane in such a manner that its edges intersect only 
at their endpoints. A planar graph which has already drawn in the plane without 
edge intersection is called a plane graph or planar embedding of the graph. A 
plane graph can be defined as a planar graph with a mapping from every node 
to a point in 2D space, and from every edge to a pane curve, such that the 
extreme points of each curve are the points mapped from its end nodes, and 
all the curves are disjoint except on their extreme points. Plane graphs can be 
encoded by combinatorial maps. 

It can easily be seen that a graph that can be drawn on the plane can be 
drawn on the sphere as well and vice-a-versa. 

The equivalence class of topologically equivalent drawing on the sphere 
is called a planar map. Although a planar graph has an external or unbounded 
face, none of the faces of a planar map have a particular status. 
© The Author(s) 2023 89 
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A generalization of planar graphs are graphs which can be drawn on a 
surface of a given genus. In this terminology, planar graphs have graph genus 
O, since the plane and the sphere are surfaces of genus O. The following are 
the planar graphs. (Fig. 3.1). 


Fig. 3.1: Planar graphs 


3.2 Geometrical Representation of Graphs 


As we have defined a graph G in chapter 1 as G = (V, E, &) where the set V 
consists of the five objects named a, b, c, d and e i.e. V= {a, b, c, d, e} and the 
set E consists of seven objects (none of which is in set V) named 1, 2, 3, 4, 5, 
6, and 7, i.e. 
E = {1, 2, 3, 4, 5, 6, 7} 
and the relationship between the two sets is defined by the mapping, 'Y, 
which consists of combinatorial representation of the graph. 
I =} (aye) 
2 > (cd) 
3 > (a,d) 
w= 54 7~ a,b) 
5 — (6d) 
6 —> (d,e) 
7 — (be) 
Where, the symbol 1 — (a, c) represents that object 1 from set E is mapped 
onto the pair (a, c) of objects from set V. 


It can be represented by means of the Fig. 3.2. It truly shows that the graph 
can be represented by means of such configuration. 
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e 4 d 


Fig. 3.2: Geometrical Representation of Graph 


Theorem 3.1 


The complete graph K, is non-planar. 


Proof: 
We attempt to draw K, in the plane. We first start with a pentagon: As shown 
in Fig. 3.3 


Fig. 3.3 (a) 


Acomplete graph contains an edge between every pair of vertices, so there 
is an edge between a and c. This may as well be inside the pentagon (as if it is 
outside then we just adjust the following argument appropriately). 


b 


e 
Fig. 3.3 (b) 


Now we add the edge between b and e (this must be outside the pentagon 
as it cannot cross {a, c}, the edge between a and b (inside so as to not cross 
{b, e}), and then between c and e (outside so as to not cross {a, d} [As Fig. 


3.3(c)] 
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Fig. 3.3 (c) 


All these edges were forces into position and we have no choice. It 
remains to add an edge between b and d. We cannot add it inside (since 
it would cross {a, c} nor can we add it outside (since it would cross 


{c, e}). 
Consequently K, is non-planar. | 
3.3 Bipertite Graph 


A simple graph G = (V, E) is called bipertite if V= V, UV, with V7; NV, =0 
and every edge of G is of the form {a, b} with one of the vertices a and b in 
Vand the other in /,,. 


If every vertex in V, is joined to every vertex in V, we can obtain a complete 
bipertite graph. We may write K,_, for the complete bipertite graph with |V,| = 
m and |V,| =n. 


Here |E| = mn. (see examples in fig 3.4) 


K3.; Ky 2 


Fig. 3.4: Complete Bipertite Graphs 


Theorem 3.2 
The complete bipertite graph K - is nonplanar. 
Proof: 


Let V, = {a, b, c} and V, = {x, y, z} and draw a hexagonal circuit: 


arx7brayocHz7 a 
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Cc y 
Fig. 3.5 


The proof is completed by observing that two of the edges {a, y}, {b, z} or 
{c, x} must both lie inside or both outside the hexagon and hence must cross. 
a 


3.4 Homeomorphic Graph 


Two graphs G, and G, such that G, = (V,,£,) and G, = (V,, E,) are said to be 
homeomorphic if and only if G, can be obtained from G, by the insertion or 
deletion of a number of vertices of degree two (deg. 2). 


The following three graphs are homeomorphic (Fig. 3.6) 


Fig. 3.6 Homeomorphic Graph 


One can think of homeomorphic graphs as being as the same shape. Adding 
or deleting a vertex of degree two does not change the shape of the edges but 
simply replaces a single edge by a pair of edges taking the same shape (or vice 
versa). 


= Example 3.1: /f graph (p,, q,) and (p, q,) del are homeomorphic then p, + 
q,=P,* 4, 

Solution: 
Let (p,, 9,) = G,, and (p,, ¢,) = G, he homeomorphic graphs. Therefore G, 
and G, can be from a (p, q) graph G by a series of elementary subdivisions 
respectively (say r and s). 

In each elementary subdivision, the number of points as well as the number 
of edges increase by one. 

Hence p,=ptrg,=9tr,.p,=Ppts,q,=qts 

Hence p,+q,=bt+rt+qts=(—pts)t+(qtn=p,+4q, 

(It shows necessary and sufficient condition for a graph to be planar). @ 
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3.5 Kuratowski’s Graphs 
The graphs K, and K, , are called Kuratowski’s graphs. A graph is planar if and 
only if it has no subgraph, homeomorphic to K, or K, ,. 


Since planarity is such a fundamental property, it is clearly of importance 
to know which graphs are planar and which are not.. We have already noted 
that, in particular K, and K, , are non-planar and that any proper subgraph of 
either of these graphs is planar. A remarkable simple characterisation of planar 
graphs was given by Kuratowski (1930). This can be proved by two lemmas. 


Lemma-3.1: If G is non-planar, then every subdivision of G is non-planar. 


Lemma-3.2: If G is planar, they every subgraph of G is planar. 
Proof: 


Since K,, and K, , are nonplanar, we can see that if G is planar, then G cannot 
contain a subdivision of K, or of K, , (Fig. 3.7). Kuratowski showed that this 
necessary condition is also sufficient. 


Before proving Kuratowski’s theorem, we need to establish two more 
simple lemmas. 


Let G be a graph with a 2-vertex cut {u, v}. Then there exist edge-disjoint 
subgraph G, and G, such that V((G,) M1 V(G,) = {u, v} and G, U G, = G. Consider 
such a separation of G into subgraphs. In both G, and G, join uw. 


De 


(a) (b) 


Fig. 3.7: (a) A Subdivision of K,; (b) a Subdivision of K, , 


x 
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Fig. 3.8 


and v by a new edge e to obtain graphs H, and H,,, as in Fig. 3.8. Clearly G = 
(H, U H,) =e. It can also easily seen that ¢ (H,) < e(G) for i= 1, 2. 
a 


Lemma 3.3 
If G is non-planar, than at least one of H, and H, is also non-planar. 
Proof: 


Contradictingly, suppose, both H, and H, are planar. Let H, be a planar 


embedding of H,, and let fbe a face of H, incident with e. If H, isan embedding 
of H, in fsuch that H, and H, have only the vertices u and v and the edge e is 


common, then (A, Ws ) —e is a planar embedding of G. 


This contradiction hypothesis shows that G is nonplanar. 
Lemma 3.4 


Let G be a non-planar connected graph that contains no subdivision of K, or 
K, , and has as few edges as possible. Then G is simple and 3—connected. 


Proof: 


By contradiction. Let G satisfy the hypotheses of the lemma. Then G is clearly 
a minimal nonplanar graph, and therefore must be a simple block. If G is not 
3-connected, let {u, v} be a 2-vertex cut of G and let H, and H, be the graphs 
obtained from this cut as described above. By lemma at least one of H, and H,, 
say H., is nonplanar. Since €(H,) < €(G), H, must contain a subgraph K which 
is a subdivision of K, or K, 3» moreover K € G, and so the edge e is in K. Let 
P bea (u, v)-path in H, — e. Then G contains the subgraph (K U P) — e, which 
is a subdivision of K and hence a subdivision of K, or K, ,. This contradiction 


establishes the lemma. | 
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Theorem 3.3 
A graph is planar if and only if it contains no subdivision of K, and K, , 
Proof: 


We have already noted that the necessity follows from lemmas | and 2. We 
shall prove the sufficiency by contradiction. 

If possible, choose a nonplanar graph G that contains no subdivision of 
K, or K, , and has as few edges as possible. From lemma 4 it follows that G is 
simple and 3—connected. Clearly G must also be a minimal nonplanar graph. 

Let u v be an edge of G, and let H be a planar embedding of the planar 
graph G —u v. Since G is 3-connected, H is 2-connected u and v are contained 
together in a cycle of H. Choose a cycle C of H that contains u and v and is such 
that the number of edges in Int C is as large as possible. 

Since His simple and 2-connected, each bridge of C in H must have at least 
two vertices of attachment. Now all outer bridges of C must be 2-bridges that 
overlap uv because, if some outer bridge were a k-bridge for k= 3 or a 2-bridge that 
avoided uv, then there would be a cycle C’ containing u and v with more edges in 
its interior than C, contradicting the choice of C. These two cases are illustrated in 
Fig. 3.9 (with C’ indicated by heavy lines). 

In fact, all outer bridges of C in H must be single edges. For if a 
2-bridge with vertices of attachment x and y had a third vertex, the set 
{x, y} would be a 2-vertex cut of G, contradicting the fact that G is 
3-connected. 


(a) (b) 


Fig. 3.9: Vertex Attachment 


Two cases now arise, depending on whether B has a vertex of attachment 
different from uw, v, x and y or not. 

Case | B has a vertex of attachment different from u, v, x and y. 
We can choose the notation so that B has a vertex of attachment v, in 
C(x, u) (see Fig. 3.10). We consider two subcases, depending on whether B has 
a vertex of attachment in C(y, v) or not. 
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Case l(a) B has a vertex of attachment v, in C(y, v). In this case 
there is a (v,, v,)-path P in B that is internally-disjoint from C. But 
then (C U P) + {uy, xy} is a subdivision of K, , in G, a contradiction (see Fig. 
3.10). 


Case 1(b) B has no vertex of attachment in C(y, v). Since B is skew to wv and to 
xy, B must have vertices of attachment v, in C{w, y} and v, in C{v, x}. Thus B has 
three vertices of attachment v,, v, and v,. There exists a vertex v, in V(B) \ V(C) and 
three paths P,, P, and P, in B joining v, to v,, v, and v,, respectively, such that, for 
i#j,P.and P have only the vertex v, incommon. Butnow (CUP, UP, UP,) + 
{uv, xy} contains a subdivision of K, , a contradiction. This case is illustrated 
in Fig. 3.11. The subdivision of kK, , 1s indicated by heavy lines. 


Fig. 3.11 Fig. 3.12 


Case 2 B has no vertex of attachment other than u, v, x and y. Since B 
is skew to both wv and xy, it follows that u, v, x and y must all be vertices of 
attachment of B. Therefore there exists a (u, v)-path P and an (x, y)-path QO in 
B such that (7) P and Q are internally-disjoint from C, and (i) |V(P) A V(Q)| 2 
1. We consider two subcase, depending on whether P and Q have one or more 
vertices in common. 


Case 2a |V(P) ~ V(Q)| = 1. In this case (C U P U Q) + {uv, xy} isa 
subdivision of K, in G, again a contradiction (see Fig. 3.12). 
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Case 2b |V(P) A V(Q)| = 2. Let uv’ and v’ be the first and last vertices of 
P on Q, and let P, and P, denote the (u, u’)- and (v’, v)-sections of P. Then 
(CUP, UP,UQ)+ {uy, xy} contains a subdivision of K, , in G, once more 
a contradiction (see Fig. 3.13). 


Fig. 3.13 


Thus all the possible cases lead to contradictions, and the proof is 
complete | 


3.6 Dual Graphs 


A plane graph G partition the rest of the plane into a number of connected 
regions; the closures of these regions are called the faces of G. Fig. 3.14 shows 
a plane graph with six faces f,, f,, f,, ff, and f,. The notion of a face applies 
also to embeddings of other surfaces. We denote F(G) and 0(G) respectively as 
the set of faces and the number of faces of a plane graph G. Each plane graph 
has exactly one unbounded face, called the exterior face. In the plane graph of 
Fig. 3.14, f, in the exterior face. 


Vv O v1 


Fig. 3.14: A Plane Graph with six Faces 


We denote the boundary of a face fof a plane graph G by D(f). If G is 
connected, then b(f) can be regarded as a closed walk in which each cut edge 
of G in b(f) is traversed twice; when b( f) contains no cut edges, it is a cycle of 
G. For example, in the plane graph of Fig. 3.14 


b( J.) = Vevie,ey,2)", 


and b( ds) ~ VIE sey ge aM 9 115 € gM GoM 
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A face fis said to be incident with the vertices and edges in its boundary. If 
e is acut edge in a plane graph, just one face is incident with e; otherwise, there 
are two faces incident with e. We say that an edge separates the faces incident 
with it. The degree, d_(f), of a face fis the number of edges with which it is 
incident (that is, the number of edges in b(f)), cut edges being counted twice. 
In Fig. 3.14 f, is incident with the vertices v,, V,, Vy V5 Veo v, and the edges e,, 
Clb Oyen Cs separates f, from f, and e,, separates f, from f;; ay =4 
and d(f,) = 6. 

Given a plane graph G, one can define another graph G* as follows: 
corresponding to each face fof G there is a vertex /* of G*, and corresponding 
to each edge e of G there is an edge e* of G*, two vertices f* and g* are joined 
by the edge e* in G* if and only if their corresponding faces fand g are separated 
by the edge e in G. The graph G* is called the dual of G. 


It is easy to see that the dual G* of a plane graph G is planar; in fact, there 
is a natural way to embed G* in the plane. We place each vertex f* in the 
corresponding face f of G, and then draw each edge e* in such a way that it 
crosses the corresponding edge e of G exactly once (and crosses no other edge 
of G). It is intuitively clear that we can always draw the dual as a plane graph 
in this way, but we shall not prove this fact. Note that if e is a loop of G, then 
e* is acut edge of G*, and vice versa. 


10° 


Fig. 3.15: A Plane Graph and its Dual 
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Note: 


1. G* of a plane graph G as a plane graph we can consider the dual G** of 
G* and G** =G. 
2. Isomorphic plane graphs may have nonisomorphic duals. 
3. The following relations are direct consequences of the definition of G* 
(1) WG*) = o(G) 
(ii) €(G*)=E() 


(iii) d,*()=d,) Vfe FG). 
3.7 Euler’s Formula 


Euler’s formula states that if'a finite, connected, planar graph is drawn in a plane 
without any edge intersection. If v is the number of vertices, e the number of 
edges and f; the number of faces (regions bounded by edges, including the outer, 
infinitely-large region), then 

v—-et+f=2. 

In a finite, connected, simple, planar graph, any face (except possibly the 
outer one) is bounded by at least three edges and every edge touches atmost 
two faces; using Euler’s formula, we can show that these graphs are sparse in 
the sense that e < 3v— 6 if v2 3. 


A simple graph is called maximal planar if it is planar but adding any edge 
would destroy that property. All the faces (even the outer one) are then bounded 
by three edges, explaining the alternative term triangular for these graphs. If 
a triangular graph has v vertices with v > 2, then it has precisely 3v — 6 edges 
and 2v — 4 faces. 


Euler’s formula is also valid for simple polyhedra. This is no coincidence, 
every simple polyhedron can be turn onto a connected, simple, planar graph by 
using the polyhedron’s edges as edges of the graph. The faces of the resulting 
planar graph corresponds to the faces of the polyhedron (Fig. 3.16). 


Fig. 3.16: The Goldner—Harary Graph is Maximal Planer 
all its Faces are Bounded by three Edges 
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Theorem 3.4 

If G is a connected planar graph then v—e + f= 2. 

Proof: 


By induction we can prove on f, the number of faces in G. If f= 1, then 
each edge of G is a cut edge and so G, being connected, is a tree. In this 
case e = v — 1. Suppose that it is true for all connected planar graphs 
with fewer than n faces, and let G be a connected planar graph with 
n= 2 faces. We choose an edge e, of G that is not a cut edge. 


Then G — e, is aconnected planar graph and has n — | faces, since the two 
faces of G separated by e, combine to form one face of G — e,. From induction 
hypothesis, we have 

wWG+e¢e,)=—e(G=—@) t/(G=e)=2. 


and, using the relations 


W(G—e,) = WG) 
adG=2)=eG)=1 
NG—e,) =f{G)-1. 


We set, finally 
WG) — e(G) + f{G) = 2. 
> v—et+f=2. a 
Corollary 3.1: All planar embeddings of a given connected planar graph have 
the same number of faces. 


Proof: 


Let G and H be two planar embeddings of a given connected planar graph. 

Since G =H, 

v(G) = v(A) and e(G) = e(A) 
using theorem 4, we have 
KG) = e(G) - (iG) =2 
= e(H) — VA) + 2 = f(A) 7 

Corollary 3.2: If G is a simple planar graph with v = 3, then e < 3v— 6. 
Proof: 


It clearly suffices to prove this for connected graphs. 
Let G be a simple connected graph with v 2 3. 
Then d(,) 2 3. for all 0, € 0. 
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and a (91) >3f (generating graph) 
also 3e = 3f. 
From theorem 3.4, 
v—-et = > 2. 
3 
or e<3v-6 a 


Corollary 3.3: If G is a simple planar graph than § = 5. 
Proof: 


It is trivial for v = 1, 2 
If v = 3, then from corollary 3.2, we have 


bv< 220) =2e ¥ 6v—- 12. 


It follows that 6 <5. a 
Corollary 3.4: K, and K, , are non-planar. 


Proof: 


If K, were planar than by corollary 3.2, we would have 
10 Sek je3uKk)—6=9 
This K, must be nonplanar 
Suppose that K, , is planar and let G be a planar embedding of K, , 
Since K, , has no cycles of length less than four, every face of G must have 
degree at least four. 


4Af<  4@) =2e= 18. 
goed 
i.e. f <4. 
From theorem 3.4, we have 
2=v—et+fs6-9+4=1. 
Which is absurd. a 


3.8 Outerplanar Graphs 


A graph is called outerplanar if it has an embedding in the plane such that the 
vertices lie on a fixed circle and the edges lie inside the disk of the circle and 
don’t intersect. Equivalently, there is some face that includes every vertex. Every 
outerplanar graph is planar, but the converse is not true: the second example 
graph shown above (K,) is planar but not outerplanar. This is the smallest non- 
outerplanar graph: a theorem similar to Kuratowski’s states that a finite graph is 
outerplanar if and only if it does not contain a subgraph that is an expansion of 
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K, (the full graph on 4 vertices) or of K, , (five vertices, 2 of which connected 
to each of the other three for a total of 6 edges). 


Properties of Outerplanar Graphs 


¢ All finite or countably infinite trees are outerplanar and hence planar. 

* An outerplanar graph without loops (edges with coinciding endvertices) has 
a vertex of degree at most 2. 

¢ All loopless outerplanar graphs are 3-colorable; this face features prominently 
in the simplified proof of Chvatal’s art gallery theorem by Fisk (1978). A 
3-coloring may be found easily by removing a degree-2 vertex, coloring the 
remaining graph recursively, and adding back the removed vertex with a color 
different from its two neighbors. 


3.8.1 k-outerplanar Graphs 


k-outerplanar embedding of a graph is the same as an outerplanar embedding. 
For & > 1 a planar embedding is k-outerplanar if removing the vertices on the 
outer face results in a k-outerplanar embedding. A graph is k-outerplanar if it 
has a k-outerplanar embedding. 


3.9 Solved Examples 


m@ Example 3.2: 4 connected planar graph has 10 vertices each of degree 3. Into how 
many regions, does a representation of this planar graph split the plane? 


Solution: 


Given that n = 10 and deg of each vertex = 3. 


> > deg(v) =3 x 10 = 30. 
But, > deg(v) = 2e 
> 30 =2e>e= 15 


Using Euler’s formula, we have 


n—et+f=2 

=> 10-15+f=2 

=> f= 
no of regions = 7. al 


= Example 3.3: Prove that K, and K, , are planar 
Solution: 


We have in K, 
v=4ande=6 
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It is obvious that, 6 < 3*4-—6=6. 

Hence relation is satisfied for K, 

For K, ,, we have v= 4 and e = 4. 

In this case, the related e < 3v— 6. that is, 4 < 3*4 — 6 = 6 is satisfied. 


Hence K, and K, , are planar graphs. a 


m Example 3.4: /f every region of a simple planar graph with n-vertices 
and e-edges embedded in a plane is bounded by K-edges then prove that 


K(n-2) 
e — 2 nt 
K-2 
Solution: 


We know that every region is bounded by K-edges, then fregions are bounded 
by Kf-edges. 
Each edge is counted twice, once for two of its adjacent regions. 


We have 2e =Kf 


_2e 


- (i) 


= f 


That is, if G is a connected planar graph with n-vertices, e-edges and 
f-regions then 
n—-et+f=2. 
We have from (i) 


n-et sa =2 
K 
=> nK —eK +2e =2K 
> nK — 2K = eK —2e 
> K(n—2) =e(K—2) 
Kqa-2) 
i ae =o 


m Example 3.5: /fG is a graph with 1000 vertices and 3000 edges. What can 
you concluded about G is planar? 


Solution: 


We know that, a graph is said to be planar if and only if it satisfies the inequality 
q<3p-6. 
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Here, we have, 
p = 1000 and g = 3000 


Then, 3000 <3p-6. 
i.e. 3000 < 3000 — 6. 
> 3000 < 2994 


which is not possible. 
Hence we can conclude that G is not a planar graph. a 


mg Example 3.6: Find a graph G with degree sequence (4, 4, 3, 3, 3, 3) such that 
(i) Gis planar 


(ii) G is not planar. 
Solution: 


(i) We can draw a planar graph with six vertices (with degree sequence 4, 4, 
3, 3, 3, 3.) as shown in Fig 3.17. 


Fig. 3.17 


(ii) Using Handshaking lamma, we have 


>) deg (%;) =2q 
i=l 


> 2q =4+4+34+3+4+343 
=> 2q =20 
> q =10 
Hence the graph with p = 6, is planar iff it satisfy the inequality 
q =3p-6 
i.e. 10 <3 x 6-6 
=> 10 < 18-6 
> 10 < 12. (which is not possible) 


Hence it is not possible to draw a non-planar graph with given degree 
sequence 4, 4, 3, 3, 3, 3. a 
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m= Example 3.7: Show that every simple connected planar graph G with less 
than 12 vertices must have a vertex of degree < 4. 


Solution: 


Let every vertex of G has degree greater than or equal to 5 
Then, if d,, d,, d,,...,d, are the degree of n vertices of G. 
We haved, 2 5, d, 25, d,25,.54,25 
So thatd, dd, teste 2 


Or 2m = 5n (Handshaking property) 


5 
Or S <m (A) 


On the other hand, we have, m < 3n — 6. 
from (A), we have 
5n 
> <3n-—6orn2 12 
If every vertex of G has degree = 5, 
then G must have at least 12 vertices 
Hence, if G has less than 12 vertices, it must have a vertex of 
degree < 5. | 
m Example 3.8: What is the minimum number of vertices necessary for a simple 
connected graph with 11 edges to be planar? 


Solution: 


For a simple connected planar graph G(m, n) 


we have, m <3n-6. 
1 
n = —-(m+6) 
3 
1 
when m= 11 we getn> 
Hence the required minimum number of vertices 6. a 


m Example 3.9: Let G be a planar connected graph with n-vertices, m edges 
and f regions and let its geometice dual G* have n* vertices, m* edges and 
f* regions, then prove that n* = f, m* =m and f* =n. 

Further, it @ and ~* are the ranks and wv and w* are the nullities of G and G* 
respectively, the prove that p* = Uw and W* = 0. 
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Solution: 


Every region of G yields exactly one vertex of G* and G* has no other vertex. 
The number of regions in G is precisely equal to the number of vertices of G* 
i.e. f=n* salt) 
Corresponding to every edge e of G, there is exactly one edge e* of G* that 
crosses e exactly once, and G* has no other edge. 


Thus G and G* have the same number of edges. 
i.e. m=m* ... (ii) 


Using Euler’s formula to G* and G, we get 


ft =m* —n—-2. 
=m—ft2. 
=n. 


Since G and G* are connected, we get 


p=n-1,p=mant 


p* =n* —1, b* =m* —n* +1, 
These together with result (7) & (ii), and from Euler’s formula 
r*=n*—| =f—1=(m—n+2)-1. 
=m—-n+1=u. 
u* =m* —n*+1=m—-f+1 
=m—(m—nt+2)+1=n-1. 


m= Example 3.10: /f G is a simple connected planar graph s.f. G(p, q) having 
at least K edges in a boundary of each region. Then prove that (K — 2) q S 


K (p—2) 
Solution: 
Every edge on the boundary of G, lies in the boundaries of exactly two regions 
of G. 


G may have some pendent edges which do not lie in a boundary of any 
region of G. 


Sum of lengths of all boundaries of G is less than twice the number of 
edges of G. 


i.e. kf <2q ..(Z) 
G is aconnected graph, by Euler’s formula, we have 
f=2+aq-p ... (ii) 


108 Advanced Graph Theory 


(ii) — (i), we set 
k(2+q-—p) <2q 


=> (K —2)q < K(p —2) a 

m= Example 3.11: Let G be a connected simple planar (n, m) graph is which 
k(n-2 
every region is bounded by at least k edges. Show that m < iL > 


Solution: 


Every region in G is bounded by at least k edges. 


We have 2m =kf (i) 
Where fis the number of regions. 


Substituting for ffrom Euler’s formula, 


we get, 
2m =k(m—n+t2) 
=> K(n—2) = km—2m. 
k(n-2) 
ms (k—-2) a 
SUMMARY 


. Apath in a connected graph is Eulerian if it contains every edge exactly 
once. 


. Acircuit in a connected graph is Eulerian if it contains every edge exactly 
once. 


3. Aconnected graph Eulerian if it contains an Eulerian circuit. 


4. A connected graph is Eulerian if and only if every vertex of the graph has 
even degree. 


. Aconnected graph contains an Eulerian path if and only if it has exactly two 
vertices of odd degree. 


6. A graph is planar if it can be drawn in the plane, so not two edges cross. 

7. K,, and K, are nonplanar graphs. 

8. Euler’s formula If a connected planar graph with e edges and v vertices 
partitions the plane into r regions, then r= e—v+ 2. 

. Kuratowski’s theorem A graph is planar if and only if it does not contain a 
subgraph homeomorphic to K, or K, , 
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_EXERCISES } 


. Prove that a graph which contains a triangle can not be bipertite. 
. Show that C, is a bipertite graph. 
. Prove that the sum of the degrees of all regions in a map in equal to twice the 


number of edges in the corresponding path. 


. Draw all planar graphs with five vertices, which are not isomorphic to each 


other. 


. Show that of a planar graph G of order n and size m has f regions and K 


components, then prove thatn-—m=f=k+ 1 


. Let Gbea simple connected graph with fewer than 12 regions, in which each 


vertex has degree at least 3. Prove that G has a region bounded by at most 
four edges. 


. Show that the condition m < 3n— 6 is not a sufficient condition for a connected 


simple graph with n vertices and m edges to be planar 


. What is the maximum number of edges possible in a simple connected planar 


graph with eight vertices? [Ans. 18] 


. Show that if G is a plane triangulation, then e = 3v— 6. 
10. 


Let S= {x,,x,,...,x,) be a set of n = 3 points in the plane such that the distance 
between any two points is at least one. Show that there are at most 3n — 6 
pairs of points at distance exactly one. 
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4.1 Introduction 


There are so many problems lend themselves naturally to a graph-theoretic 
formulation. The concept of a graph is not quite adequate. While dealing with 
problems of traffic flow, it is necessary to know which roads in the network are 
one-way, and, in which direction the traffic is permitted. It is clear that, a graph 
of the network is not of much use in such a situation. We need in a graph, in 
which, each link has an assigned orientation - a directed graph. 

A directed graph D is an ordered triple (V(D), A(D), Wf) consisting of a 
nonempty set V(D) of vertices, a set A(D), disjoint from V(D), of arcs, and an 
incidence function W p Which associates with each arc of D an ordered pair of 
vertices of D. 

If a is an arc and wu and v are vertices such that y,(a) = (u, v), then a is 
said to join u to v; u is the tail of a, and v is its head. We abbreviate “directed 
graph” to “digraph”. 
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A digraph D’ is a subgraph of D if V(D’) © V(D), A(D’) S A(D) and y,, is 
the restriction of y,, to A(D’). 

Each digraph D can be associated to a graph G on the same vertex set; 
corresponding to each arc of D there is an edge of G with the same ends. This 
graph is called the underlying graph of D. As converse, given any graph G, we 
can obtain a digraph from G by specifying, for each link, an order on its ends. 
This type of digraph is called an orientation of G. 


Digraphs have a simple pictorial representation like graphs. A digraph is 
represented by a diagram of its underlying graph together with arrows on its 
edges, each arrow pointing towards the head of the corresponding arc (as shown 
in Fig. 4.1). 


(a) (b) 
Fig. 4.1: (a) A Digraph D; (b) the Underlying graph D 


All the concepts that are valid for graphs automatically applicable to 
digraphs too. However, there are many concepts that involve the notion of 
orientation, and these are applicable only to digraphs. 


A directed ‘walk’ in D is a finite non-null sequence W = es Vises Ey 
v,), whose terms are alternately vertices and arcs, such that, for i= 1, 2,...,k the 
arc a, has head v, and tail v, ,. As with walks in graphs, a directed walk (,, a,, 
V 5-4, V,) 18 represented simply by its vertex sequence (¥,, V,,...,V,)- 

A directed trail is a directed walk that is a trail; similarly, directed paths, 
directed cycles and directed tours are defined. 


If there is a directed (u, v)-path in D, vertex v is said to be reachable 
from vertex u in D. Two vertices are diconnected in D if each is reachable 
from the other. As in the case of connection in graphs, diconnection is 
an equivalence relation on the vertex set of D. The subdigraphs D[V,], 
D{V,],....D[V,,] induced by the resulting partition (V,, V,,...,V,,) of VD) are 


called the dicomponents of D. A digraph D is diconnected if it has exactly 
one dicomponent. (see Fig. 4.2) 
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se 24> 


ayn 


Fig. 4.2: The Digraph of Fig. (a) is not Disconnected and Fig. (b) is has three 
Dicomponents 


The indegree d_(v) of a vertex v in D is the number of arcs with head v; the 
dj,(v) outdegree of v is the number of arcs with tail v. We denote the minimum 
and maximum indegrees and outdegrees in D by 5 (D), A (D), 5*(D) and A*(D), 
respectively. A digraph is strict if it has no loops and no two arcs with the same 
ends have the same orientation. Throughout this chapter, D will denote a digraph 
and G its underlying graph. This is a useful convention; it allows us, for example, 
to denote the vertex set of D by V (since V= V(G)), and the numbers of vertices 
and arcs in D by v and €, respectively. Also, as with graphs, we shall drop the 
letter D from our notation whenever possible; thus we write A for A(D), d*(v) 
ford; (v) & for 8(D), and so on. 


4.2 Directed Paths 


In a digraph, There is no close relationship between the lengths of paths and 
directed paths. We can see from Fig. 4.3, which has no directed path of length 
greater than one. 


Fig. 4.3 


Some information about the length of denoted paths in a digraph can be 
obtained by looking chromatic numbers. 


Theorem 4.1: (Ray and Gallai, 1967-68) 
A digraph D contains a directed path of length X—1. 
Proof: 


We consider A’ be a minimal set of arcs of D such that D’ = D — A’ containing 
no directed cycle and the length of a longest directed path in D’ be k. We assign 
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colours 1, 2, 3..., 4+ 1 to the vertices of D’ by assigning colour i to vertex v if 
the length of a longest directed path in D’ with origin v is (i — 1). 


Denoting by V, the set of vertices with colour 7 we can show that (V,, 
Vi,....V,,,) 18 a proper (k + 1) vertex colouring of D. 


We can observe that the origin and terminus of any directed path in D’ have 
different colours. For Let P be a directed (u, v) — path of positive length in D’ 
and suppose v € V,. Then, there exists a directed path O = (v,, v,, v;.-..v,) nD’, 
where v, = v. 


Since D’ contains no directed cycle, PQ is a directed path with origin u and 
length at least i, 


Thus u¢ V., 

We are to show now, the ends of any arc of D have different colours. 

Suppose (u, v) € A(D). 

If (u, v) € A(D’) then (u, v) is a directed path in D’ and so u and v have 
different colours. 

Otherwise, (u, v) € A’. 

By the minimality of A’, D’ + (u, v) contains a directed cycle C. 


C —(u, v) is a directed (u, v) — path in D’ and hence in this case, u and v 
have different colours. 


The above concludes, that (V,, V,, V;....V 
of D. 


This follows that 
X<k+1, and so D has a directed path of length k= X-— 1. a 


+) 18 a proper vertex colouring 


Note: 


(i) The theorem 4.1 is a best possible way to show that every graph G has an 
orientation in which the longest directed path is of length X — 1. 

(ii) Given a proper X — vertex colouring (V,, V ,....V,) of G, we orient G by 
converting edge uv to are (u, v) ifue V.andve if with i <j. 


4.3 Tournament 


An orientation of a complete graph is termed as tournament. The tournaments of 
four vertices are shown in Fig. 4.4. Each of them is to be regarded as indicating 
the results of games in a round-robin tournament between four players; e.g. the 
first tournament in Fig. 4.4 is shown that one player has won all three games 
and that the other three have each won one. A directed Hamiltonian path of D 
is a directed path that includes every vertex of D. 
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LX A A A 


Fig. 4.4 The tournament of four vertices 
Theorem 4.2 


Every tournament has a directed Hamiltonian path. 


Proof: 
Every tournament has a path such that D is directed. It includes every vertex of 
D then If D is a tournament, then 

X=v. a 


Note: 


(i) An interesting fact about tournament is that there is always a vertex from 
which every other vertex can be reached in at most two steps. An in- 
neighbour of vertex v in D is a vertex u such that (u, v) € A; and an out 
neighbour of v is a vertex w such that (v, w) € A. 

(ii) We denote the sets of in-neighbours and out-neighbours of v in D dj, (v) 
d;,(v) by and respectively. 


Theorem 4.3 


A loopless digraph D has an independent set S such that each vertex of D not 
in S is reachable from a vertex in S by a directed path of length at most two. 


Proof: 
This theorem can be proved by induction on v. The theorem holds trivially for 
v=l1. 

We assume that it is true for all digraphs with fewer than v vertices, and let 
v be an arbitrary vertex of D. 


By induction hypothesis there exists in D’ = D—({v} U N‘(v)) an independent 
set S” such that each vertex of D’ not in S’ is reachable from a vertex is S’ by a 
directed path of length at most two. If v is an out-neighbour of some vertex u of 
S’, then every vertex of N*(v) is reachable from u by a directed path of length two. 
Hence, in this case, S = S” satisfies the required property. 
One the other hand, v is not an out-neighbour of any vertex of S’, then v is 
joined to no vertex of S’ and the independent set. S = S’ U {v} has the result. 
a 
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Note: 


A tournament contains a vertex from which every other vertex is reachable by 
a directed path of length at most two, for this, if D is a tournament, then a = 1: 


4.4 Directed Cycles 
Theorem 4.2 states that every tournament contains a directed Hamiltonium path. 
It includes that, if the tournament is assumed to be disconnected. 

If Sand 7 are subsets of V, we denote by (S, 7) the set of arcs of D that have 
their tails in S and their heads in 7. 
Theorem 4.4: (Moon’s and Dirac’s Theorem) (1966) 


Each vertex of a diconnected tournament D with v = 3 is contained in a 
directed k— cycle, 3<k<v 


Proof: 


Let D be a disconnected tournament with v = 3 let u be any vertex of D. 
Set S= N*(u) and T= Nu). 
We show that u is in a directed 3 — cycle. 


Since D is diconnected, neither S nor T can be empty; and, for the same 
reason, (S, 7) must be non-empty (As shown in fig 4.5). There exists some arc 
(v, w) in D with ve Sand w € T, and w is in the directed 3 — cycle (u, v, w, u). 


4s 


Fig. 4.5: Diconnected Tournament 


The theorem can now be proved by induction on k. 


Suppose, uw is in directed cycle of all lengths between 3 and n, where n < v. 
We can show that u is in directed (m + 1) — cycle. 
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We consider C=(¥,, V,, V,,.-.,”,) be a directed n — cycle in which vy, =v, =u. 

If there is a vertex in V(D)\V(C) which is both the head of an arc with tail in 
C and the tail of an arc with head in C, then there are adjacent vertices v, and v. 
, on Cs.t. both (v,, v) and (vy, v.,,) are arcs of D. In this case wu is in the directed 
> 1) = Cycles. (Vay Vis Vari Vig Vix Vignes) 

Otherwise, denoting by S the set of vertices in V(D)\V(C) which are heads 
of arcs joined to C, and by T the set of vertices in V(D)\V(C) which are tails of 
arcs joined to C. (as shown in Fig. 4.6). 


Fig. 4.6 


Since D is diconnected, S, T and (S, T) are all nonempty, and there is some 
arc (v, w)in D with ve Sandwe T. 


Hence wu is in the directed (n + 1) — cycle (Vis Vs Wy Vege a 
Note: 


A directed Hamiltonian cycle of D is a directed cycle that includes every 
vertex of D. 


Theorem 4.5 (Ghouila — Houri’s Theorem) (1960) 


If D is strict and min {8, 5°} = 5 >1, then D contains a directed Hamiltonian 
cycle. 


Proof: 


Let D satisfies the hypotheses of the theorem, but does not contain a directed 
Hamiltonian cycle. 

We denote the length of the longest directed cycle in D by /, and let C=(v,, 
V5.5 Vp» V,) be a directed cycle in D of length /. 

We note that / > ; . 


Let P be a longest directed path in D— V(C) and suppose that P has origin 
u, terminus v and length in (as shown in Fig. 4.7). 
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Dv, Dy 
DOV 
u 
p 
vb 
Fig. 4.7 
It is clear that, 
vel+m+1 a (i) 
. i Vv 
since /> > 
2 
v 
=> m< 5 .. (ii) 


Set S= {i |(v_,, u) © A} and T= {i|(v, v,) € A} 

We show that Sand 7 are disjoint. 

Let C, , denote the section of C with origin v, and terminus Vis 

If some integer i were in both S and 7, D would contain the directed cycle 
C, _, (v_, 4) P(, v,) of length /+ m +1, contradicting the choice of C 
Then, SA T=6 ... (iii) 
Now, because P is a maximal directed path in 

D-V(C), N(u) c ViP) U VC). 

But the number of in - neighbours of u in C is precisely || and so 

d,(u) =d,(u)+1 S| 


since 4p (u) >§ > Sand d,(u)<m, 


> |S| = 


Similarly, 


—m ... (iv) 


N= = m lei 


by (ii), both S and 7 are nonempty. 
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Adding equ. (iv) and (v) and using (i), we get 
|S] + |7)2=l-m+1. 
Therefore, by (iii) 
ISUT)2l-m+1 .(Vi) 
since S and 7 are disjoint and nonempty, there are positive integers i and 
kst.ie S,itke T. 
and 
i+tg€SOTforiCf CK (vil) 
from (vi) & (vii), it can be seen that, k < m. 
Thus the directed cycle 
C iki -1 Map Y) P|, V,,,), which has length /+ m+ 1 —&, 1s longer than C. 


Which is a contradiction to establish the theorem. a 


4.5 Acyclic Graph 
An orientation D of an undirected graph G is said to be acyclic, if and only if 
it has no directed cycle. 

0(G) be denoted the number of acyclic orientation of G. 
Theorem 4.6: (Stanley Theorem, 1973) 

Let G be a graph of order n. Then the number of the acylic orientations 
of G is 

a(G) = (-1)"x, CD 
Where x,, is the chromatic polynomial of G. 


Proof: 


This proof is possible by induction on € ,. 

Firstly, if G is discrete, then x(k) = 4", and a(G) = 1 =(-1)"(-1)" = (-D"X, 
(—1) as required Now x(k) is a polynomial that satisfies the recurrence x(k) 
= %o— AK) — Xex(k). To prove the claim, we have to show that 0(G) satisfy the 
same recurrence. 

If a(G) =a(G-—e) + a(G* e) (i) 

Then, by induction hypothesis, 

oG) = (1)! %¢ 1) + C1)" Xe) 
=X!) 

for equ. (7) we can see that every acyclic orientation of G gives an acylic 
orientation of G—e. On the other hand, if D is an acyclic orientation of G—e for 
e=uyv, it extends to an acylic orientation of G by putting e,: u > vore,:v—u. 
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If D has no directed path u——> v, we choose é, and if D has no acyclic, it 
cannot have both ways u——> v and v—> u 

We can conclude that 

a(G) =a(G—e)+ b, 

where b is the number of acyclic orientation D of G—e that extend in both 
ways e, and e,. The acyclic orientation D that extend in both ways are exactly 
those that contain. 

Neither u—— v nor v——> u as a directed path ... (ii) 


Each acyclic orientation of G * e corresponds in a natural way to an acyclic 
orientation D of G — e that satisfies (ii). 


Therefore b=a(G*e) 


4.6 Di-Orientable Graph 


A Graph G is said to be di-orientable, if and only if there is a di-connected 
oriented graph D such that G = U(D) 


Theorem 4.7: (Robbins Theorem, 1939) 

A connected graph G is diorientable if and only if G has no bridges. 
Proof: 

If G has a bridge e, then any orientation of G has atleast two 


dicomponents. 


Suppose that G has no bridges, Hence G has a cycle C, and a cycle is always 
di-orientable. 


Let H C G be maximal such that it has a di-oriented D,. If H = G, then it 
has done. 


Otherwise, there exists an edge e =v’ € FE , Such that u ¢ H butv ¢ H 
(because G is connected). 


The edge e is not a bridge and thus there exists a cycle. 
C’ =e PQ: v>u—> w— v 
in G, where w is the last vertex inside H 


We can observe in Fig. 4.8. In the di-orientation D,, of H there is a directed 
path 


P’ :u—>w. 
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Fig. 4.8 


We can orient e : v > u and the edges of Q in the direction 


O : w——> v to obtain a directed 


cycle eP’O:v72u—> w—v. 

We can conclude that, G[V,,U V] has a di-orientation, which contradicts 
the maximality assumption on H. | 
Note: 


Let D be a directed graph. A directed Euler tour of D is a directed closed 

walk that uses each edge exactly once. A directed Euler trail of D is a directed 
walk that uses each edge exactly once. 
Example 4.1: Consider a tournament of six teams 1, 2, 3,...,6. and let T be the 
scoring digraph as in the Fig. 4.9. Here 1 ~ 2 ~ 4-5 ~ 6-3 isa directed 
Hamilton path, but this extends to a directed Hamilton Cycle (by adding 3 
— 1) so, for every team there is a Hamilton path, where it is a winner, and in 
another, it is a looser? 


Solution: 

We consider, s (7) = d,{7) be the winning number of the team 7 (the number 
of teams beaten by /). 

In the above tournament 

sl —4.5; 2)—3,5,6) = 3.54) = 2,80) =2.610)— 1, 

so, is the team | a winner? If so, is 2 or 3 next? 

We define the second level scoring for each team by 

j= d% s(i .. i) 
jie Ey 
This tells us how good team / beat. 
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In the above figure, we have 

§() = 8,5,(2) = 9.5,(3) = 9,.5,(4) = 3,5,0) =4 and 3,(6)'= 3. 

Now, it seems that 3 in the winner, but 4 and 6 have the same score. We 
can continue by defining inductively the m™level scoring by 

8G) = 2, s_(@) ... (ii) 
Jig Ep 

It can be proved by matrix method that for a di-connected tournament with 
atleast four teams, the level scorings will eventually stabilize in a ranking of the 
tournament; there exists an m for which the mth level scoring gives the same 
ordering as do the (m + k)th-level scorings for all k= 1. 

If T is not di-connected;, then the level scoring should be carried out with 
respect to the di-components. 

In the example the level scoring gives 

19335245546 


as the ranking of the tournament. 


Theorem 4.8 
If G is a 2-edge-connected, then G has a di-connected orientation. 


Proof: 


Let G be 2-edge-connected. Then G contains a cycle G,. We define 
inductively a sequence G,, G,,..., of connected subgraphs of G as follows: if 
G, (i= 1, 2,...) is not a spanning subgraph of G, let v, be a vertex of G not in G.. 
Then there exist edge-disjoint paths P. and QO, from v, to G, Define 


Gin =G,UP,UQ, 


Since (G,,,) > (G,), this sequence must terminate in a spanning subgraph 
Gof G. 


Directed Graphs 123 


We now orient G, by orienting G, as a directed cycle, each path P, as a 
directed path with origin v,, and each path Q, as a directed path with terminus 
v.. Clearly every G,, and hence in particular G_, is thereby given a diconnected 
orientation. Since G, is a spanning subgraph of G it follows that G, too, has a 
diconnected orientation. 


Theorem 4.9 


Let G be a 2k-edge-connected graph with an Euler trail. Then G has a 
k-arc-connected orientation. 


Proof: 


Let v,e,v,,.-.e,¥, be an Euler trail of G. Orient G by converting the 
edge e. with ends v., and v, to an arc a, with tail v,, and head v., for 
1< i <€. Now let [S, 5] be an m-edge cut of G. The number of times the 
directed trail (v,, 4,, V,,--.,4,, V,) crosses from S to S differs from the number 
of times it crosses from § to S by at most one. Since it includes all arcs of 
D, both (S, S) and (S, S) must contain at least [m/2] arcs. 


Theorem 4.10 


Let D be a di-connected tournament with v = 5, and let A be the adjacency 
matrix of D. Then A“*3> 0: where d is the directed diameter of D. 


Proof: 


The (i, /)th entry of A‘ is precisely the number of directed (v,, v)-walks of 
length k in D. We must therefore show that, for any two vertices v.and ¥, (possibly 
identical), there is a directed (v,, v)-walk of length d+ 3. 

Let d, =dv, v) 

Then 0 < d, <d<v-—1 and therefore 

J8d=d,+ 3S yt2 

If d— Gt 3 <v then, there is a directed (d— d,, + 3)-cycle C containing v. 
A directed (v,, v,)-path P of length d,, followed by the directed cycle C together 
form a directed (v, v)-walk of length d+ 3, as desired. 

There are two special cases. If d — d,, +3=y+1, then P followed by a 
directed (v — 2)-cycle through v, followed by a directed 3-cycle through v, 
constitute a directed (v, v)-walk of length d + 3 (the (v — 2)-cycle exists since 
v= 5); and if d— d, + 3=v+ 2, then P followed by a directed (v — 1)-cycle 
through v, followed by a directed 3-cycle through v, constitute such a walk. 

a 
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4.7 Applications of Directed Graphs 
4.7.1 Job Sequencing Problem 


Let a number of jobs J, J,, J,,..., J, have to be processed on a machine; for 
example, each J, might be an order of bottles or jars in a glass factory. After 


each job the machine must be adjusted to fit the requirements of the next job. 


If the time of adaptation from job J, to job J, is t. find a sequencing of the 
jobs that minimises the total machine adjustment time. 


This problem is clearly related to the travelling salesman problem, and no 
efficient method for its solution is known. It is therefore desirable to have a 
method for obtaining a reasonably good (but not necessarily optimal) solution. 


Step 1: Construct a digraph D with vertices V1» Va9-++9V,. Such that (v, v) € 
A if and only if t, St, By definition, D contains a spanning tournament. 


Step 2: Find a directed Hamilton path (V,, Veserss V,) OF D, and sequence 
the jobs accordingly. 


Since step | discards the larger half of the adjustment matrix [¢.], itis a 
reasonable supposition that this method, in general, produces a fairly good job 
sequence. Note, however, that when the adjustment matrix is symmetric, the 


method is of no help whatsoever. 


As an example, suppose that there are six jobs J,, J,, J,, J,, J, and J, and 


that the adjustment matrix is 
dade ale. ony ale “al, 


3 i 6 
Jj0 53 42 1 
Zi 0 2 2 SB 
La. so 1 2S 
J,|\1 44 0 1 2 
J,j1 3 4 5 0 5 
i\4 42 3 4. 0 


The sequence J, > J, > J, > J, > J, > J, requires 13 units in adjustment 


time. To find a better sequence, construct the digraph D as in step 1. (Fig. 4.10) 
(V,, Vos V3» Vys Vo» V,) 18 a directed Hamilton path of D, and yields the sequence 


dd, dl, 3d, 3d, 3, 
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which requires only eight units of adjustment time. Note that the reverse 
sequence 
J,7 5,7 5,735,757 J, 


is far worse, requiring 19 units of adjustment time. 
V 


Vy 
Fig. 4.10: Segnential Digraph 


4.7.2 To Design an Efficient Computer Drum 


The position of a rotating drum is to be recognised by means of binary signals 
produced at a number of electrical contacts at the surface of the drum. The 
surface is divided into 2” sections, each consisting of either insulating or 
conducting material. An insulated section gives signal 0 (no current), whereas 
a conducting section gives signal 1 (current). For example, the position of 
the drum in Fig .4.11 gives a reading 0010 at the four -contacts. 


Fig. 4.11: A Computer Drum 
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Label 
0000 


0001 
0011 
0111 
1111 
1110 
1100 
1001 
0010 
0101 
1011 
0110 
1101 
1010 
0100 
1000 


Fig. 4.13: Signential Drum 


Directed Graphs 127 


If the drum were rotated clockwise on section, the reading would be 1001. 
Thus these two positions can be distinguished, since they give different readings. 
However, a further rotation of two sections would result in another position 
with reading 0010, and therefore this latter position is indistinguishable from 
the initial one. 


We design the drum surface in such a way that the 2” different positions of 
the drum can be distinguished by & contacts placed consecutively around part 
of the drum, and we would like this number k to be as small as possible. 


First note that k contacts yield a k-digit binary number, and there are 2‘ 
such numbers. Therefore, if all 2” positions are to give different readings, we 
must have 2‘> 2”, that is, k =n. We shall show that the surface of the drum can 
be designed in such a way that n contacts suffice to distinguish all 2” positions. 


We define a digraph D_ as follows: the vertices of Dare the (n — 1)-digit 
binary numbers p,p,,..., p,, with p, = 0 or 1. There is an are with tail pp,,..., 
p,, and head q,q,,....g,_, ifand only ifp,,, =q, for 1 <i <n —2; in other words, 
all arcs are of the form (p,p,,..., P, > PsP3-+» P,,). In addition, each arc (p,p,... 
DP,» PPy-++»P,) of D, is assigned the label pp,,..., p,. D, is shown in Fig. 4.12 


Clearly, D, is connected and each vertex of D, has indegree two and 
outdegree two. Therefore, D_ has a directed Euler tour. This directed Euler 
tour, regarded as a sequence of arcs of D_, yields a binary sequence of length 
2” suitable for the design of the drum surface. 


For example, the digraph D, of Fig. 4.12 has a directed Euler tour (a,, a,,..., 
a,,), giving the 16-digit binary sequence 0000111100101101. (Just read off the 
first digits of the labels of the a..) A drum constructed from this sequence is 
shown in Fig. 4.13. 


4.7.3 Ranking of the Participants in a Tournament 


A number of players each play one another in a tennis tournament. Given the 
outcomes of the games, how should the participants be ranked? 


We consider, for example, the tournament of Fig. 4.13. This represents the 
result of a tournament between six players; we see that player 1 beat players 2, 
4, 5 and 6 and lost to player 3, and so on. 

One possible approach to ranking the participants would be to find a directed 
Hamilton path in the tournament, and then rank according to the position on the 
path. For instance, the directed Hamilton path (3, 1, 2, 4, 5, 6) would declare 
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player 3 the winner, player 1 runner-up, and so on. This method of ranking, does 
not bear further examination, since a tournament generally has many directed 
Hamilton paths; our example has (1, 2, 4, 5, 6, 3), (1, 4, 6, 3, 2, 5) and several 
others. 

Another approach would be to compute the scores (numbers of games won 
by each player) and compare them. We obtain the score vector as: 


s, = (4,3, 3, 2,2, 1) 


Fig. 4.13: Ranking Problem 


This score vector does not distinguish between players 2 and 3 even though 
player 3 beat players with higher scores than did player 2. We are thus led to 
the second-level score vector 

8/16, 3, 934) 

in which each player’s second-level score is the sum of the scores of the 
players he beat. Player 3 now ranks first. Continuing this procedure we obtain 
further vectors as under: 

§ = (13, 10,16, 7, 12,9) 

8, = (38,28, 32,2 1,25, 16) 

S, = (90, 62, 87, 41, 48, 32) 

Ss, =(183, 121, 193,80, 119, 87) 

The ranking of the players is seen to fluctuate a little, player 3 vying with 
player | for first place. This procedure always converges to a fixed ranking when 
the tournament in question is disconnected and has at least four vertices. This 
will lead to a method of ranking the players in any tournament. 
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Note: 


In a diconnected digraph D, the length of a shortest directed (u, v)-path is 
denoted by d,,(u, v) and is called the distance from u to v, the directed diameter 
of D is the maximum distance from any one vertex of D to any other. 


4.8 Network Flows 


Various transportation networks or pipelines are conveniently represented by 
weighted directed graphs. These networks possess some additional requirements. 
Goods are transported through specific places or warehouses to final locations 
or market places through a network of roads. 


A network N consists of: 
(i) An underlying digraph D = (V, E) 
(ii) Two distinct vertices s and r, known as the source and the sink of N. 
(iii) A capacity function A : V x V JR, for which 
o(e) =0, iffe g E. 
We denote V,, = Vand E,,= E. 
Let A CV, be a set of vertices 
and f: V,,x V,,— IR any function such that fle) = 0 ife € E,. 
We can adopt the following notations: 


Fig. 4.14 


[4,4] = {ee E,le=uv, ue A, ve Al}. 
f(4y= Y f@and f(A) 
ee[A, A] 


= ¥ fe. 
e€[A, A] 


Particularly, 


f@= fw) 


ve N 


and fl = df (uv) 
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Hence 
A flow in a network JN is a function 
ff: V,,* V,,— IR such that 0 < fle) < A(e) Ve 
and f-(v) =f'(v) Vv € {s, r} 
Note: 


(i) Every network N has a zero flow defined by f(e) = oVe. 

(ii) For a flow of and each subset A C V,, define the resultant flow from A and 
the value of f as the number val(f,) = f*(A) —f (A) and val(f) = val (f) = 
BO ae aC 

(iii) A flow f of a network N is a maximum flow, if there does not exist any flow 
J’ such that val(f) < val(f’) 


4.9 Improvable Flows 
Let fbe a flow in a network N, and let P= e, e, e,...e, be an undirected path in V 
where an edge e. is along p, ife,=v,v,,, € E,, and against P, ife =v, v,€ E, 

we define a non-negative number /(p) for P as follows: 

(P) =min e, [(e), 

where I(e) = {a(e) — fle) 

for e is along fle). for e is againt P} 

we may define, 

Let f be a flow in a network N. A path P : s ——>r is (f-) improvable, if 
l(p) >0 

On the right, the bold path has value /(P) = 1 and therefore this path is 
improvable. (see fig 4.15) 


Lemma 4.1 


Let N=(D, s, r, &) be a network with a flow f 
(i) fA CN \ fs, rj, then val(f,) = 0 
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(ii) val(f) = —val(f). 
Proof: Let A € M\ {s, r}. Then 
p= LU -f 0) 


=F o->f-o 
ved ve A 

=f"(A)-f (A) 

= val (f,) 


where the third equality holds since the values of the edge wv with u, v € 
A cancel each out. 


Similarly we can prove second claim. 
Lamma 4.2 


Let N be a network. If f be a maximum flow of N, then it has no improvable 
paths. 


Proof: 
We define, 
{fle) + I(p) if e is along P 
f(e = 4 fle)— lp) ife is against P 
fle) if e is not in P 
Than /” is a flow, since at each intermediate vertex v € {r, s}, we have 
IS 'Y() =ff’)'(v). and the capacities of the edges are not exceeded. 


Now val(f’) = val (f) + [(p), since p has exactly one edge sv €E,, for the 
source s. Hence, if /(P) > 0, then we can improve the flow (see Fig. 4.16) 
a 


4.10 Max-Flow Min-Cut Theorem 


Let N= (d, s, r, &) be a network. For a subset SC V,,withs € Sandr¢ S, 
let the cut by S be 
[S] = [S, S] (= {we E,|ue S,u€ S}) 
The capacity of the cut [S] is the sum 
a[S]=ar(s)= 2H) 
A cut [S] is a minimum cut, if there is no cut [R] with o[R] < a[S] 
for example in Fig. 4.17. The capacity of the cut for the indicate vertices 
is equal to 10. 
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Lemma 4.3 


For a flow fand a cut [S] of N, val(f) = val (£) = f*(S) —f (S) 
Proof: 


Let S,=S\ {s} 
Now, val (S.) = 0 [since S.C N\ {s,r}] 
and val (f) = val (f) 


val(f) = val(f)— 2X fs») + X £0.5) 


VES; 


+val(f.) + 2, f(se)— d, flos) 
= val(f) = val(f) 


Theorem 4.11 


For a flow fand any cut [S] of N, val(f) < ofS]. Furthermore, equality holds 
if and only if for eachu € Sand v¢ S, 


(i) ife=uve E,, then fle) = a(e) 
(ii) ife=uve E,, then fe) = 0. 


Proof: 


We have from definition of flow, 


P15) & Is > ote) als mo 
and f(S) 20 
Also val(f) = val(f.) = f"(S) —f(S) 


[Lemma 4.3] 
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Hence, val(f) < aS], as required 
Also, the equality val(f) = o[.S] holds iff 
(1) f(S) = ofS] 
and (2) f (S) =0 ... (ii) 
This holds iff Ke) = ale) V ee [S] 
(fle) S$ a(e)) 
and (2) fle) =0 Ve=uv 
withu € Sandv¢ S. 


This proves the claim. a 
Note: 


If fis a maximum flow and [S] a minimum cut, then val(f) < a[S] 


4.11 k-flow 
A k-flow (H, «) of an undirected graph G is an orientation H of G together with 
an edge colouring @ : E,,— [0, k-1] 

such that for all vertices ue V. 


YaoN.= Y a) ... (i) 


f=ueEy e=we LE, 


i.e. The sum of the incoming values equals the sum of outgoing values. A 
k-flow is nowhere zero, if a(e) #0 Vee E,. 


In the k-flows we do not have any source or sink for our convenience, 


let a(e') =-a(e) Vee E, 
in the orientation H of G so that the condition (7) becomes 
y ae) =0 ..(ii) 
e=uwe Ey 


The condition (i) generalizes to the subset A < V, in a natural way 


dX ae) =9 .. (iii) 


ee[ A, A] 
since the values of the edges inside A cancel out each other. 


Note: 


If G has nowhere zero k-flow for some k, then G has no bridges. 


for example, the graph fig 4.18 is with a nowhere zero 4-flow. 
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Fig. 4.18 


4.12 Tutte’s Problem 


This problem was conjected by TUTTE(1954). That every bridgeless graph 
has a nowhere zero 5-flow but does not have any nowhere 4-flows, and so 5 is 
the best one can think f. Tutte’s conjecture resembles the 4-colour theorem, and 
indeed, the conjective is known to hold for the planar graphs. This proof uses 
the 4-colour theorem, which will be discussed later on. 


Proposition 4.1: 
A graph has a 2-flow if and only if all its degrees are even. 


Proof: 


Since a multigraph admits a k-flow iff it admits a Z,-flow. 
A graph G = (V, E) has 2-flow iff it has a Z,-flow i.e. iff the constant map. 
E ~ Z, with value | satiesfies (F,). 


This is the case iff all degrees are even. a 


Proposition 4.2: 
A cubic graph has a 3-flow iff it is bipertite. 


Proof: 


Let G = (V, E) be a cubic graph. 
We assume that G has a 3-flow, and hence a Z,-flow f. 
We can show that cycle C= x,x,,..., xX, in G has been length. 


We consider two consecutive edges on C 


say C, ,: =x, 


i-l. 
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If fassigned the same value to these edges in the direction of the foreward 
orientation of C, i.e. f(e, ,, x, ,,x,) =e, x, x,,,), than fcould not satisfy (F,) at 
x, for any non-zero value of the third edge at x.. 


Therefore, f assign the value ] 2 and to the edges of C alternately, and in 
particular C has even length. 


Conversely, let G is bipartite, with vertex bipartition {X, Y}. Since G is 
cubic, the mapping £ > Z; defined by 

fle, x,y): = land f(e, y, x): = 2 for all edges e =xy withx € X and ye 
Y is a Z,-flow on G. 

Hence G has a 3-flow. a 


Proposition 4.3: 
For all evenn > 4, 0(K") = 3. 
Proof: 


o(K") = 3 for even n. 


By induction process on n, we show that every G = K” with even 
n> 4 has a 3-flow. 

Letn=6, there G is the edge-disjoint union of three graphs G,, G,, G,, with 
G,, G, = K and G, = oer 

It is clear that G, and G, each have a 2-flow, whicle G, has a 3-flow. The 
union of all these flows is a 3-flow on G. 

Now let n > 6, and assume the assertion holds for n — 2, clearly, 
G is the edge-disjoint union of a K"? and a graph G’ = (V’, E’) with 
G’ = K"°*K?, 

The K”” has a 3-flow by induction. 

To find a Z,-flow on G’. 

For every vertex z of the K"* CG’, 

let f, be a Z,-flow on the triangle zxyz C G’, 

where e = xy is the edge of the K? in G’. 

Let f: F'— Z, be the sum of these flows. 

It is clear that, f is nowhere zero, except possible in (e, x, y) and 
(e, Y, xX). 

If fle, x,y) # 0 then fis the desired Z,-flow on G’. If fle, x, y) = 0, then f+ 
fis a Z,-flow on G’. 
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Proposition 4.4: 


Every 4-edge-connected graphs has a 4-flow. 


Proof: 
Let G be 4-edge connected graph. G has two edge-disjoint spanning tree 
T, i=1,2. 


For each edge e ¢ T, let C, , be the unique cycle in 7’, and let f, be a Z,- 
flow of value 7 around C, ,more precisely: a Z,-circulation on G with values 
7 and — 7 on the edges of C. , and zero otherwise. 


Let f= dhe ..(i) 
eceT, _ 
since each e ¢ T, lies only one cycle C,, e’, f, takes only the value | and 
—] © 3) outside 7, 


Let Fr= {ee AT) |Z Ae) = 9) ...(ii) 
and fa = Lhe ...(iii) 
As above, . 

Se) + 2==972eP .. (iv) 


Now, f: =f, + f, is the sum of Z,. Circulations, and hence itself a Z, 
circulation. 

Moreover, fis nowhere zero: on edges in F it takes the value 27, on edges 
of T,—F it agrees with f,, and on all edges outside 7, it takes one of the values 
lor 3. 


Hence fis a Z,-flow on G. 


SUMMARY 


1. A diagraph D = (V, E) consists of a finite set of vertices V joined by a set 
of directed edges E. A directed edge from vertex x to vertex y is denoted 
by ( y). 

2. The indegree of a vertex v, denoted by indeg (v), is the number of edges 
terminating at v; its outdegree, denoted by outdeg (v), is the number of edges 
leaving v. A vertex with indegree 0 is a source; a vertex with outdegree 0 is 
a sink. 


3. The adjacency matrix of a diagraph is A = (a,), where a, = number of 
directed edges from vertex v, to vertex v, 
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4. 


10. 


Let D be a diagraph with vertices v,, v,, ..., v, and e edges. Then 


n 


y indeg(v,) =e= DS outdeg(v; ) 


i=1 i=1 


. A loop-free digraph with exactly one edge between any two distinct vertics 


is a dominance diagraph or a tournament. 


. Aweighted digraph has a weight w for every edge. 


. The weight of a directed path is the sum of the weights of the edges along 


the path. 


. The weighted adjacency matrix of a digraph (VY, E) is W= (w,,)s where 


oo if (v,,v,)¢€ E 
weight of edge (i, 7) | otherwise 


A shortest path from u to v in a weighted digraph weighs the least. 


Dijkstra’s algorithm finds a shortest path and its length from the source to 
any vertex in a weighted digraph. 


EXERCISES ) 


. Show that ) d-()=i= Ya*o). 


veV veV 


. Show that D is diconnected if and only if D is connected and each block of 


D is disconnected. 


. Show that G has an orientation D s.t. |ld*(v) —d(v)| <1 forallve V. 


. Show that if D is strict and max {5 5*} \ > 0, then D contain a directed 


cycle of length at least k + 1. 


. Prove that every tournament has a directed Hamilton path. 
. Prove that D(G) is k-are-connected iff G is k-edge-connected. 


. Finda circular sequence of seven 0’S and seven 1’s such that all 4-digit binary 


numbers except 0000 and 1111 appear as blocks of the sequence. 


. Show, by considering the Petersen graph, that the following statement is false: 


every graph G has an orientation in which, for every S C V, the cordinalities 
of (S, S) and (S, S) differ by atmost one. 
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9. Apply the method of ranking. 


(a) the four tournaments shown in Fig. below. 


(6) the tournament with adjacency matrix. 
A B C D E F 


a me ToOoOonrmimbvpaaw Pt 
oorrRr CoC oO oO CoO CO Co 
Se ee Fe OFF Oo Oo Fe 
Le ee ee ee 
FP OFF CO OO oO Oe 
Se oe ee Fe OF oO Oe 
Fe OFF OD OF Oe 
Ee ore ooooosed ©/0 
on = = oe a 
FP OF FP COCO rF OO HI] e& 
coorcosceseo so co KB] & 


10. (a) Show that Nash-Williams’ theorem is equivalent to the following 


11. 


12. 


13. 


14. 
15. 


statement: if every bond of G has at least 2k edges, then there is an 
orientation of G in which every bond has at least & arcs in each direction. 
(b) Show, by considering the Grotzsch graph, that the following analogue 
of Nash-Williams’ theorem is false: if every cycle of G has at least 2 
edges, then there is an orientation of G in which every cycle has at least 
k arcs in each direction. 
Let v,, v,...,v, be the vertices of a digraph D. The adjacency matrix of D is 
the v x v matrix A = [4,,] in which a, is the number of arcs of D with tail 
v, and head v, Show that the (i, /)th entry of A* is the number of directed 
(Vv, v,)-walks of length & in D. 
Let D,, D,,...,D,, be the components of D. The condensation D of D isa 
directed graph with m vertices w,, w,,.... w,,; there is an arc in D with tail w, 
and head w, if and only if there is an arc in D with tail in D, and head in D.. 
Show that the condensation D of D contains no directed cycle. 
In a network N, Prove that the value val(f) of a maximum flow equals the 
capacity a[.S] of a minimum cut. 
State ant prove seymour’s 6-flows theorem. 
Prove that a connected graph G has a flow number f(G) = 2 if and only if it 


is eulerian. 
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Matching & Covering 


Joseph Bernard Kruskal (1928-) was born in New York city. He graduated 
from the university of Chicago in 1948 and received his Ph.D. from 
Princeton in 1954. He joined as an instructor at Princenton later on he 
became an assistant professor at the university of Wisconsin and shifted 
to the university of Michigan in 1958. 

He joined Bell Telephone labs in 1959, a position he still holds. He has 
served as visiting professor at Yale, Columbia and Rutgers. 

Kruskal is known for his algorithm in Graph theory which is used to solve 
Joseph Bernard 80 many problems of matching and covering. 


Kruskal 
(1928-) 


5.1 Introduction 


If we are given a graph and are asked to find in it as many independent edges 
as possible. How would we go about this? Will we be able to pair up all its 
vertices in this way? If not, how can we be sure that this is indeed impossible? 
Somewhat surprisingly, this basic problem does not only lie at the heart of 
numerous applications, it also gives rise to some rather interesting graph theory. 


A subset M of E is called a matching in G, if its elements are linked 
and no two are adjacent in G; the two ends of an edge in M are called 
matched under M. A matching M saturates a vertex v, and v is said to 
be M-saturated, if some edge of M is incident with v; otherwise, v is 
M-unsaturated. If every vertex of G is M-saturated, the matching / is perfect. 
M is a maximum matching if G has no matching M’ with |M’|>|M; 

It is clear that every perfect matching is maximum. Maximum and perfect 
matching in a graph are indicated in Fig. 5.1. (a & 5). 
© The Author(s) 2023 141 
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(b) 
Ve oY, 


Fig. 5.1: (a) AMaximum Matching; (b) a Prefect Matching 


Let M be a matching in G. An M-alternating path in G is a path whose edges 
are alternately in E \ M and M. In Fig. 5.1(a), the path v. v, v, v, v, in the graph 
is an M-alternating path. 


An M-augmenting path is an M-alternating path whose origin and terminus 
are M-unsaturated. 


Frankly speaking, a set M of independent edges in a graph 
G=(J, E) is called a matching. M is a matching of U C V if every vertex in U 
is incident with an edge in M. The vertices in U are then called matched (by 
M); vertices not incident with any edge of M are unmatched. 


A k-regular spanning subgraph is called a k-factor. Thus, a subgraph H C 
G isa |-factor of G if and only if E(A) is a matching of V. The problem of how 
to characterize the graphs that have a 1-factor, i.e. a matching of their entire 
vertex set, will be our main theme in this chapter. 


Each vertex of H has degree either one or two in H, since it can be incident 
with atmost one edge of M and one edge of M’. Thus each component of H is 
either an even cycle with edges alternately in M and M’, or else a path with 
edges alternately in M and M’. from equ.(i), H contains more edges of M’ than 
of M, and therefore some path component P of H must start and end with edges 
of M’. The origin and terminus of P, being M’-saturated in H, are M-unsaturated 
in G. Thus we can say that P is an M-augmenting path in G. 


Fig. 5.2: (a) G, with M heavy and M’ broken (b) G[MAM’] 
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Theorem 5.1: (Berge Theorem, 1957) 


A matching M in G is a maximum matching, if G contains no 
M-augmenting path. 
Proof: 

We consider a matching MM in a graph G, and suppose G contains an 
M-augmenting path v, V, V,,.--5 Vins | 

Redefining M’ Cc E by 

MS (MAY Vie Ve Vieni Vit 2 ie Viel Via Vy Vy ost 

Then M’ is a matching in G, and |M’| = |M| + 1 

Thus / is not a maximum matching. 


Conversely, we consider that Mis not a maximum matching, and let M’ be 
a maximum matching in G. 


Then, |M’| > |M| wlth 
Set H=G[M A M’], where M A M’ denotes the symmetric difference of 
Mand M’. | 


5.2 Matching and Covering in Bipertite Graphs 


For any set S of vertices in G, we define the neighbour set of S in 
G to be the set of all vertices adjacent to vertices in S; this set is 
denoted by N(S). Suppose, that G is a bipartite graph with bipartition 
(X, Y). In many applications one wishes to find a matching of G that saturates 
very vertex in X; an example is the personnel assignment problem. Necessary 
and sufficient conditions for the existence of such a matching were first given 
by Hall (1935) (Theorem 5.3). 


For this whole section, let G = (V, E) be a fixed bipartite graph with 
bipartition {A, B}. Vertices denoted as a, a’ etc. will be assumed to lie in A, 
vertices denoted as b etc. will lie in B. 


How can we find a matching in G with as many edges as possible? Let us 
start by considering an arbitrary matching M in G. A path in G which starts in 
A at an unmatched vertex and then contains, alternately, edges from FE \ M and 
from M, is an alternating path with respect to M. An alternating path P that ends 
in an unmatched vertex of B is called an augmenting path (Fig. 5.3), because 
we can use it to turn M into a larger matching: the symmetric difference of M 
with E(P) is again a matching (consider the edges at a given vertex), and the 
set of matched vertices is increased by two, the ends of P. 
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Fig. 5.3: Augmenting the Matching M by the Alternating Path P 


Alternating paths play and important role in the practical search for large 
matchings. In fact, if we start with any matching and keep applying augmenting 
paths until no further such improvement is possible, the matching obtained will 
always be an optimal one, a matching with the largest possible number of edges. 
The algorithmic problem of finding such matchings thus reduces to that of finding 
augmenting paths—which is an interesting and accessible algorithmic problem. 

Our first theorem characterizes the maximal cardinality of a matching 
in G by a kind of duality condition. Let us call a set U C Va cover of 
E (or a vertex cover of G) if every edge of G is incident with a vertex in U. 


Theorem 5.2: (K6nig’s Theorem 1931) 


The maximum cardinality of matching in G is equal to the minimum 
cardinality of a vertex cover. 
Proof: 

Let M be a matching in G of maximum cardinality. From every edge in M 
let us choose one of its ends: its end in B if some alternating path ends in that 
vertex, and its end in A otherwise. We shall prove that the set U of these |M| 
vertices covers G; since any vertex cover of G must cover M, there can be none 
with fewer than |M| vertices, and so the theorem will follow. 


UUB 


UUA 


Fig. 5.4 The vertex cover U 


Let ab € E be an edge; we show that either a or b lies in U. If 
ab € M, this holds by definition of U, so we assume that ab ¢ M. Since Mis a 
maximal matching, it contains an edge a’b’ with a =a’ or b=0’. In fact, we may 
assume that a = a’; for if a is unmatched (and b = b’), then ab is an alternating 
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path, and so the end of a’b’ € M chosen for U was the vertex b’ = b. Now if 
a’ =a is not in U, then D’ € U, and some alternating path P ends in b: either 
P’: =P’ (ifbe P) or P’ :=Pb’a’b. By the maximality of M, however, P’ is not an 
augmenting path. So b must be matched, and was chosen for U from the edge of 
M containing it. 


Theorem 5.3: [Hall, 1935] [Marriage Theorem] 
G contains a matching of A if and only if |N(S)| 2 \S| for all S CA. 
Proof: 


We give three proofs for the non-trivial implication of this theorem, i.e. that 
the ‘marriage condition’ implies the existence of a matching of A. The first of 
these is based on K6nig’s theorem; the second is a direct constructive proof by 
augmenting paths; the third will be an independent proof from first principles. 


First proof. If G contains no matching of A, then by Theorem 5.2 it has a 
cover U consisting of fewer than |A| vertices, say U= A’ U B’ with A’ CA and 
B’ CB. Then 

[44 + |B’| = |U| <|Al, 
and hence 
B"| < |4| - 4] =|4\ 4" 

(Fig. 5.5). By definition of U, however, G has no edges between 
A\A’ and B \ B’, so 

|N (A \ A’) $ |B} <|A\ A’ 

and the marriage condition fails for S$: A \ A’. 


B' 


Fig. 5.5: A Cover by Fewer than |A| Vertices 


Second proof: Consider a matching M of G that leaves a vertex of A 
unmatched; we shall construct an augmenting path with respect to M. Let a, 
b,, a,, 5,, a,,..., be a maximal sequence of distinct vertices a,€ A and b.€ B 
satisfying the following conditions of all i= 1 (Fig. 5.6): 

(i) a, is unmatched; 
(ii) b, is adjacent to some vertex Ayan © (hisrsigtl, hs 
(iii) ab,€ M. 
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By the marriage condition, our sequence cannot end in vertex of A: that 
i vertices a,,...,a,_, together have a least i neighbours in B, so we can always 
find a new vertex b, #b,,..., b,_, that satisfies (ii). Let b, € B be the last vertex 
of the sequence. By (i) — (iii), 
P= BaP tyrm%yaup? GM 
with I'(k) =0 


is an alternating path. 


Fig. 5.6: Proving the Marriage Theorem by Alternating Paths 


What is it that prevents us from extending our sequence further? If b, is 
matched, say to a, we can indeed extend it by setting a ,. 4, unless a= a, with 
0 <i<k, in which case (iii) would imply 6, = b, with a contradiction. So b, is 
unmatched, and hence P is an augmenting path between a, and b.. 

Third proof: We apply induction on |A|. For |A| = | the assertion is true. 
Now let |A| = 2, and assume that the marriage condition is sufficient for the 
existence of a matching of A when |A| is smaller. 


If |M(S)| = |S| + 1 for every non-empty set S C A, we pick an edge ab € G 
and consider the graph G’ : = G — {a, b}. Then every non-empty set SC A \ 
{a} satisfies 


IN, (S)| 2 IN, (S)— 12 |S, 
so by the induction hypothesis G’ contains a matching of A \ {a}. Together with 
the edge ab, this yields a matching of A in G. 


Suppose now that A has a non-empty proper subset A’ with |B’| = |A’| for 

B’ := N(A’). By the induction hypothesis, G’ := G[A’ U B’] contains a matching 

of A’. But G — G’ satisfies the marriage condition too: for any set S C A \ A’ 

with |V,_, (S) < |S| we would have |N.(S U 4’)| < |S U A’, contrary to our 

assumption. Again by induction, G — G’ contains a matching of 4 \ A’. Putting 
the two matchings together, we obtain a matching of A in G. 

a 
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Corollary 5.1: 

If |N(S)| 2 |S| —d for every set SCA and some fixed d € N, then G contains 
a matching of cardinality |A| — d. 
Proof: 


We add d new vertices to B, joining each of them too all the vertices in A. 
By the marriage theorem the new graph contains a matching of A, and at least 
|A| — d edges in this matching must be edges of G. a 


Corollary 5.2: 
If Gis k-regular with k = 1, then G has a 1-factor. 
Proof: 


If Gis k-regular, then clearly |A| = |B]; it thus suffices to show that G contains 
a matching of A. Now every set S C A is joined to MS) by a total of &|S| edges, 
and these are among the A|N(S)| edges of G incident with N(S). Therefore 4|S| 
< k|N(S)|, so G does indeed satisfy the marriage condition. a 


Corollary 5.3: 
If Gis ak-regular bipartite graph with k > 0, then G has a perfect matching. 
Proof: 


Let G be a k-regular bipartite graph with bipartition (X, Y). Since G is 
k-regular, k|X]| = |E| = k|Y| and so, since k > 0, |X] = |¥|. Now let S be a subset 
of X and denote by E, and E, the sets of edges incident with vertices in S and 
N(S), respectively. By definition of N(S), E, C E, and therefore 

k|N(S)| = |E,| 2 |E| = AlS| 

It follows that |M(S) = |S| and hence, by theorem 5.3, that G has a matching 
M saturating every vertex in X. Since |X] = |Y|, M is a perfect matching. 

i 


Note: 


The above theorem is called marriage theorem since it can be more colourfully 
restated as follows: If every girl in a town knows exactly k boys, and every boy 
knows exactly k girls, then each girl can marry a boy she knows, and each boy 
can marry a girl he knows. 


5.2.1 Covering 


A covering of a graph G is a subset & of V such that every edge of G has at 
least one and in K. A covering K is a minimum covering if G has no covering 
K’ with |K’| < |K]. 
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If K is a covering of G, and M is a matching of G, then K contains at least 
one end of each of the edges in M. For any matching M and any covering K, 


\M| < |K\. 
If M* is a maximum matching and K isa minimum covering, then 
\M*| <|K| 
This result in due to K6nig (1931) and closely related to Hall’s Theorem. 
(see Fig. 5.7). 
Lemma 5.1: 


Let M be a matching and K be covering such that |M| = |K|. Then M is a 
maximum matching and K is a minimum covering. 


Proof: 
If M* is a maximum matching and K is a minimum covering then, 
\M| < |M*| <|K|<|K| 
since |M| = |K| 
it follows that, 
\M) = |M*| 
and IK] =|K |. 


(a) (b) 


Fig. 5.7 (a) A Covering; (b) a Minimum Covering 


Theorem 5.4: 


In a bipartite graph, the number of edges in a maximum matching is equal 
to the number of vertices in a minimum covering. 


Proof: 


Let G be a bipartite graph with bipartition (X, Y), and let M* be 
a maximum matching of G. Denote by U the set of M*-unsaturated 
vertices in X, and by Z the set of all vertices connected by M*-alternating 
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paths to vertices of U. Set S= ZO X and T= Z ~ Y. Then, we have that 
every vertex in T is M*-saturated and N(S) = T. Define K = (X\S) UT 
(see Fig. 5.7). Every edge of G must have at least one of its ends in K. 
For, otherwise, there would be an edge with one end in S and one end Y\7, 
contradicting M(S) = T. Thus K is a covering of G and clearly 


Fig. 5.8 


By lemma 5.1, K is a minimum covering, and the theorem follows. 


5.3 Perfect Matching 


A necessary and sufficient condition for a graph to have a perfect matching was 
obtained by Tutte (1947). A component of a graph is odd or even accordingly 
as it has an odd or even number of vertices. 


Here 0(G) is the notation of number of odd components of G. 
Theorem 5.5: 


G has a perfect matching iff 
0(G —S) < |S| for all SCV. 


Proof: 


It is enough to prove this theorem for simple graphs. 
Let G has a perfect matching M. 

Let S be a proper subset of V. 

Let G,, G,,...,G, be the odd components of G — S. 


Because G, is odd, some vertex u, of G, must be matched under M with a 
vertex v, of S. (See Fig. 5.9) 


ee OUNCE TV V seat PCS 
OG = 8) == {V5 Voss VF S18 
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Odd components of G-S Even components of G-S 


Fig. 5.9 (a) 


Conversely, 
Suppose that G satisties 0(G— S) <|S| VS c V but has no perfect matching. 
Let G* be a maximal graph having no perfect matching. 
Then G is a spanning subgraph of G*. 
Since (G — S) is a spanning subgraph of (G* — S). 
Wehave, 0(G*—S) <0(G—S) 
By assumption, 
0(G* — S) < 0(G — S) $< |S}. 

for all S CV(G*). 
In particular, setting S = o we have, 

0(G*) = 0 and so V(G*) is even. 
Denote by U the set of vertices of degree (V— 1) in G* 
If v= 
then G* has a perfect matching. 
So we assume that U#V. 


Claim: 
(G* — U) is a disjoint union of complete graphs. 
Suppose that some component of (G* — U) is not complete. 


Then in this component, there are vertices x, y,z €G 
xy € E(G*), yz € E(G*) and xz € E(G*) 
y 


Fig. 5.9 (b) 
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Moreover, since y ¢ u, there is a vertex w in (G* — U) such that yw ¢ E(G*). 
Since G* is a maximal graph having no perfect matching, 

(G* + e) has a perfect matching for all e ¢ E(G*). 

Let M_ and M, be perfect matchings in (G* + xz) and (G* + yz) respectively. 
Let H be a subgraph of G* U{xz, yw} induced by (MA M,). 

Since each vertex of H has degree two, H is a disjoint union of cycles. 


Also, all of these cycles are even, since edges of M, alternate with edges 
of M, around them. 


We distinguish two cases. 
Case 71: 


xz and yw are in different component of H. 


Fig. 5.9 (c) 


Then if yw is in the cycle C of H, the edges of M, in C, together with the 
edges of M, not in C, constitute a perfect matching in G*, contradicting the 
detinition of G*. 


Case 2: 
xz and yw are in the same component of H. 


M, - heavy 
M, - wavy 


Fig. 5.9(d) 
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By symmetry of x and z, we may assume that the vertices x, y, w and z occur 
in that order on C. (See Fig. 5.9 (d)) 

Then the edges of M, in the section yw,..., z of c together with the edge yz 
and the edges of M, not in the section yw,...,z ofc, constitute a perfect matching 
in G*, again contradicting the definition of G*. 

Since both case | and case 2 lead to contradictions it follows that (G* — U) 
is a disjoint union of complete graphs. 


By case (1), 0(G* — U) <|U 
Thus atmost |U| of the components of (G* — U) are odd. 
But then G* clearly has a perfect matching. 


One vertex in each odd component of (G* — U) is matched with a vertex of 
U; the remaining vertices in U, and in component of (G* — U) are then matched 
as shown in Fig. 5.10. 


Odd components of (G*- U) Even components of (G*- U) 


Fig. 5.10 


Since G* was assumed to have no perfect matching. We obtained the desired 
contradiction. 


Thus G have a perfect matching. 


Corollary 5.1: 


(Deduction of Petersen’s Theorem from Tutte’s Theorem) 
Every 3-regular graph without cut edges has a perfect matching. 
Proof: 


Let G be a 3-regular graph without cut edges and S be a proper subset of V. 
We denote by G,, G,, G,,..., G, the odd components of (G — S). 


Let m, be the number of edges with one end in G, and one end is 
S,V1lSisn. 
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Since G is 3-regular 


oni =3v(G)V1<isn ao) 
and 
d(v) _ : 
24) = 3I5| Ai) 
from (i) 


m,= 2 4)_2 (G)is odd 


i veV(G,) 


Now m, # | since G has no cut edge. 
Thus, m,23for1<i<n ... (iii) 
It follows from (ii) & (iii) that, 


0(G—S)=n< 


Ym < + Law=Ig 
i=l 3 veS 

Hence G has perfect matching. 
Note: 


if G has a 1-factor, then clearly 
0(G — S$) < |S| for all S C VGI, 
since every odd component of (G — S) will send a factor edge to S. 


Fig. 5.11: Deductive Graph 


5.4 Factor-critical Graph 


A graph G = (JV, E) is called factor-critical if G # and (G — v) has a 1|-factor 
for every vertex v € G. Then G itself has no a-factor because it has odd order. 


We call a vertex set SC V matchable to (G — S) if the graph H,, which 
arises from G by contracting the components C € C,, , to single vertices 
and deleting all the edges inside S, contains a matching of S. Formally H, 
is the graph with vertex set SU C, , and edge set {sC|dce C:sce E} 
(As shown in Fig. 5.11) 
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Theorem 5.6: 


Every graph G = (V, E) contains a vertex set S with the following two 
properties: 
(i) Sis matchable to G — S; 
(ii) every component of G — S is factor-critical. 
Given any such set S, the graph G contains a 1-factor if and only if \S| = 
(Ca, 


Proof: 


For any given G, the assertion of Tutte’s theorem follows easily from this 
result. Indeed, by (i) and (ii) we have |S| <|C,,_,| = 0(G —S) (since factor-critical 
graphs have odd order); thus Tutte’s condition of (G—S) < |S] implies |S|=|C,, J, 
and the existence of a 1-factor follows from the last statement. 

Note first that the last assertion of the theorem follows at once from the 
assertions (i) and (ii); if G has a 1-factor, we have 0(G — S) < |S| and hence 
|S] = |C,, | as above; 
conversely if |S] =|C.,_ J, then the existence of a 1-factor follows straight from 
(i) and (ii). 

We now prove the existence of a set S satisfying (7) and (ii). We apply 
induction on |G|. For |G| = 0 we may take S = 0. Now let G be given with 
|G| > 0, and assume the assertion holds for graphs with fewer vertices. 

Let d be the least non-negative integer such that 

0(G-— 7) <|7T|+d for every TCV. .. 7) 

Then there exists a set T for which equality holds in (1); this follows from 
the minimality of dif d> 0, and from 0(G — 6) =|¢| +0 ifd=0. 

Let S be such a set T of maximum cardinality, and let C := C,, ,. 

We first show that every component C € C is odd. If |C| is even, pick a 
vertex c € C, and let S’ := SU {c} and C’ := C-—c. Then C” has odd order, and 
thus has at least one odd component. Hence, 0(G — S’) = 0(G — S) + 1. Since 
T := S satisfies (1) with equality, we obtain 

q(G—S’)=q(G—S)+1=|S||d+1=|S'|+d2q(G-S’) sew 8) 
with equality, which contradicts the maximality of S. 

Next we prove the assertion (ii), that every C € Cis factor-critical. Suppose 
there exist C € C and c € C such that C’ : = C—c has no 1-factor. By the 
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induction hypothesis (and the fact that, as shown earlier, for fixed G our theorem 
implies Tutte’s theorem) there exists a set T’ C V(C’) with 
q(C’-T") > |P". 
Since |C| is odd and hence |C’| is even, the numbers 0(C ’ — 7’) and [7] 


are either both even or both odd, so they cannot differ by exactly 1. We may 
therefore sharpen the above inequality to 


O(C’-T’) =[T’] +2. 
For T:=SU {c} UT’ we thus obtain 
0(G —-T) =0(G—S)-1+0(C’-T’) 
>|S|}+d—-1+|T’|+2 
=|T|+d 
> 0(G-T) 


with equality, again contradicting the maximality of S. 


It remains to show that S is matchable to G—S. If S= @, this is trivial, so 
we assume that S 4 @. Since T := S satisfies (1) with equality, this implies that 
C too is non-empty. H := H,, but ‘backwards’, i.e. with A = C. Given C’ CC, 
set S’:=N_(C’) CS. Since every Ce C’ is an odd component also of G— 8’, 
we have 

IN. AC | =|S‘] 2 0(G- S)-d2|C"|-d. 

Hf contains a matching of cardinality 

|IC|-d =0(G-S)-d=|S|, 


which is therefore a matching of S. a 


5.5 Complete Matching 


A complete matching of a vertex set V, into those in V, of the bipertite graph 
with partition V, and V, is a matching of the graph in which there is one edge 
incident with every vertex in V, .i.e. every vertex of V, is matched against one 
vertex is V,,. 

The complete matching need not to exist for the entire bipertite graphs. We 
can observe the fact by considering the interview with large number of suitable 
candidates for less number of position. 


Theorem 5.7: 


A complete matching of the vertex set V, and V, in a bipertite graph exists 
if and only if every subset ofr vertices in V, is collectively adjacent to r or more 
vertices in V, for all values of r. 
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Proof: 


As a homework. (see problems) 
Problems 5.1: 
Find whether a complete matching of V , into V, exists in the graph (Fig. 5.12) 


Fig. 5.12 


Solution: 


No, Because we have to take subset {D, EF} of V, having two vertices, then the 
elements of this set is collectively adjacent to only the subset {d} of V,. The 
cardinality of {d} is one that is less than the cardinality of the set {D, F}. 


Problem 5.2: 


Find whether a complete matching of V, into V, exist for the following 
graph? What can you say from V, to V,. (see Fig. 5.13) 


Fig. 5.13 
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Solution: 

Yes, we get a complete matching from V, into V, which is {Af, Bb, Cc, 
Dd, Ea} 

This matching is not unique, because 

{Af, Bb, Cc, Dd, Ea} is also a complete matching from V, into V,. 


Complete matching from V, into V, does not exist because cardinality of 
V, is more than the cardinality of V,. a 


Theorem 5.8: 


For any bipertite graph G with partition V, and V,, if these exists a positive 
integer M satisfying the condition that deg (V ,) 2M 2 deg (V,), for all vertices 
v,€ V,, v,€ V, then a complete matching of V , into V, exists. 


Proof: 


Let G be a bipertite graph with partition V, and V,,. 

Let M be a positive integer satisfying the condition that deg (v,) 2 M2 
deg_(v,), for all vertices v, € V, & v, € V, consider a r-element subset S of the 
set V. 

Since deg(r,) 2M from each element of S, there are atleast M edges incident 
to the vertices in V,. (since no vertex of V, is adjacent to the vertex of V,. 

Thus there are M. r edges incident from the set S to the vertices in V,, but 
degree of every vertex of V, cannot exceed M implies that these Mr edges are 
incident on atleast 


Mr _ : . 
“ag r vertices in V, 


Hence, there exists a complete matching of V, into V,. a 


5.6 Matrix Method to Find Matching of a Bipertite Graph 


The adjacency matrix of the bipartite graph G can be written by the rearrangement 
of rows and columns as 


| 0 Xn, XN 
AUG) ie : 
x Ny XNy 0 


where X, , is (0, 1) whose rows are corresponds the vertices of V, and columns 
corresponds to the vertices of V,. A matching V, into V, such that no row or a 
column has more than one |. The matching is complete if the n, x n, matrix so 
obtained contains exactly one in each row. 
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Problem 5.3: 
Find a complete matching of the graph (Fig. 5.14) by matrix method. 


Fig. 5.14 


Solution: 


0 x, ny XNy 
x)=] 
X 0 


nN XN 


abcdef 
AjO0 10001 
Where Sikes 
Cj00 1010 
DIO 00100 
E 


100100 


here n, = 5,n,=6 & n=n, + n,= 11 = total numbers of vertices of G. 


Step 1: Choose the row B and the column 5. 
(since B contains | in only one place in the entire now) 
Step 2: Discard the column b (since it has already chosen) 


Step 3: Choose the row D and the column d (Since D contains | in only one 
place in the entire row) 


Step 4: Discard the column d (Since it has already chosen) 


Step 5: Choose the row E and the column a (Since Ea" entry is one and not 
chosen earlier) 


Step 6: Discard the column a (chosen in Step 5) 


Step 7: Choose the row A and column /f(since the row A contains exactly one 
1 in the column /f). 
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Step 8: Discard the column f (chosen in step 7) 


Step 9: Choose the row C and the column e (or c) [since C is the final (unique) 
row] 


Step 10:Now, no row is left to choose and all the rows are able to be chosen. 
Hence the matching is complete (if any zero row remains, then the 
matching is not complete but the process slops) 

The resultant matrices after each step and the final matching is given below. 


After the steps After the steps After the steps After the steps 


1 and 2 3 and 4 5 and 6 7 and 8 
abcde 
Alo0001 ee 
clo1010 a/foool cee 
DIO 0 100 ClO 110 A(0 01 ce 
Ej1 0100 E1000 ates Cd 1) 


Resultant matrix and the corresponding matching are shown in Fig. 5.15 


Fig. 5.15 

abcdef 
000001 
010000 
000010 
000100 
100000 


moawD PY 


The complete matching is {Af, Bb, Ce, Dd, Ea} 
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5.7 Path Covers 


In this section we put the above question more generally: how many paths in a 
given directed graph will suffice to cover its entire vertex set? Of course, this 
could be asked just as well for undirected graphs. As it turns out, however, the 
result we shall prove is rather more trivial in the undirected case (exercise), and 
the directed case will also have an interesting corollary. 


A directed path is a directed graph P # % with distinct vertices 2 gicig and 
edges e,,..., €, _, Such that e. is an edge directed from x, to x.,,, for all i< k. We 
denote the last vertex x, of P by ter(P). In this section, path will always mean 
‘directed path’. A path cover of a directed graph G is a set of disjoint paths in 
G which together contain all the vertices of G. Let us denote the maximum 
cardinality of an independent set of vertices in G by (G). 


Theorem 5.9: (Gallai & Milgram Theorem, 1960) 
Every directed graph G has a path cover by at most 0(G) paths 
Proof: 


Given two path covers p,, p, of a graph, we write p, <p, if {ter(P) | Pe p,} Cc 
{ter(P) | P € p,} and |p| < |p|,. We shall prove the following: 

If p is a <-minimal path cover of G, then G contains an independent set {v,, 
| Pe p} of vertices with v,,€ P for every Pe p. 


Clearly, (7) implies the assertion of the theorem. 


We prove (i) by induction on |G|. Let p= {P,,...,P} be given as in (7), and 
let v. = ter(P.) for every i. If {v,| 1 <i <m} is independent, there is nothing 
more to show; we may therefore assume that G has an edge from v, to v,. Since 
Poy, is again a path, the minimality of p implies that v, is not the only vertex 
of Ps let v be the vertex preceding v, on P.. Then p’ := {P.v, PP gslong P) isa 
path cover of G’ := G—v,. We first show that p’ is <-minimal with this property. 

Suppose that p” < p’ is another path cover of G’. If a path P € p” ends in 
v, we may replace P in p” by Pwy, to obtain a smaller path cover of G than p, a 
contradiction to the minimality ofp. Ifa path Pe p” ends in v, (but none in v), we 
replace P inp” by Pv,v,, again contradicting the minimality ofp. Hence {ter(P) 
| Pe p”} C {y,,..., v_,), and in particular |p”| < |p| — 2. But now p” and the trivial 
path {v,} together form a path cover of G that contradicts the minimality of p. 

Hence p’ is minimal, as claimed. By the induction hypothesis, {V(P)|P € p’} 
has an independent set of representatives. But this is also a set of representatives 
of p, and (7) is proved. | 
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5.8 Applications 


5.8.1 The Personnel Assignment Problem 


In a certain company, there are n worker X,, X,, X,,..., X,, available for n jobs 
Y\, Y55 Y45-.., ¥,. Each worker being qualified for one or more of these jobs. The 
questions arise; can all the men be assigned, one man per job, to jobs for which 


they are qualified? This problem is called the personnel assignment problem. 


We construct a bipartite graph G with bipartition (X, Y), where X= {x,,x,,..., 
X)s Y= {Vy Vo9-++y ¥,) and x, is joined to y, if and only if worker _X, is qualified 
for job Y. The problem becomes one of determining whether or not G has a 
perfect matching. According to Hall’s theorem either G has such a matching or 
there is a subset S of X such that |M(S) < |S]. Given any bipartite graph G with 
bipartition (X, Y), the algorithm either finds a matching of G that saturates every 
vertex in X or, failing this, finds a subset S of X such that |N(S)| < |S]. 


We start with an arbitrary matching M. If M saturates every vertex in_X, 
then it is a matching of the required type. If not, we choose an M-unsaturated 
vertex u in X and systematically search for an M-augmenting path with origin 
u. Our method of search, to be described in detail below, finds such a path P if 


one exists; in this case M= M A E(P) is a larger matching than M, and hence 


saturates more vertices in XY. We then repeat the procedure with ™ instead of 
M. If such a path does not exist, the set Z of all vertices which are connected to 
u by M-alternating paths is found. Then S = Z 7 X satisfies |M(S)| < |S]. 

Let M be a matching in G, and let u be an M-unsaturated vertex in X. A 
tree H C Gis called an M-alternating tree rooted at u if (i) u € V(A), and (ii) 
for every vertex v of H, the unique (uv, v)-path in H is an M-alternating path. An 
M-alternating tree in a graph is shown in Fig. 5.17. 


x,—u 
(a) (b) 


Fig. 5.17: (a) A Matching M in G; (b) an M-alternating Tree in G 


162 Advanced Graph Theory 


The search for an M/-augmenting path with origin u involves ‘growing’ an 
M-alternating tree H rooted at u. Initially, H consists of just the single vertex w. 
It is then grown in such a way that, at any stage, either 


u 


u 
(a) (b) 
Fig. 5.18: (a) Case (jf) (b) Case (ii) 


(7) all vertices of H except u are M-saturated and matched under M@ 
(as Fig. 5.18a), or 


(ii) H contains an M-unsaturated vertex different from u (as in Fig. 5.18 b). 
If (7) is the case (as it is initially) then, setting S = V(H) 7 X and 
T= V(A) 7 Y, we have N(S) D T; thus either N(S) = T or NS) D T. 
(a) If N(S)=T then, since the vertices in S\{u} are matched with the vertices in 
T, |N(S) = |S] — 1, indicating that G has no matching saturating all vertices 
in x. 
(b) If N(S) > T, there is a vertex y in Y \ T adjacent to a vertex x in 
S. Since all vertices of H except u are matched under M, either 
x =u or else x is matched with a vertex of H. Therefore xy ¢ M. If y is 
M-saturated, with yz € M, we grow H by adding the vertices y and z and 
the edges xy and yz. We are then back in case(i). If y is M-unsaturated, we 
grow H by adding the vertex y and the edge xy, resulting in case (ii). The 
(u, y)-path of H is then an M-augmenting path with origin u, as required. 


Figure 5.19 illustrates the above tree-growing procedure. 


The algorithm described above is known as the Hungarian method, and can 
be summarised as follows: 


We start with an arbitrary matching M. 


1. If M saturates every vertex in_X, stop. Otherwise, let w be an M-unsaturated 
vertex in X. Set S= {u} and T= 9. 
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2. If N(S) = T then |N(S)|<|S|, since |7| = |S|— 1. Stop, since by Hall’s theorem 
there is no matching that saturates every vertex in X. Otherwise, let y € 
NMS)\T. 

3. If y is M-saturated, let yz € M. Replace S by S U {z} and T by 
T UL {y} and go to step 2. (Observe that |7| = |S| — 1 is maintained 
after this replacement.) Otherwise, let P be an M-augmenting 
(u, y)-path. Replace M by M =MD E(P) and go to step 1. 

Consider, for example, the graph G in Fig. 5.20a, with initial matching 
M = {X,),, XV xy }. In Fig.5.20 b an M-alternating tree is grown, 
starting with x,, and the M-augmenting path x,y,x,y, found. This results 
in a new matching M = (BV 5 SV ia DV &).)y A an M -alternating 
tree is now grown from x, (figures 5.20 c and 5.20 d) Since there is no 
M -augmenting path with origin x,, the algorithm terminates. The set 
S= {x,, xX, X,), with neighbour set M(S) = (y,, y,), shows that G has no perfect 
matching. 

A flow diagram of the Hungarian method is given in Fig. 5.21. Since the 
algorithm can cycle through the tree-growing procedure, I, at most |X] times 
before finding either an S CX such that |N(S)| < |S| or an M-augmenting path, 
and since the initial matching can be augmented at most |X| times before a 
matching of the required type is found. 


Pe - saturated 


u u 


Case (1) Case (ii ) 


M - unsaturated 
Or —_»> 


Vv y 
Case (1) Case (ii) 


Fig. 5.19: The tree-growing Procedure 
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x, x, x; X, Xg 
aa Vo V3 Vs Ms 
(a) 


X, xy 
Vz V V2 YO y, 
x; x; x; 
(b) 
x, x. Xx, x, oe 
M1 yr Vs Vs Vs 
(c) 
J3 x; 
x; 
J, yz y2 V3 

X, Mi My 


(d) 


Fig. 5.20: (a) Matching M; (b) an M-alternating tree; (c) Matching M; (d) an 
M-alternating tree 
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START: 
Input 
arbitrary 

matching M 


Is X 
M - saturated 


STOP: 
M saturates 


NO: 
E an M - unsaturated 
vertex uin X 


II 


No: 
da vertex y 
in N(S)\T 


Su {z}>S 
Tutyj oT 


Mes 
MAE(P) 


Is y 
M - saturated ? 


J an M - ougmenting 


(u, y) - path P EyzeM 


Fig. 5.21 Flow Chart 


5.8.2 The Optimal Assignment Problem 


The Hungariam method is the efficient way to determine a feasible assignment of 
workers to jobs, if one exists. If we wish to take into account the effectiveness of 
the workers in their various jobs. On this care we are interested in an assignment 
that maximises the total effectiveness of the workers. This problem of finding 
such an assignment is called the optimal assignment problem. 
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We consider a weighted complete bipertite graph with bipartition (X, Y), 
where A = {X54 Rg Myeeea Xb P= Vg Vo Vy J), od edge x, J, has weight 
w, = w(x,y,), the effectiveness of workers X, in job Y. The optimal assignment 
problem in clearly equivalent to that of finding a maximum-weight perfect 
matching in this weighted graph. 

We define a feasible vertex labelling as a real-valued function / on the vertex 
set X U Y such that, for allx e¢ Xandye Y 


I(x) + lv) 2 wixy) ...(i) 
(The real number I(v) is called the lable of the vertex v.) 


A feasible vertex labelling is thus a labelling of the vertices such that the 
sum of the labels of the two ends of an edge is at least as large as the weight of 
the edge. No matter what the edge weights are, there always exists a feasible 
vertex labelling; one such is the function / given by 

I(x) = max w(xy) if xe ' 

ae akan) 

I(y)=0 if yeY 

If / is a feasible vertex labelling, we denote by E, the set of those edges for 
which equality holds in (i); that is 

E, = txy € E| I(x) + ly) = way) 

The spanning subgraph of G with edge set F’ is referred to as the equality 

subgraph corresponding to the feasible vertex labelling /, and is denoted by G.,. 


5.8.3 Covering to Switching Functions 


In logic design of digital machines, we have to minimize the logical functions 
which are Boolean functions before its implementation, which can be done 
by using coverings of a graph of Boolean functions. To explain the graph of 
Boolean function and the procedures of its simplifications, we consider the 
following Boolean expression. 


In Boolean expression, we have P’ (orp) denote NOT P, p.q 
(or p “ q) denote p AND q, p + g (or p vq) denote p OR gq. 


reef 


b =xyzt x’yz t+ xyz + xyz! + x’y'z + xy"! + xyz’ + 2’y’z 
Each term correspond to the vertices of a graph of Boolean function and 
the edges are between those terms that differ by only one variable. The edge 
between the variables in represented by means of common variables of its end 
vertices. The graph of f is shown in Fig. 5.22. 
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x'yz x'y'z 
(100) x'z (110) 


xyz XZ xy'z' 
(001) (011) 


Fig. 5.22 Covering of Switching 


One of the covering of the graph is {yz, yz’}, which is the minimal 
covering of the graph. Further the graph of expression for @ = yz + yz’ 
contains only one edge between yz and yz’. This edge is labelled by y 
and is the minimal covering. Hence the simplified expression for © is 
o=y. 

Problem 5.4: 


Minimize the switching function given below using Boolean graph. 


= w'x'y'z! + wixlyz! + wxly'z! + wixlyz + wixyz! + wxyz. 
Solution: 


The graph of the function fis shown below. 


WXYZ 


L 
xyz WXYZ w ny w XYZ rk 
O O 


O 

Fant 

WX yz w'x'y'z' w'x'y'z' wx'yz! 
Fig. 5.23 


One of the minimal covering of the graph is {xyz, x'v'z', w'xy, w'x'y} 
.. The expression 


od =xyz + x'y'z' + w'xy + w'x'y is the simplified expression of 0. 
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To minimize further this expression ¢, we consider the graph of this function 
(As above) we get 


/ 


wy 
o—————0 ) ) 
xyz wx'y xyz wx'y 

Now the edge w!y is the minimal cover of the connected component of 
this graph. Considering the minimal cover with isolated vertices we get the set 
{wly, xiylzt w'xlyh. 

Thus the minimized expression for © is 

‘i = wy A x'ylz! fe w'yly, 

We note that this expression cannot be further simplified as the graph of 

this function is a totally disconnected graph. 


SUMMARY 


1. If every vertex in a digraph is reachable from every other vertex, the digraph 
is strongly connected. 


2. Let A = (a,) be the adjacency matrix of a digraph D with vertices v,, v,,..., 


v, LetR=Av APly,..., vAM-H = (r,). Then vertix v, is reachable from 
vertex v, if and only ifr, > 0, where i #/. R. is the reachability matrix of the 
digraph. 


3. Ade Bruijn sequence for a binary alphabet is a 2"-bit sequence that contains 
every n-bit word as a subsequences in a cyclic fashion. 


4, A vertex v, is reachable from a vertex v, if there is a directed path from v, to 


Vv, 
J 


5. A dag is a digraph with no directed cycles. 

6. Dags pictorially represent assignment statements and algebraic expressions 
with repeating subexpressions; they help find the prefix and postfix forms of 
such expressions. 


EXERCISES) 


1. Show that a tree has at most one perfect matching. 


2. Two people play a game ona graph G by alternately selecting distinct vertices 
Vo» Vis Vz9---, Such that, for 7 > 0, v, is adjacent to v,, The last player able to 
select a vertex wins. Show that the first player has a winning strategy iff G 


has no perfect matching. 
3. Ak-factor of G is a A-regular spanning subgraph of G, and G is k-factorable 
if there are edge-disjoint k-factors H,, H,,...,H, such that G=H, EH, 
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(a) Show that 
(i) K 


nn 


and K, are 1-factorable; 


(ii) the Petersen graph is not 1-factorable. 


(6) Which of the following graphs have 2-factors? 


4. A non-negative real matrix Q is doubly stochastic if the sum of the entries 
in each row of QO is | and the sum of the entries in each column of QO is 1.A 
permutation matrix is a (0, 1)-matrix which has exactly one | in each row and 
each column. (Thus every permutation matrix is doubly stochastic.) Show 
that 


(a) every doubly stochastic matrix is necessarily square; 


(6) every doubly stochastic matrix O can be expressed as a convex linear 
combination of permutation matrices, that is 


Ot PF Ter. ees Cr, 


where each P, is a permutation matrix, each c, is a non-negative real 


k 
number, and }\c; = 1. 
1 


5. Show that a tree G has a perfect matching iff 0(G — v) = 1 forall ve V. 


fc) 
6. Leg Gbe simple, with v even and S< : . Show that if € > (5) +(v—2d-1) 


+ d(v—d), then G has a perfect matching. 

7. A diagonal of ann x n matrix is a set of n entries no two of which belong to 
the same row or the same column. The weight of a diagonal is the sum of the 
entries in it. Find a minimum-weight diagonal in the following matrix: 


BDA ON f 
nnn nn 
— 

N 
\o 
ona - 
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8. Show that a complete matching of V, into V, exists in the following graph. 


9. Let A be a finite set with subsets 4,,..., A, and let d,,..., d, TN. Show that 
there are disjoint subsets D, [A » With |D|| = d, for all k £ n, if and only if- 


LU 4\= do, 


icl ie] 


for all 7c {1,..., n}. 
10. Find a cubic graph without a 1-factor. 
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Colouring of Graphs 


Francis Guthrie (1831-1899) was born in London, England. He graduated 
from University College London he pursued law and became a barrister. 
In 1850s, after colouring the countries of England on a map with four 
colours. He conjectured the four colour problem to his younger brother 
Frederick. At that time Frederick Guthrie (1833-1866) was a student of 
De Morgan, had showed the problem to him, who in turn communicated 
to William Hamilton in 1852. Hamilton did not take interest in this 
problem. Later on in 1878, the problem was popularized by Arthur 


Francis Guthrie = Cqyley with an announcement in a meeting of the London Mathemati- 
imi, cal society. 


In 1861, Guthrie joined as a professor of mathematics at Gratt-Reinet 
College, South Africa and later on he moved to South African University, Cape Town in 1876 where 
oe served until death. 


6.1 Introduction 


In graph theory, Graph Colouring is a special case of graph labeling. It is an 
assignment of labels traditionally called “Colour’s” to elements of graph subject 
to certain constraint in. Its simplest form, it is a way of colouring the vertices of 
a graph such that no two adjacent vertices share the same colour, this is called 
vertex colouring. Similarly, an edge colouring assigns a colour to each edge 
so that no two adjacent edges share the same colour, and a face colouring of a 
planer graph assigns a colour to each face or region so that no two faces that 
share a boundary have the same colour. 


Vertex colouring is the starting point of the subject and the other colouring 
problems can be transformed into a vertex version. For example, an edge 
colouring of a graph is just a vertex colouring of its line graph, and a face 
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colouring of a planar graph is just a vertex colouring of its planar dual. However, 
non-vertex colouring problems are often stand and studied as it. That is partly 
for perspective, and partly became some problems are best studied in non- 
vertex form, as for instance is edge colouring. The convention of using colours 
originates from colouring the countries or states of a map, where each face 
is titerally coloured. This was generalized to colouring the faces of a graph 
embedded in the plane. By planar duality it became colouring the vertices, 
and in this form it generalizes to all graphs. In mathematical and computer 
representation it is typical to use the first few positive or non-negative integers 
as the colours. 


Generally we can use any finite set as the colour set. The nature of the 
colouring problem depend on the number of colours but not on what they are. 


Fig. 6.1: A Proper Vertex Colouring of the Petersen Graph with 3 Colors, 
the Minimum Number Possible 


Colouring of graph enjoys many practical applications as well as theoretical 
challenges. Beside the classical types of problems, different limitations can 
be set on the graph, or on the way a colour is assigned, or even on the colour 
itself. It has reached popularity with the general public in the form of popular 
number puzzle Sudoku. Graph colouring is very active in the field of research. 


The first results about graph colouring deal almost exclusively with planar 
graphs in the form of the coloring of maps, While trying to color a map of the 
counties of England. Francis Guthrie postulated the four color conjecture, 
noting that four colors were sufficient to color the map so that no regions 
sharing a common border received the same color. Guthrie’s brother passed on 
the question to his mathematics teacher Augustus de Morgan at University 
College, who mentioned it in a letter to William Hamilton in 1852. Arthur 
Cayley raised the problem at a meeting of the London Mathematical Society in 
1879. The same year, Alfred Kempe published a paper that claimed to establish 
the result, and for a decade the four color problem was considered solved. For 
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his accomplishment Kempe was elected a Fellow of the Royal Society and later 
President of the London Mathematical Society. 


In 1890, Heawood pointed out that Kempe’s argument was wrong. However, 
in that paper he proved the five color theorem, saying that every planar map 
can be colored with no more than, five colors, using ideas of Kempe. In the 
following century, a vast amount of work and theories were developed to reduce 
the number of colors to four, until the four color theorem was finally proved 
in 1976 by Kenneth Appel and Wolfgang Haken. Perhaps surprisingly, the 
proof went back to the ideas of Heawood and Kempe and largely disregarded 
the intervening developments. The proof of the four color theorem is also 
noteworthy for being the first major computer-aided proof. 


In 1912, George David Birkhoff introduced the chromatic polynomial to 
study the coloring problems, which was generalised to the Tutte polynomial 
by Tutte, important structures in algebraic graph theory. Kempe had already 
drawn attention to the general, non-planar case in 1879, and many results on 
generalisations of planar graph coloring to surfaces of higher order followed 
in the early 20th century. 


In 1960, Claude Berge formulated another conjecture about graph 
coloring, the strong perfect graph conjecture, originally motivated by an 
information-theoretic concept called the zero-error capacity of a graph 
introduced by Shannon. The conjecture remained unresolved for 40 years, 
until it was established as the celebrated strong perfect graph theorem in 2002 
by Chudnovsky, Robertson, Seymour, Thomas. 


Graph coloring has been studied as an algorithmic problem since the early 
1970s: the chromatic number problem is one of Karp’s 21 NP-complete problems 
from 1972, and at approximately the same time various exponential-time 
algorithms were developed based on backtracking and on the deletioncontraction 
recurrence of Zykov (1949). One of the major applications of graph coloring, 
register allocation in compilers, was introduced in 1981. 


Painting all the vertices of a graph with colours such that no two adjacent 
vertices have the same colour is called the proper colouring of a graph. A graph 
in which every vertex has been assigned a colour according to a proper colouring 
is called a properly coloured graph. (see Fig. 6.1). 


6.2 Vertex Colouring 


When used without any particular qualification, a colouring of graph is almost 
always a proper vertex colouring namely a labelling of the graph’s vertices with 
colours such that no two vertices sharing the same edge have the same colour. 
Since a vertex with a loop could never be properly coloured, it is understood 
that graphs in this context are loopless. The terminology of using colours for 


174 Advanced Graph Theory 


vertex lebels goes back to map colouring. Lebels like red and blue are only 
used when the number of colours is small, and normally it is understood that 
the labels are drawn from the integers {1, 2, 3,...}. 


Fig. 6.2: This Graph can be 3-coloured in 12 Different Ways 


A colouring using at most & colours is called a proper k-colouring. The 
smallest number of colours needed to colour a graph G is called needed to colour 
a graph G is called its chromatic number X(G). A graph that can be assigned a 
proper k-colouring is k-colourable, and it is A-chromatic of its chromatic number 
is exactly k. A subset of vertices assigned to the same colour is called a colour 
class, every such class forms an independent set. Thus, a k-colouring is the same 
as a partition of the vertex set into k independent sets, and the terms k-partite 
and k-colourable have the same meaning. 


6.3 Chromatic Polynomial 


The chromatic polynomial counts the number of ways a graph can be coloured 
using no more than a given number of colours. For example, using three colours, 
the graph in the image to the right can be coloured into 12 ways. With only 
two colours, it can not be coloured at all. With four colours, it can be coloured 
in 24+4*12 = 72 ways. There are 4! = 24 valid colourings (every assignment of 
four colours to any 4-vertex graph is a proper colouring) and for every choice 
of three of the four colours, there are 12 valid 3-colourings. So, for the graph 
in the example, a table of number of valid colouring would start like this: 


Available Colour 1 2 3 4 

NoofColouring O O 12 72... 

The chromatic Polynomial is a function P(G, #) that counts the number 
of t-colourings of G. As the name indicates, for a given G the function is a 
polynomial in it. For example the graph, P(G, f) = ¢(t — 1)°(t — 2) and indeed 
P(G, 4) = 72. 
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The Chromatic Polynomial includes at least as much information about 
the colourability of G as does the chromatic number. Indeed, X is the smallest 
positive integer that is not a root of chromatic polynomial. 


X(G) =min{k: P(G, k) > 0}. 

Chromatic polynomials for certain graphs are: 
Triangle K, t(t— 1)(t— 2) 
Complete graph K, t(t— 1)(t-2) ...(t-(n - 1)) 
Tree with n vertices t(t—-1)"" 
Cycle C, (t—1)"+ (-1)(t- 1) 
Petersen graph t (¢ — 1)(t — 2)(t’ — 12¢° + 678 — 2302 

+ 5298 — 814? + 775t — 352) 


6.3.1 Bounds of the Chromatic Number 


1. Assigning distinct colours to distinct vertices always yields a proper 
colouring. So, 

1<yx(G) <n. 

2. The only graph that can be 1-coloured are edgeless graphs, and the 
complete graph K_ of n vertices requires y(K_) =7 colours. In the optimal 
colouring there must be atleast one of the graph’s m edges between every 
pair of colour classes. So, 

x(G) [x(G)- 1] $ 2m 

3. If Gcontains a clique of size k, then atleast k colours are needed to colour 
that clique; in other words, the chromatic number is at least the clique 
number: 

x(G) = w(G). 
for interval of graphs this bound is tight. 

4. The two-colourable graphs are exactly the bipertite graphs, including 
trees and forests. By the four colour theorem, every planar graph can be 
4-colurable. 

5. A greedy colouring shows that every graph can be coloured with one more 
colour than the maximum vertex degree, X(G) < A(G) + 1. 

6. Complete graphs have y(G) = n and A(G) =n — 1, and odd cycles have 
¥(G) = 3 and A(G) = 2 so, for these graphs this bound 1s best possible. In 
all other cases, the bound can be slightly improved. 


6.3.2 Clique 
A graph G is perfect iff y(H) = w (H) for every induced subgraph H of G. 


A clique is a set of pairarise adjacent vertices . 
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As usual, maximum means maximum-sized. 

So, w (H) = a(H) 
Properly coloring H means expressing V(H) as a union of cliques as H; such a 
set of clique in H is a clique covering of H. 


Hence for every graph G we must have four optimization parameters of 


interest viz: 
(i) Independence number a(G) [max. size of a stable set] 
(ii) Clique number @(G) [max. size of a clique] 
(iii) Chromatic number y(G) [min. size of a coloring] 


(iv) Clique covering number 0(G) _ [min. size of a clique covering] 

A clique of a graph is a set of mutually adjacent vertices, and the 
maximum size of a clique of a graph G. A set of vertices is a clique of a 
simple graph G iff it is a stable set of the complement G 

i.e.. o(G) = a(G) 

Hence any assertion about stable sets can be restated in terms of cliques 
or coverings. 


@ Example 6.1: Find the chromatic polynomial of the graphs given in Fig. 6.3. 


Fig. 6.3: A 3-Cromatic Graph 


Solution: 
We have 
P(A=CA+ ©, 


MA=1) 6 MA=DA=2) 
ae 3! 


1, se 2)(A=3) c MAA me 3)(.—4) 
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The graph has a triangle, so, it will require at least three different colours 
for proper colouring. 

Therefore, C, = C,= 0 and C,=5! 
to evaluate C,, we consider three colours x, y and z These three colours can be 
assigned properly to vertices v,, v, and v, in 3!(= 6) different ways. 

After doing that, no more choice is left because v, must have the same 
colour as v, and v, must have as v,. 

Therefore C,=6 


Similarly, with four colours v,, v, and v, can be properly coloured in 4*6 
(= 24) different ways. 


The fourth colour can be assigned to v, and v, with two choices. The fifth 
vertex provides us additional choice. 


Therefore, C, = 24*2 = 48 

making substitution in P(A), we get 

PA)=A(A — 1) (A — 2) + 2A(A — I)(A — 2)(A — 3) + ACA — 21) 
(A —2)(A — 3)(A — 4) 

= (A — 1)(A —2) (A? - 52. +7) 

The presences of factors 2 — 1 and A — 2 indicates that G has at least 
3-chromatic. | 


@ Example 6.2: Find the chromatic number for the graph K, , 
Solution: 


The chromatic polynomial for K, , is given by M(A-1)° 
Thus the chromatic number of this graph is 2. (see Fig. 6.4) 


b Cc 


Fig 6.4 


The vertices a, b and c may have the same colour, as they are not adjacent. 


Similarly, vertices d, e and fcan be coloured in proper way using one colour. 
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But a vertex from {a, b, c} and a vertex from {d, e, f} both can not have 

the same colour. 
i.e. every chromatic number of any bipertite graph is always 2. 
a 

Theorem 6.1: 


Let A(G) be the maximum of degrees of the vertices of a graph G. Then ¥(G) < 
1+A(G). 


Proof: 


The theorem can be proved by induction on Vi.e. the vertices of the graph. 
When V = 1, A(G) = 0 and ¥(G) = 1, (holds) 
Let K be any integer K > 1, and assume that the result holds for all graphs 
with V = K vertices. Suppose G is a graph with (K + 1) vertices 


G 
Let v be any vertex of G and let G, = Fa be the subgraph with v deleted. 


} 
We note that A(G,) < A(G) 
Then G, has K vertices. We can use the induction hypothesis to conclude 
that X(G,) < 1 + A(G,) 
Then, x(G,) < 1 + A(G,), so G, can be coloured with atmost 
[1 + A(G)] colours. 


Since there are atmost A(G) vertices adjacent to v, one of the variable [1 + 
A(G)] colours remains for v. Thus, G can be coloured with atmost [1 + A(G)] 
colours. | 


Theorem 6.2: 

The minimum number of hours for a schedule of committee meetings in one 
scheduling problem is y(G,). 

Proof: 

We consider y(G,) = K. 
and the colours used in colouring G, are 1, 2, 3,..., K. firstly we assest that all 
committees can be scheduled in K one-hour time periods. 

We also consider all these vertices coloured 1(say) and the committees 
corresponding to these vertices. Since no two vertices coloured | are adjacent, 
no two such committees contain the same member. 

Hence, all these committees can be scheduled to meet at the same time. 


Thus, all committees corresponding to same colour vertices can meet at 
the same time. 
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Therefore, all committees can be scheduled to meet during K time periods. 


Further, we show that all committees cannot be scheduled in less than K 
hours. We can prove this by contradiction. Suppose that we can schedule the 
committees in m one hour time periods, where K > M 

So, we can give G, as m-colouring by colouring with the same colour all 
vertices which correspond to committees meeting at the same time. 


To see that this is a legitimate m-colouring of G,. 
We consider two adjacent vertices. 


These vertices correspond to two committees containing one or more 
common members. 


Hence, these committees meet at different times, and thus the vertices are 
coloured differently. 


However, an m-colouring of G, gives a contradiction since, we have y(G,) 
= K. a 


6.4 Exams Scheduling Problem 


This problem aims “How can the final exams at a university be scheduled so 
that no student has two exams at the same time?” 

This scheduling problem can be solved by using a graph model, with vertex 
colouring. In this problem vertices represent the course and with an edge between 
two vertices of there is a common student in the courses they represent. Each 
time slot for a final exams represented by different colour. A scheduling of 
exams corresponds to a colouring of the associated graph. 


Suppose there are seven finals to be scheduled 
Suppose the colours are numbered 1 through 7 and the following pairs of 


colours have common students: 

1 and 2, 1 and 3, 1 and 4, 1 and 7, 2 and 3, 2 and 4, 2 and 5, 2 and 7, 3 and 
4, 3 and 6, 3 and 7, 4 and 5, 4 and 6, 5 and 6, 5 and 7, and 6 and 7. (see Fig. 6.5) 

A scheduling consists of a colouring of this graph. Since the chromatic 
number of this graph is 4 so, four times slots are needed. 

A colouring of graph using four colours and the associated schedule are 
shown in Fig. 6.6. 


Time Courses 
(I) 1, 6 
(II) 2 

(II) 3,5 


(IV) 4,7 
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) 4 


Fig. 6.5: Scheduling Problem 
lL (Red) 


2 (Blue) 


( Re d) ( Green) 


M 
(Black) 


5 (Green) 
Fig. 6.6: Colouring Schedule 


Using colouring to schedule final exams. 


@ Example 6.3: What is the chromatic number of the complete bipertite graph 
K_ where m and n are positive integers? 


m,n 
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Solution. 


In this problem, the number of colours needed may seem to depend upon m and n. 


However, only two colours are needed. Colour the set of m-vertices with 
one colour and the set of m-vertices with a second colour. 


Since edge can not only a vertex from the set of m-vertices and a vertex 
from the set of n-vertices, no two adjacent vertices have the same colour. 


We can take a colouring of K, , with two colours as shown in Fig. 6.7. 


(Gre en) (Green) (om) 


d e f 
& 


Fig. 6.7 Acolouring of K, ,. 


A colouring of K, can be constructed using is colours by assigning a different 
colour to each vertex. There is no colouring of fewer colours. No two vertices can 
be assigned the same colour, since every two vertices of this graph are adjacent. 


Hence, the chromatic number of K, =n. 
we can see the colouring of K, in Fig. 6.8 


(Brown) 
cel ; 


(Red) c 
. (Blue) 


d 
(Green) 


Fig. 6.8 A colouring of K,,. a 
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Theorem 6.3: 
If G is k-critical, thend =k —1. 
Proof: 
This theorem can be proved by contradiction. If possible, let G be a k-critical 
graph with 6 < k — 1, and let v be a vertex of degree 6 in G. 

Since G is k-critical, (G — v) is (k— 1)-colourable 

Let (V,, V,, V,,...,V,,,) be a (A-1)-colouring of (G — v). 

By definition, v is adjacent us G to 6 < (Kk — 1) vertices, and, therefore v 
must be nonadjacent in G to every vertex of some V. But then (V,, V,, V;,.. iV) 
U {v},...,/,,,) is a (K-1)-colouring of G. (a contradiction). 

Hence 6>k-1. | 


Theorem 6.4: 
In a critical graph, no vertex cut is a clique. 
Proof: 


This result is to be proved by contradiction. Let G be a k-critical graph, and 
suppose that G has a vertex cut S that is a clique. We denote the S-component 
of G by G,, G,, G,,...,G,. Since G is k-critical, each G, is (k—1)-colourable. 
Furthermore, because S is a clique, the vertices in S must receive distinct colours 
in any (k—1)-colouring of G,. It follows that there are (A—1)-colourings of G,, 
G,, G,,...,G, which agree on S. 

But these colourings together yield a (A-1)-colouring of G, which is a 
contradiction. a 


Theorem 6.5: 
If G is simple, then n,(G) = 1,(G — e) —1,(G - e) for any edge e of G. 
Proof: 


Let u and v be the ends of e. To each k-colouring of (G — e) that assigns the 
same colour to u and v, there corresponds a k-colouring of (G - e) in which the 
vertex of (G - e) formed by identifying. u and v is assigned the common colour 
of u and v. This correspondence is clearly a bijection (refer Fig. 6.9). Therefore 
1,(G - e) is precisely the number of k-colourings of (G— e) in which u and v are 
assigned the same colour. 


Also, since each k-colouring of (G — e) that assigns different colours to u 
and v is a k-colouring of G. 

Conversely, 1,(G) is the number of k-colourings of (G — e) in which u and 
v are assigned different colours. It follows that 1,(G — e) = 1,(G) + 1,(G - e) 
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Fig. 6.9 


a 

@ Example 6.5: Suppose that in one particular semester there are students 
taking each of the following combinations of courses. 

* Mathematics, English, Biology, Chemistry 

* Mathematics, English, Computer Science, Geography 

* Biology, Psychology, Geography, Spanish 

* Biology, Computer Science, History, French 

* English, Psychology, History, Computer Science 

* Psychology, Chemistry, Computer Science, French 

* Psychology, Geography, History, Spanish. 

What is the minimum number of examination periods required for exams in 


the ten courses specified so that students taking any of the given combinations 
of courses have no conflicts ? 


Find a possible schedule which uses this minimum number of periods. 
Solution: 


In order to picture the situation, we draw a graph with ten vertices labeled M, 
E, B, ... corresponding to Mathematics, English, Biology and so on, and join 
two vertices with an edge if exams in the corresponding subjects must not be 
scheduled together. 


The minimum number of examination periods is evidently the chromatic 
number of this graph. What is this ? Since the graph contains K, (with vertices 
M, EF, B, G, CS), at least five different colours are needed. (The exams in he 
subjects which these vertices represent must be scheduled at different times). 
Five colours are not enough, however, since P and H are adjacent to each other 
and to each of E, B, G and CS. 


The chromatic number of the graph is, infact 6. 


In Figure (6.10), we show a 6-colouring and the corresponding exam 
schedule. 
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Fig. 6.10 

Period 1 Mathematics, Psychology 
Period 2 English, Spanish, French 
Period 3 Biology 

Period 4 Chemistry, Geography 
Period 5 Computer Science 

Period 6 History 


Theorem 6.6: 


For any graph G, y(G) < 1 + max 6(G’'), 
Where the maximum is taken over all induced subgraph G’ of G. 


Proof: 


The result is obvious for totally disconnected graphs. 

Let G be an arbitrary n-chromatic graph, n > 2. 

Let H be any smallest induced subgraph such that y(H) =n 

The graph H therefore has the property that 

y¥(H —v) =n - 1 for all its points v. 

It follows that deg v =n — 1 so that 6(A) = n— 1 and hence 

n—1<6(A) < max (7) < max 6(G’) 

The first maximum taken over all induced subgraphs H' of H and the second 
over all induced subgraphs G’ of G. 

This implies that 

x(G) =n < 1+ max 6(G’) a 


Corollary: 


For any graph G, the chromatic number is atmost one greater than the maximum 
degree y< 1+A. 
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Theorem 6.7: 


For any graph G, the sum and product of y, and y, satisfy the inequalities: 
JP <ytXSPH1. 


2 


Let G be n-chromatic and let V,, V,,...V, be the colour classes of G, where 
Eales 


Then of course >, 2 = P and max Pe ale 
n 
Since each V, induces a complete subgraph of G 


X= max P.> P 30 that y% > 2VP. 
This establishes both lower bounds. 


To show that y + % < P+ 1, we use induction on P, noting that equality 
holds when P = 1. 


We thus assume that y¥(G) + y(G) < P for all graphs G having 
P—1 points. 

Let Hand H be complementary graphs with P points, and let v be a point of H. 

Let H and H be complementary graphs with P points, and let v be a point 
of H. 

Then G = H—vand G + H —v are complementary graphs with 
P—1 points. 

Let the degree of v in H be d so that the degree of vin H is P—d—1. Itis 
obvious that 


¥(A) < y(G) + 1 and %(A) < y(G) + 1 

If either 

X(A) <x(G) + lor X(A)< X(G) +1. 

then y(H) + ¥(H) <P +1. 

Suppose then that y(H) = y(G) + 1 and x%(A) = x(G) + 1. 


This implies that the removal of v from H, producing G, decreases the 
chromatic number so that d= y(G). 


Similarly P-—d-12 xX(G), 
thus y¥(G) + %(G)<P-1 
Therefore, we always have 


x) + 1) SP +1 
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Finally, applying the inequality 
4y% < (y+ XP we see that 


2 
= P+i 
a 
Theorem 6.8: 
If G is a graph with n vertices and degree 6 then y(G) = ma 5" 


Proof: 


Recall that 6 is the minimum of the degrees of vertices. 

Therefore, every vertex v of G has atleast 6 number of vertices adjacent to it. 

Hence there are at most n — 6 vertices can have the same colour. 

Let K be the least number of colours with which G can be properly coloured. 
Then K = ¥(G). 

Let o,, a,,..., a, be these colours and let n, be the number of vertices having 
colour o,, n, be the number of vertices having colour o, and so on, and finally 
n, be the number of vertices having colour o,. 


Then n,+n,+n,+,...,n=n (1) 
and 2, <n =6,0,5n=0,....% 2 n=0 (2) 
Adding the K in equalities in (2), we obtain 

hi PHT sc SKN gD) 

orn < K(n — d), using (1) 

Since K = y(G), this becomes 


(ee = 
1G) 2 


6.5 Edge Colouring 


A k-edge colouring of a loopless graph G is an assignment of k colours, 1, 2, 3, 
..., k, to the edges of G. The colouring is proper if no two adjacent edges have 
the same colour. 

Alternatively, a k-edge colouring can be thought of as a partition (£,, E,, 
E,,..., E,) of E where E. denotes the possibly empty subset of E assigned colour 
i. A proper k-edge colouring is than a k-edge colouring (E,, E,, E,,..., E,) in 
which each subset E, is a matching. 
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Fig. 6.11: Edge Colouring 


The proper four edge colouring for Fig. 6.11 is ({a, g}, {b, e}, 
tof}, tah) 

G is k-edge-colourable if G has a proper k-edge colouring. 

Trivially, every loopless graph G is E-edge colourable. 

If G is k-edge-colourable, then G is also /-edge-colourable for every 1 > 
k. The edge chromatic number y'(G), of a loopless graph G, is the minimum k 
for which G is k-edgecolourable. G is k-edge-chromatic if y'(G) = k. It can be 
readily verified that the graph of Fig.6.11 has no proper 3-edge colouring. This 
graph is therefore 4-edge-chromatic. 

Clearly, in any proper edge colouring, the edges incident with any one vertex 
must be assigned different colours. It follows that 

ya (i) 

We shall show that, in the case when G is bipertite, 

y' = A. we can say that colour 7 is represented at vertex v if same edge 
incident with v has colour i. 


Lemma 6.1: 


Let G be a connected graph that is not an odd cycle. Then G has a 2-edge 
colouring in which both colours are represented at each vertex of degree at 
least two. 


Proof: 


We may clearly assume that G is nontrivial. Suppose, first, that G is eulerian. If 
Gis an even cycle, the proper 2-edge colouring of G has the required property. 
Otherwise, G has a vertex v, of degree at least four. Let ve.v,,..., e.v, be an 
Euler tour of G* and set 


E, = {e,|i odd} 
and E, = {e,| i even} (i) 
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Then the 2-edge colouring (E,, E,) of G has the required property, since 


each vertex of G is an internal vertex of v,€,V, ,..., €..V): 


If G is not eulerian, construct a new graph G* by adding a new vertex v, 
and joining it to each vertex of odd degree in G. Clearly G* is eulerian. Let ve, 
V, +++ eV, be an Euler tour of G* and define E, and E, as in (is then easily verified 


that the 2-edge colouring (E,, C E, E, € E) of G has the required property. 
Lemma 6.2: 


SLet @ = (E, E,,..., E,) be an optimal k-edge colouring of G. If there is a 
vertex u, in G and, colours i and j such that i is not represented at u and j is 
represented at least twice at u, then the component of G[E,, U E | that contains 
u is an odd cycle. 

Proof: 

Let wu be a vertex that satisfies the hypothesis of the lemma, and denote 
by H the component of G[E, U E containing u. Suppose that H is not an odd 
cycle. Then, by lemma 6.1, H has a 2-edge colouring in which both colours are 
represented at each vertex of degree at least two in H. When we recolour the 
edges of H with colours i and in this way, we obtain a new k-edge colouring @. 

b'=(E', E’,,..., £",) of G. Denoting by c'(v) the number of distinct colours 
at v in the colouring @. 

we have 

c'(u) =c(u) + 1 
since, now, both i and / are represented at u, and also 
c'(v) = c(v) for v4 u 
Thus Dew)> dew) , contradicting the choice of C. 
It follows that His indeed an odd cycle a 


Theorem 6.9: (KOnig’s Theorem) (1916) 
Every bipartite graph G satisfies y'(G) = A(G). 
Proof: 


We apply induction on ||G||. For ||G|| = 0 the assertion holds. Now assume that 
||G|| = 1, and that the assertion holds for graphs with fewer edges. Let A := A(G), 
pick an edge xy € G, and choose a Aedge-colouring of (G—xy) by the induction 
hypothesis. Let us refer to the edges coloured o as a-edges, etc. 

In (G — xy) each of x and y is incident with at most (A — 1) edges. Hence 
there are a, B € { 1,..., A) such that x is not incident with an a-edge and y is 
not incident with a (B-edge. If a = 8B, we can colour the edge xy with this colour 
and are done; so we may assume that o # B, and that x is incident with a B-edge. 
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Let us extend this edge to a maximal walk W whose edges are coloured b 
and a alternately. Since no such walk contains a vertex twice (why not?), W 
exists and is a path. Moreover, W does not contain y: if it did, it would end in y 
on an a-edge (by the choice of b) and thus have even length, so (W + xy) would 
be an odd cycle in G. We now recolour all the edges on W, swapping a with b. 
By the choice of a and the maximality of W, adjacent edges (G — xy) are still 
coloured differently. We have thus found a D-edge-colouring of (G — xy) in 
which neither x nor y is incident with a b-edge. Colouring xy with b, we extend 
this colouring to a D-edge-colouring of G. a 


Theorem 6.10: (Vizing Theorem, 1964) 


Every graph G satisfies 
A(G) <x (G) < A(G) + 1. 


Proof: 


We prove the second inequality by induction on ||G\|. For ||G|| = 0 it is trivial. 
For the induction step let G = (V, E) with A := A(G) > 0 be given, and assume 
that the assertion holds for graphs with fewer edges. Instead of ‘(A + 1)-edge- 
colouring’ let us just say ‘colouring’. An edge coloured a will again be called 
an ol-edge. 

For every edge e € G there exists a colouring of (G — e) by the induction 
hypothesis. In such a colouring, the edges at a given vertex v use at most 
d(v) < A colours, so some colour B € { 1,..., A+ 1} is missing at v. For any 
other colour a, there is a unique maximal walk (possibly trivial) starting at v, 
whose edges are coloured alternately « and B. This walk is a path; we call it 
the o/B - path from v. 

Suppose that G has no colouring. Then the following holds: 

Given xy € E, and any colouring of (G —xy) in which the colour a. is missing 
at x and the colour B is missing at y,(1) the a/B-path from y ends in x. 

Otherwise we could interchange the colours o and £ along this path and 
colour xy with a, obtaining a colouring of G (contradiction). 

Let xy, € G be an edge. By induction, G, := G — xy, has a colouring c,. 
Let a be a colour missing at x in this colouring. Further, let Ve Vrcek, bea 
maximal sequence of distinct neighbours of x in G, such that c, (xy,) is missing 
inc, aty, , for eachi=1,..., k. For each of the graphs G, := G— xy, we define 
a colouring c,, setting 


(o CAV 1)  fore=xy, with j €{0,...,i-]} 
c(e)= 
c,(e) otherwise; 


note that in each of these colourings the same colours are missing atx as in c,. 
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Now let B be a colour missing at y, in c,. Clearly, B is still missing 
at y, in c,. If B were also missing at x, we could colour xy, with B and 
thus extend c, to a colouring of G. Hence, x is incident with a B-edge 
(in every colouring). By the maximality of 4, therefore, there is ani € {1,...,k 
— 1} such that 

c(xy,) = b. 

Let P be the a/B-path from yk in G, (with respect to c,; Fig. 6.12). By (1), 
P ends in x, and it does so on a B-edge, since o is missing at x. As B = c,(xy,) 
= c,(xy,_,), this is the edge xy, ,. In c,, however, and hence also inc, ,, B is 
missing at y. , (by (2) and the choice of y.); let P’ be the o./B-path from y, , in 
G_, (with respect to c, ,). Since P’ is uniquely determined, it starts with y, , Py,; 
note that the edges of Pare coloured the same in Cc, , as in c, But in Co and 
hence in c, ,, there is no B-edge at y, (by the choice of 8). Therefore P’ ends in 
y,» contradicting (1). 


Fig. 6.12: The a /B -path Pin G, 


Note: 


Vizing’s theorem divides the finite graphs into two classes according to their 
chromatic index; graphs satisfying y' = A are called (imaginatively) class 1, 
those with y' = A + 1 are class 2. a 


6.6 List Colouring 


Suppose we are given a graph G = (JV, £), and for each vertex of G a list 
of colours permitted at that particular vertex: when can we colour G (in 
the usual sense) so that each vertex receives a colour from its list? More 
formally, let (S,)_., be a family of sets. We call a vertex colouring c of G 
with c(v) € S,, for all v ¢ V a colouring from the lists S\. The graph G is 
called k-list-colourable, or k-choosable, if, for every family (S) _ , with 
|S\| =k for all v, there is a vertex colouring of G from the lists S.. The least 
integer k for which G is k-choosable is the list-chromatic number, or choice 
number ch(G) of G. 


Colouring of Graphs 191 


List-colourings of edges are defined analogously. The least integer k such 
that G has an edge colouring from any family of lists of size kis the list-chromatic 
index ch’(G) of G; formally, we just set ch'(G) := ch(Z(G)), where L(G) is the 
line graph of G. 

In principle, showing that a given graph is k-choosable is more difficult 
than proving it to be k-colourable: the latter is just the special case of the former 
where all lists are equal to {1,..., 4}. Thus, 


ch(G) = x¥(G) and ch’(G) = ¥'(G) 
for all graphs G. 
List colouring conjecture. Every graph G satisfies ch'(G) = y'(G). 


We shall prove the list colouring conjecture for bipartite graphs. As a tool 
we shall use orientations of graphs . If D is a directed graph and v € V(D), we 
denote by N*(v) the set, and by d*(v) the number, of vertices w such that D 
contains an edge directed from v to w. 


To see how orientations come into play in the context of colouring, let us 
recall the greedy algorithm. In order to apply the algorithm to a graph G, we 
first have to choose a vertex enumeration v,,...,v, of G. The enumeration chosen 
defines an orientation of G: just orient every edge vy, ‘backwards’, from v, to 
v, ifi >j. Then, for each vertex v. to be coloured, the algorithm considers only 
those edges at v, that are directed away from v;: if d*(v) < k for all vertices v, 
it will use at most & colours. Moreover, the first colour class U found by the 
algorithm has _ the following property: it is an independent set of vertices to 
which every other vertex sends an edge. The second colour class has the same 
property in G — U, and so on. 

The following lemma generalizes this to orientations D of G that do not 
necessarily come from a vertex enumeration, but may contain some 


if, for every vertex v e D — U, there is an edge in D directed from v to a 
vertex in U. Note that kernels of non-empty directed graphs are themselves 


non-empty. 
Lemma 6.3: 


Let H be a graph and (S)) a 
d'(v) <|S.| for every v, and such that every induced subgraph of D has a kernel, 


a family of lists. If H has an orientation D with 


then H can be coloured from the lists S.. 
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Proof: 


We apply induction on |H]. For |H| = 0 we take the empty colouring. For the 
induction step, let-|H| > 0. Let a be a colour occurring in one of the lists Sand 
let D be an orientation of H as stated. The vertices v with a € S span a non- 
empty subgraph D’ in D; by assumption, D’ has a kernel U¥ 0. 

Let us colour the vertices in U with a, and remove o from the lists of all 
the other vertices of D’. Since each of those vertices sends an edge to U, the 
modified lists S", for v ¢ D— U again satisfy the condition d*(v) < |S" | in D—U. 
Since D — U is an orientation of H — U, we can thus colour H — U from those 
lists by the induction hypothesis. As none of these lists contains a, this extends 
our colouring U > {a} to the desired list colouring of H. 


6.7 Greedy Colouring 


The greedy algorithm considers the vertices in a specific order V,,...,V, and 
assigns to V, the smallest available color not used by v,’s neighbours among 
V ,...V_,, adding a fresh color if needed. The quality of the resulting coloring 
depends on the chosen ordering. There exists an ordering that leads to a greedy 
coloring with the optimal number of y(G) colors. On the other hand, greedy 
colorings can be arbitrarily bad; for example, the crown graph on n vertices can 


be 2-colored, but has an ordering that leads to a greedy coloring with n /2 colors. 


If the vertices are ordered according to their degrees, the resulting greedy 
coloring uses at most max, min {d(x,) + 1, i} colors, at most one more than the 
graph’s maximum degree. This heuristic is sometimes called the Welsh—Powell 
algorithm. Another heuristic establishes the ordering dynamically while the 
algorithm proceeds, choosing next the vertex adjacent to the largest number of 
different colors. Many other graph coloring heuristics are similarly based on 
greedy coloring for a specific static or dynamic strategy of ordering the vertices, 
these algorithms are sometimes called sequential coloring algorithms. 


Fig. 6.13: Two Greedy Colorings of the same Graph using Different Vertex 
Orders. The Right Example Generalises to 2-colourable Graphs with n Vertices 
when the Greedy Algorithm Expends n/2 Colours 
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Theorem 6.11: Four Colour Problem 


Every planar graph has a chromatic number of four or less. 


~~. 


Se an? 


Fig. 6.14: Four Colour Problem 


Proof: 


We assume the four colour conjecture holds and let G be any plane map. 
Let G* be the underlying graph of the geometric dual of G. 


Since two regions of G are adjacent if and only if the corresponding vertices 
of G* are adjacent, map G is 4-colorable because graph G* is 4-colorable. 

Conversely, assume that every plane map is 4-colorable and let H be any 
planar graph. 

Without loss of generality, we suppose H is a connected plane graph. 

Let H* be the dual of H, so drawn that each region of H* encloses precisely 
one vertex of H. The connected plane pseudograph H* can be converted into a 
plane graph H" by introducing two vertices into each loop of H* and adding a 
new vertex into each edge in a set of multiple edges. 

The 4-colorability of H’ now implies that H is 4-colorable, completing the 
verification of the equivalence. 

If the four color conjecture is ever proved, the result will be best possible, 
for it is easy to give examples of planar graphs which are 4-chromatic, such 
as K, and W, 


Theorem 6.12: Five Colour Theorem 
Every planar graph is 5-colourable. 
Proof: 


Let Gbea plane graph with n > 6 vertices and m edges. We assume inductively 
that every plane graph with fewer than n vertices can be 5-coloured. 
We have, 


A(G) = 2m/n < 2(3n—6)/n <6; 
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let v € Gbe a vertex of degree at most 5. By the induction hypothesis, the 
graph H := G—v has a vertex colouring c: V(H) > (1,...,5 }. If c uses at most 
4 colours for the neighbours of v, we can extend it to a 5 colouring of G. Let us 
assume, therefore, that v has exactly 5 neighbours, and that these have distinct 
colours. 


Let D be an open disc around v, so small that it meets only those five straight 
edge segments of G that contain v. Let us enumerate these segments according 
to their cyclic position in D as s,,..., s,, and let vv, be the edge containing 
s, (i = 1,..., 5; Fig. 6.15) Without loss of generality we may assume that 
c(v,) = i for each i. 


Fig. 6.15: The Proof of the Five Colour Theorem 


Let us show first that every v.—v, path P c H separates v, from v, in H. 
Clearly, this is the case if and only if the cycle C := wPv.v separates v, from v, 
in G. We prove this by showing that v, and v, lie in different faces of C. 


Consider the two regions of D \ (s, U's,). One of these regions meets s,, 
the other s,. Since CX DCs, Us,, the two regions are each contained within 
a face of C. Moreover, these faces are distinct: otherwise, D would meet only 
one face of C, contrary to the fact that v lies on the boundary of both faces. 
Thus D Os, and Ds, lie in distinct faces of C. As C meets the edges vv, > 
s, and vv, > s, only in v, the same holds for v, and v,. 


Given ff Slee Spe JOE Ee. _ be the subgraph of H induced by 
the vertices coloured i or j. We may assume that the component C, of 
H, , containing v, also contains v,. Indeed, if we interchange the colours 
1 and 3 at all the vertices of C,, we obtain another 5-colouring of H; if v, ¢ C,, 
then v, and v, are both coloured 3 in this new colouring, and we may assign colour 
1 to v. Thus, 7 ‘5 contains a v,—v, path P. As shown above, P separates v, from 
v,in H. Since PH, ,=0, this means that v, and v, lie in different components 
of H, ,. In the component containing v,, we now interchange the colours 2 and 
4, thus recolouring v, with colour 4. Now v no longer has a neighbour coloured 


2, and we may give it this colour. 
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@ Example 6.6: Find all possible maximal independent sets of the following 
graph using Boolean expression. 


Fig. 6.16 


Solution: 


The Boolean expression for this graph 
b= Yxy=ab+ad+cd+deand 
b= (a +da' + bd +e’) 
{a'(a'+d')+ bia’ +d} 
{tc'(d' +e) + (dd + e’) 
{a’' + b'a' + b'd'} {c'd'+c'e'+d'} 
= {a’(1+b')+b'd'}{d'(c' +1) +(ce} 
= {a'+b'd'} {d'+c'e'} 
=a'd'+a'c'e' + b'd'+ b'c'de' 
=a'd'+a'c'e’+ b'd' (1+c'e’) 
=a'd'+a'c'e' + b'd' 
Thus, O—-2d.j, ace 
and , = bid’. 
Hence maximal independent sets are 
V—{a, b} = {b, c, e} 
V —{a, c, e} + {b, d} 
and V— {b, d} = {a, c, e}. | 


m@ Example 6.7: Prove that for a graph G with n vertices 


B(@) 2 


n 


u(G) 


Solution: 


Let K be the minimum number of colours with which G can be properly colored. 


Then K = x(G). Let a,, a,,...,a, be these colours and let 1,, 7,,...,, be the 
number of vertices having colours OL,, OL,,---,0, respectively. 
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Then n,, n,,..., n,,are the orders of the maximal independent sets, because a 
set of all vertices having the same colour contain all vertices which are mutually 


non-adjacent. 


Since B(G) is the order of a maximal independent set with largest number 
of vertices, none of n,, n,,...,n, can exceed B(G). 


i.e.,n, < B(G), n, < B(G),....n, S$ B(G) a 
6.8 Applications 


6.8.1 The Time Table Problem 


Ina school, there are m teachers X,, X,,...,X,,,andn classes Y,, Y,,..., Y,. Given 
that teacher X, is required to teach class Y, for DP; periods, schedule a complete 


timetable in the minimum possible number of periods. 


The above problem is known as the timetabling problem, and can be solved 
completely using the theory of edge colourings developed in this chapter. We 
represent the teaching requirements by a bipartite graph G with bipartition 
(X, Y), where X= {x,, X,,...X,,t> Y= Vis Voo--+) Vf and vertices x, and y, are 
joined by P; edges. Now, in any one period, each teacher can teach at most 
one class, and each class can be taught by at most one teacher—this, at least, 
is Our assumption. Thus a teaching schedule for one period corresponds to a 
matching in the graph and, conversely, each matching corresponds to a possible 
assignment of teachers to classes for one period. Our problem, therefore, is, 
to partition the edges of G into as few matchings as possible or, equivalently, 
to properly colour the edges of G with as few colours as possible. Since G is 
bipartite. Hence, if no teacher teaches for more than p periods, and if no class 
is taught for more than p periods, the teaching requirements can be scheduled 
in a p-period timetable. Furthermore, there is a good algorithm for constructing 
such a timetable. We thus have a complete solution to the timetabling problem. 

However, the situation might not be so straightforward. Let us assume 
that only a limited number of classrooms are available. With this additional 
constraint, how many periods are now needed to schedule a complete timetable? 

Suppose that altogether there are / lessons to be given, and that they have 
been scheduled in a p-period timetable. Since this timetable requires an average 
of //p lessons to be given per period, it is clear that at least {//p} rooms will be 
needed in some one period. It turns out that one can always arrange / lessons in 
a p-period timetable so that at most {//p} rooms are occupied in any one period. 


6.8.2 Scheduling of Jobs 


Vertex coloring models to a number of scheduling problems. In the cleanest 
form, a given set of jobs need to be assigned to time slots, each job requires 
one such slot. Jobs can be scheduled in any order, but pairs of jobs may be in 
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conflict in the sense that they may not be assigned to the same tine slot. For 
example because they both rely on a shared resource. The corresponding graph 
contains a vertex for every job and an edge for every conflicting pair of jobs. The 
chromatic number of the graph is exactly the minimum makes an, the optimal 
time to finish all jobs without conflicts. 


Details of the scheduling problem define the structure of the graph. For 
example, when assigning aircrafts to flights, the resulting conflict graph is an 
interval graph, so the coloring problem can be solved efficiently. In bandwidth 
allocation to radio stations, the resulting conflict graph is a unit disk graph, so 
the coloring problem is 3-approximable. 


6.8.3 Ramsey Theory 


An important class of improper coloring problems is studied in Ramsey theory, 
where the graph’s edges are assigned to colors, and there is no restriction on 
the colors of incident edges. A simple example is the friendship theorem says 
that in any coloring of the edges of K, the complete graph of six vertices there 
will be a monochromatic triangle; often illustrated by saying that any group 
of six people either has three mutual strangers or three mutual acquaintances. 
Ramsey theory is concerned with generalisations of this idea to seek regularity 
amid disorder, finding general conditions for the existence of monochromatic 
subgraphs with given structure. 


6.8.4 Storage Problem 


A company manufactures n chemicals C,, C,,...,C,. Certain pairs of these 
chemicals are incompatible and would cause explosions if brought into contact 
with each other. As a precautionary measure the company wishes to partition 
its warehouse into compartments, and store incompatible chemicals in different 
compartments. What is the least number of compartments into which the 
warehouse should be partitioned? 


We obtain a graph G on the vertex set {v,, v,,..., v,} by joining two vertices 
v, and v, if and only if the chemicals C, and C, are incompatible. It is easy to 
see that the least number of compartments into which the warehouse should be 
partitioned is equal to the chromatic number of G. 


The solution of many problems of practical interest (of which the storage 
problem is one instance) involves finding the chromatic number of a graph. 
Unfortunately, no good algorithm is known for determining the chromatic 
number. Here we describe a systematic procedure which is basically ‘enumerative’ 
in nature. It is not very efficient for large graphs. 


198 Advanced Graph Theory 


Since the chromatic number of a graph is the least’number of independent 
sets into which its vertex set can be partitioned, we begin by describing a method 
for listing all the independent sets in a graph. Because every independent set is 
a subset of a maximal independent set, it suffices to determine all the maximal 
independent sets. In fact, our procedure first determines complements of maximal 
independent sets, that is, minimal coverings. 


SUMMARY 


1. A graph in which every vertex has been assigned a colour according to a 
proper colouring is called a properly coloured graph. 

2. A colouring using at most & colour is called a proper k-colouring. 

3. A Chromato Polynomial includes at least as much information about the 
colourability of Gas does the Chromatic number. 

4. Every Chromatic number of any bipartite graph is always 2. 

5. A minimum number of hours for a scheduled of committee meeting in one 
scheduling problem is 4(G,). 

6. If G in k-critically, then d= k-1. 

7. Inacritical graph, no vertex cut is a clique. 

8. A k-edge colouring of a loopless graph G is an assignment of & colours 1, 2, 
3, ..., k, to the edge of G. 

9. The colouring is proper if no two adjacent edges have the same colour. 


10. Every planar graph is 5-colourable. 


EXERCISES) 


1. Describe a good algorithm for finding a proper (A + 1)-edge colouring of a 
simple graph G. 

2. Show that if Gis simple with d> 1, then G has a (d— 1)-edge colouring such 
that all (d — 1) colours are represented at each vertex. 

3. If G is bipertite, then prove that c’ = D. 

4. If Gis simple, Hence prove that either c’ = Dorc'=A+1. 

5. The product of simple graphs G and H is the simple graph G x H with vertex 
set V(G) x V(A), in which (u, v) is adjacent to (u’, v’) if and only if either u 
=u' and w’' € E(A) or v= v' and uu' € E(G). 

(a) Using Vizing’s theorem, show that c’(G x K,) = D(G x K,). 
(b) Deduce that if His nontrivial with c’(H) = D(A), then c'(G x H) = D(G 
x #1). 
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6. In a school there are seven teachers and twelve classes. The teaching 


requirements for a five-day week are given by the matrix 
Xs Y, Xe x, xy ¥, ¥, Yio Mig Yy 


Ae Z 
xo 2 
X, 1 3 
X, 5 0 
x 2 4 
m2 5 
X6 0 3 
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where p,, is the number of periods that teacher X, must teach class Y,. 


(a) Into how many periods must a day be divided so that requirements can 


be satisfied? 


(6) Ifan eight-period/day timetable is drawn up, how many class-rooms will 
be needed? 


Suggested Readings 


1. R.P. Grimaldi, Discrete and Combinatorial Mathematics: An Applied 
Introduction, 4th ed., Addison-Wesley, Reading, MA, 1999 pp. 547-590. 


2. E. Horowitz and S. Sahni, Fundamentals of Computer Algorithms, 


Computer Science Press, Rockville, MD, 1978, pp. 152-370. 


3. A.Tucker, Applied Combinatorics, 2nd ed., Wiley, New York, NY, 1984, 
pp. 80-122. 


4. R.J. Wilson and J.J. Watkins, Graphs: An Introductory Approach, Wiley, 


New York, 1990, pp. 185-214. 


QUO) 


® 


Check for 
updates 
See 


Ramsey Theory for Graphs 


Frank P. Ramsey (1903) was born in Chambridge. His father Authur ) 
Ramsey was also a mathematician and president of Magdalene College 
where Frank studied and later on shifted to Trinity College for graduation 
in mathematics. He studied Analytic philosophy, philosophy of mathematics, 
logic, metaphysics, epistemology and redundancy theory of truth as main 
interests. His noble ideas are Ramsey sentences, Ramsey - Lewis mathod and 
Ramsey theory. He died in early age of 26 on January 19, 1930. 
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Frank P. Ramsey 
(1903-1930) 


7.1 Introduction 


Ramsey theory refers to the study of partitions of large structures. Typical 
results state that a special substructure must be occuring in some class of 
the partition. Motzkin described that “complete disorder is impossible”. The 
objects we consider are merely sets and numbers, and the techniques are little 
more than induction. Ramsey’s theorem generalizes the pigeonthole principle, 
which itself concerns the partition of sets. We study the applications of the 
pigeonhole principle, prove Ramsey’s theorem, and then focus on Ramsey-type 
questions for graphs. Ramsey’s Theorem guarantees a special substructure. We 
can warmly discuss Revised Pigeonhole Principle. The pigeonhole principle 
states that if m objects are partitioned into n classes, then some class has at 
least [m/n] objects. This is a discrete version of the statement that every set of 
a number contains a number at least as large as the average. 


Among six persons it is possible to find three mutual acquaintances or three 
mutual non-acquaintances. In the language of graph theory, we are asked to 
show that for every simple graph G with six vertices, there is a triangle in G or 
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in G . The degree of vertex x in G and G sum to 5, so the pigeonhole principle 
implies that one of them is at least 3. 


By symmetry we may assume that d(x) 2 3. If two neighbours of x are 
adjacent, then they form a triangle in G with x; otherwise, three neighbours of 
x form a triangle in G (as shown in Fig. 7.1). 


Fig. 7.1: Ramsey Theory 


The pigeonhole principle guarantees a class with objects where we partition 
objects into classes. The famous theorem of Ramsey (1930) makes a similar 
statement about partitioning the r-element subsets of objects into classes. 
Ramsey’s theorem says that whenever we partition the r-sets in a sufficiently 
larger set S' into k-classes, there is a p-subset of S' whose r-sets all line in the 
same class. A partition is a separation of a set into subsets, and the set we want 
to partition consists of subsets of another set, so far the language of partitioning. 
Recall that a k-colouring of a set is a partition of it into k classes. 


A class or its label is a colour. Typically we can use [A] as the set of 
colours, in which are of k-colouring of X can be viewed as a function 
fi X— [Kl]. 

Let (°) denote the set of r-element subsets (7-sets) of a set S. Aset TC Sis 
homogeneous under a colouring of (5) of all r-sets in T receive the same colour; 
it is i-homogeneous of that colour is i. 


Let r and p,, p,,.-., p, be the positive integers. If there is an integer N such 
that every k-colouring of ('"!) yields an i-homogeneous set of size p, for some i, 
then the smallest such integer is the Ramsey number R(p,, p,,..., P, : 1). 


Ramsey’s theorem states that such integer exists for every choice of 7 and 
P1> Py» P3s+++» PD» When the mates all equal to p, the theorem states that every 
k-colouring of the r-sets of a sufficiently large set has a p-set whose r-sets 
receive the same colour. 


Ramsey theorem defines the Ramsey number R(p,, p,,..., Pp, : 7) = N, we 
must exhibit a k-colouring of the r-sets among N-1 points that meets no quote 
and we must show that every colouring on N points meets the same quota. 
In principle, we could use a computer to examine all k-colourings of ('"') for 
successive n until we find the first NV such that every such colouring meets a 
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quota p, for some i. Even for two colour Ramsey numbers, 2” rapidly becomes 
too large to contemplate. 


Ramsey Theorems for r= 2 says that k-colouring the edges of a large enough 
complete graph forces a monochromatic complete subgraph. A non-chromatic 
(subgraph) p-clique contains a monochromatic copy of every p-vertex graph. 
Perhaps monochromatic copies of graphs with fewer edges can be forced by 
colouring a smaller graph needed to force k. For example, 2-colouring the edges 
of k, always yields a monochromatic P,, although six points are needed to force 
a monochromatic triangle. This suggests many Ramsey number questions, some 
easier to answer than the questions for cliques. 


7.2 Independent Sets and Cliques 


A subset S of V is called an independent set of G if no two vertices of S are 
adjacent in G. An independent set is maximum of G has no independent set S’ 
with |S’| > |S}. 

We recall that a subset K of V such that every edge of G has at least one 
and in K is called a covering of G. 


Theorem 7.1: 
A set S C Vis an independent set of G if and only if V\S is a covering of G. 
Proof: 


By definition, S is an independent set of G iff. no edge of G has both ends in S 
or, equivalently, if and only if each edge has atleast one end in V \ S. But this 
is so iff V\ S is a covering of G. 


Note: 


(i) The number of vertices in a maximum independent set of G is called the 
independence number of G and is denoted by a(G), similarly, the number 
of vertices in a minimum covering of G is the covering number of G and 
is denoted by B(G). 


(ii) The edge analogue of an independent set is a set of links no two of which 
are adjacent, that is, a matching. The edge analogue of a covering is 
called an edge covering. An edge covering of G is a subset L of E such 
that each vertex of G is an end of some edge in L. Note that edge coverings 
do not always exist; a graph G has an edge covering if and only if d > 0. 
We denote the number of edges in a maximum matching of G by a’(G), 
and the number of edges in a minimum edge covering of G by b'(G); the 
numbers a’(G) and b’(G) are the edge independence number and edge 
covering number of G, respectively. 


204 Advanced Graph Theory 


(iii) Matchings and edge coverings are not related to one another as simply 
as are independent sets and coverings; the complement of a matching 
need not be an edge covering, nor is the complement of an edge covering 
necessarily a matching. However, it so happens that the parameters 
and £’ are related in precisely the same manner as are and £. 


Corollary 7.1:0+ 6 =v. 


Proof: 


Let S be a maximum independent set of G and let K be a minimum covering 
of G. Then, we have V \ K is an independent set and V’\ S is a covering. 


Therefore v—-b=|V\K\<a .(Z) 
and v-a=|V\S|\=8 ...(ii) 
from (i) & (ii) we getat+B=v. 


7.3 Original Ramsey’s Theorems 


Ramsey’s theorem says that, given an integer r = 0, every large enough graph 
G contains either K” or K’ as an induced subgraph. This may seem surprising: 
we need about (7 — 2) / (r— 1) of all possible edges to force a K” subgraph in G, 
but neither G nor G can be expected to have more than half the total number 
of edges. As the Turan graphs squeezing many edges into G without creating 
a K* imposes additional structure on G, which may help us find an induced K’. 


We try to build a K’ or K’in G inductively, starting with an arbitrary vertex 
v,€ V, = V(G). If|G| is large, there will be a large set V, C V, \ {v,} of vertices 
that are either all adjacent to v, or all non-adjacent to v,. 


We may think of v, as the first vertex of a K” or K’ whose other vertices 
all lie in V,. Let us then choose another vertex v, € V, for our K’ or K". Since 
V, is large, it will have a subset V,, still fairly large, of vertices that are all ‘of 
the same type’ with respect to v, as well: either all adjacent or all non-adjacent 
to it. We then continue our search for vertices inside V,, and so on (Fig. 7.2). 


Fig. 7.2: Choosing the Sequence v,, v,,..., V, 


n 


This depends on the size of our initial set V,: each set V, has at least half the 
size of the predecessor V,_,, So we shall be able. to complete s construction steps 
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if G has order about 2°. As the proof shows, the choice of s = 2r — 3 vertices v, 
suffices in order to find among them the vertices of a K’or K’. 


The least integer 1 associated with r is the Ramsey number R(r) of 7; proof 
shows that R(r) <, 2””>. We can use a simple probabilistic argument to show 
that R(r) is bounded below by 2”? 


A colouring of (the elements of) a set _XY with c colours, or c-colouring for 
short, is simply a partition of X into c classes (indexed by the ‘colours’). These 
colourings need not satisfy any non-adjacency requirements. Given a c-colouring 
of [X]‘, the set of all k-subsets of X, we call a set YC_X monochromatic if all the 
elements of [Y]‘ have the same colour, i.e. belong to the same of the c partition 
classes of [X]*. Similarly, if G=(V, E) is a graph and all the edges of H C G have 
the same colour in some colouring of £, we call H a monochromatic subgraph 
of G, speak of a red (green, etc.) H in G, and so on. 


In the above terminology, Ramsey’s theorem can be expressed as follows: for 
every r there exists an n such that, given any n-set_X, every 2-colouring of [X/’ 
yields a monochromatic r-set Y CX. Interestingly, this assertion remains true for 
c-colourings of [X]‘ with arbitrary c and k-with almost exactly the same proof! 


Theorem 7.3: (Ramsey’s Theorem, 1930) 


For, every r € N there exists on n € N such that every graph of order at 
least n contains either K’ or K’ as an induced subgraph. 


Proof: 


The asertion is trivial for r < 1. 
we assume that r > 2. 
Let n: = 27>, and let G be a graph of order atleast n. 


We define a sequence V’,, V,,...,V,,_,of sets and choose vertices v.€ V, with 
the following properties; 


(i) \V| SQV f= 1,244 or 
(ii) V.CV,_ \ {v,_,} Vi=2,..., 27-2. 
(iii) v, ,1s adjacent either to all vertices is V, or to no vertex in V, Vi=2,..., 
IFAs 

Let Vc V(G) be any set of 2””° vertices. 
Pick v.€ V, arbitrarily. 
Then (Z) holds for i= 1 
while (ii) and (iii) holds trivially. 


Suppose now that V, , and v, , € V_, have been chosen so as to satisfy (i) — 
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(iii) for i— 1, where 1 <i < 27-2 

since |V__\ {v_,}| =27''— 1. is odd. 

V_, has a subset V, satisfying (7) — (iii); 

we pick v, € V, arbitrarily. 

Among the (27 — 3) vertices v,,..., v,,,. These are (r— 1) vertices that show 
the same behaviour when viewed as v, , in (iii), being adjacent either to all the 
vertices in V, or to none. Accordingly, these (7-1) vertices and v,_, induce either 
a K’ or a K’in G, 


because v,,...,V,,, € V, Vi. 


Theorem 7.4: 


Let k, c be positive integers, and X an infinite set. If [X]* is coloured with c 
colours, then X has an infinite monochromatic subset. 


Proof: 


We prove the theorem by induction on &, with c fixed. For k= | the assertion 
holds, so let k > 1 and assume the assertion for smaller values of k. 


Let [X]‘ be coloured with c colours. We shall construct and infinite sequence 
X,, X,,..., of infinite subsets of X and choose elements x, € X, with the following 
properties (for all 7): 

CE aor Geen’ 
(ii) all k-sets {x,} U Z with Z € [X,, ]*" have the same colour, which we 
associate with x.. 

We start with X, := X and pick x, € X, arbitrarily. By assumption, X, is 
infinite. Having chosen an infinite set X, and x,€ X, for some i, we c-colour 
LX, \ { x, }*" by giving each set Z the colour of { x, } U Z from our c-colouring 
of [X]‘. By the induction hypothesis, X, \ {x,} has an infinite monochromatic 
subset, which we choose as X,,,. Clearly, this choice satisfies (7) and (i). 
Finally, we pick x,,, € X,,, arbitrarily. 

Since c is finite, one of the c colours is associated with infinitely many x.. 
These x, form an infinite monochromatic subset of X. a 


Lemma 7.1: (K6nig’s Infinity Lemma) 


Let V,, V,,..., be an infinite sequence of disjoint non-empty finite sets, and let 
G be a graph on their union. Assume that every vertex v in a set V, with n 2 1 
has a neighbour f(v) in V,_,. Then G contains an infinite path v,v, ,..., with v, 
€ V_ for all n. 
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Fig. 7.3: (Konig’s Infinity Lemma) 


Proof: 


Let P be the set of all paths of the form v f(v) f(f(v)),..., ending in V,. Since 
V, is finite but p is infinite, infinitely many of the paths in P end at the same 
vertex v, € V,. Of these paths, infinitely many also agree on their penultimate 
vertex v, € V,, because V, is finite. Of those paths, infinitely many agree even on 
their vertex v, in V,—and so on. Although the set of paths considered decreases 
from step to step, it is still infinite after any finite number of steps, so v, gets 
defined for every n € N. By definition, each vertex vis adjacent to v, , on one 
of those paths, so v,v,,..., is indeed an infinite path. 


Theorem 7.5: 


For allk, c, r2 1 there exists ann =k such that every n-set X has monochromatic 
r-subset with respect to any c-colouring of [XJ]. 


Proof: 


As is customary in set theory, we denote by n € N (also) the set {0, ... , 
n—1}. Suppose the assertion fails for some k, c, r. Then for every n = k there 
exist an n-set, without loss of generality the set n, and a c-colouring [n]‘ > c 
such that 7 contains no monochromatic r-set. Let us call such colourings bad; 
we are thus assuming that for every n > k there exists a bad colouring of [n]k. 
Our aim is to combine these into a bad colouring of [N]*‘, which will contradict. 


For every n 2 k let V, # © be the set of bad colourings of [n]‘. For 
n > k, the restriction f (g) of any g # V, to [n - 1} is still bad, and hence 
lies in V_,. By the infinity lemma, there is an infinite sequence g,, 
Zippers Of bad colourings g € V, such that f(g) = g_, for alln > k. 
For every m 2 k, all colourings g, with n 2 m agree on [m]‘, so for each 
Y € [N}‘ the value of g (Y) coincides for all n = max Y. Let us define g(Y) as 
this common value g (Y). Then g is a bad colouring of [N]*: every r-set SC Nis 
contained in some sufficiently large n, so S cannot be monochromatic since g 


coincides on [n]* with the bad colouring 9”. a 


Note: R(k, c,r) + Ramsey Number for Parameters, G, 
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Proposition 7.1: 


Let s, t be positive integers, and let T be a tree of order t. Then R(T, K*) = 
(s-Dt-D+1. 


Proof: 


The disjoint union of (s — 1) graphs K‘' contains no copy of T, while the 
complement of this graph, the complete (s — 1)-partite graph i does not 
contain K*. This proves R(T, K*) = (s — 1)(t-— 1) + 1. 

Conversely, let G be any graph of order n = (s —1)(t — 1) + 1 whose 
complement contains no K*. Then s > 1, and in any vertex colouring of G at 
most S'— | vertices can have the same colour. Hence, ¥(G) 2 [n/(s— 1)]=t. G 
has a subgraph H with 5(H) = t— 1, which contains a copy of T. 


7.4 Induced Ramsey Theorems 


For every graph H = K’ there exists a graph G such that every 2-colouring of the 
edges of G yields a monochromatic H C G; as it turns out, this is witnessed by 
any large enough complete graph as G. Let us now change the problem slightly 
and ask for a graph G in which every 2-edge-colouring yields a monochromatic 


induced H C G, where H is now an arbitrary given graph. 


The fact that such a Ramsey graph exists for every choice of H is one of 
the fundamental results of graph Ramsey theory. It was proved around 1973, 
independently by Deuber, by Erdos, Hajnal & Posa, and by Rodl. 


Theorem’s. Every graph has a Ramsey graph. In other words, for every 
graph H there exists a graph G that, for every partition {E,, E,} of E(G), has an 
induced subgraph H with E(A) C E, or E(H) CE,. 


Proof: 


In our construction of the desired Ramsey graph we shall repeatedly replace 
vertices of a graph G = (V, E) already constructed by copies of another graph 
H. For a vertex set U C V let G [U > H] denote the graph obtained from G 
by replacing the vertices u € U with copies H(u) of H and joining each H(u) 
completely to all H(u’) with uu’ € E and to all vertices ve V\ Uwith uve E. 
(As shown in Fig. 7.4) 


Ramsey Theory for Graphs 209 


Fig. 7.4: A Graph G [U > H] with H = kK? 


Formally, GLU — H] is the graph on 
(Ux VAN) U (VV UY) x {0}) 


in which two vertices (v, w) and (v’, w’) are adjacent if and only if either 
v’ € E, or else v=v € Uand ww’ e€ E(H)’. 

We can prove the following: 

For any two graphs H,, H, there exists a graph G = G(H,, H,) such that 
every edge colouring of G with the colours | and 2 yields either an induced 
H, © Gwith all its edges coloured 1 or an induced H, C G with all its edges 
coloured 2,...,(*) 

This formal strengthening makes it possible to apply induction on |H,| + 
|H,|, as follows: 

If either H, or H, has no edges (in particular, if |H,| + |H,| < 1), then (*) 
holds with G = K" for large enough n. For the induction step, we now assume 
that both H, and H, have at least one edge, and that (*) holds for all pairs (H,, 
H,) with smaller |H’|| + |H’,]. 

For each i = 1, 2, pick a vertex x, € H, that is incident with an edge. Let 
H’,:= H,—x, and let H,” be the subgraph of H’, induced by the neighbours of x.. 

We shall construct a sequence G°,..., G" of disjoint graphs; G” will be the 
desired Ramsey graph G(H,, H,). Along with the graphs G,, we shall define 
subsets V’ Cc V(G’) and a map 

FP oS Up dl FO 
such that 
AV) =" est) 
for all i= 1. Writing f’:=/0,..., 0 f for the i-fold composition of f whenever it 
is defined, and f° for the identity map on V° = V(G°), we thus have f’(v) € V° 
for all v € V'. We call f'(v) the origin of v. 


The subgraphs G' [V’' ] will reflect the structure of G° as follows: 
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Vertices in V' with different origins are adjacent in G’ if and only if their 
origins are adjacent in G°,...,(2) 


Assertion (2) will not be used formally in the proof below. However, 
it can help us to visualize the graphs G': every G' (more precisely, every 
G'[ V‘ ]there will also be some vertices x € G‘— V’’) is essentially an 
inflated copy of G° in which every vertex w € G’ has been replaced by the 
set of all vertices in V‘ with origin w, and the map f links vertices with the 
same origin across the various G‘. 

By the induction hypothesis, there are Ramsey graphs 

G,: G(H,, H,) and G, : = G(H,, A). 

Let G° be a copy of G,, and set V° := V(G"). Let W’,,..., W”, , be the subsets 
of V° spanning an H’, in G°. Thus, n is defined as the number of induced copies 
of H’ 5 in G°, and we shall, construct a graph G'‘ for every set Ww’ i= l,...,n. 
Since H, has an edge, n 2 1: otherwise G° could not be a G(H,, H,). For i=0...., 
n—1, let W” be the image of V (H”,) under some isomorphism H’, , G° [ W”, ]. 

Assume now that G®,..., G*! and V°,..., V! have been defined for some 
i= 1, and that fhas been defined on V, U,..., UU V" and satisfies (1) for all 7 < 
i. We expand G*'! to G' in two steps. For the first step, consider the set U"! of 
all the vertices v € V‘' whose origin f‘"(v) lies in W’, ,. (For i= 1, this gives 
U°= W”.) Expand G ‘' to a graph G *" by replacing every vertex wu e¢ U'! 
with a copy G,(u) of G,, i.e. let 

Get 7G" (OF G,] 
(see Figs. 7.5 and 7.6). Set ftw’) := u for all ue Utt4 


Fig. 7.5: The Construction of G' 


u’ € G,(u), and f(v’) := v for all v’ = (v, 6) with ve V' \ U™ (Recall that 
(v, ) is simply the unexpanded copy of a vertex v€ G*' in G'"'.) Let V. be the 
set of those vertices v’ or u’ of G‘*! for which fhas thus been defined, i.e. the 
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vertices that either correspond directly to a vertex v in V"' or else belong to 
an expansion G,(u) of such a vertex u. Then (1) holds for i. Also, if we assume 
(2) inductively for i — 1, then (2) holds again for i (in G *'). The graph G *' is 
already the ‘essential part’ of G‘: the part that looks like an inflated copy of G°. 

In the second step we now extend G “' to the desired graph G, by adding 
some further vertices x ¢ V'. Let F denote the set of all families F of the form 

F= w|ee Oo"), 

where each H” (uw) is an induced subgraph of G, (uw) isomorphic to H”’,. (Less 
formally: F is the collection of ways to select from each G,(u) exactly one 
induced copy of H’.) For each F'€ F, add a vertex x(F) to G "' and join it to 
all the vertices of H” (u) for every u€ U"', where H” (u) is the image of H”, 
under some isomorphism H’ — H’, (u). Denote the resulting graph by G’. This 
completes the inductive definition of the graphs G°,..., G”. 

Let us now show that G := G" satisfies (*). To this end, we prove the 
following assertion (**) about G‘ for i =0,..., 7: 


For every edge colouring with the colours 1 and 2, G' contains either an 
induced H_, coloured I, or an induced H, coloured 2, or an induced subgraph 
HT coloured 2 such that V (H) C V'' and the restriction of f' to V(H) is an 
isomorphism between H and G’ [ W’] for some ke {i,...,n—I }.....(*) 

Note that the third of the above cases cannot arise for i =n, so (**) for n is 
equivalent to (*) with G := G”. 

For i = 0, (**) follows from the choice of G° as a copy of G, = G(H,, H,) 
and the definition of the sets W”,. Now let 1 <i <n, and assume (**) for smaller 
values of i. 

Let an edge colouring of G ‘be given. For each u € U'“' there is a copy of 
G,inG': 

G'D Gu) = GH’, H,) 

If G,(u) contains an induced H, coloured 2 for some u € U"', we 
are done. If not, then every G, (uw) has an induced subgraph H’, (u) H’, 
coloured 1. Let F' be the family of these graphs H’, (wu), one for each 
ue U"',and let x := x(F). If, for some ue U"', all the x-H”, (u) edges in G' 
are also coloured 1, we have an induced copy of H, in G‘ and are again done. 
We may therefore assume that each H” (uw) has a vertex y, for which the edge 
xy, is coloured 2. Let 


US Sty |e er 
Then f defines an isomorphism from 
64 =G'L TU, lve VE")\UF}] 


P14 Advanced Graph Theory 


to G*': just map every y, to u and every (v, ¢) to v. Our edge colouring of G' 
thus induces an edge colouring of G “". If this colouring yields an induced H, 
CG ‘" coloured 1 or an induced H, C G ‘* coloured 2, we have these also in 
G‘'CG ‘and are again home. 

By (**) for i — 1 we may therefore assume that G ‘~'has an induced 
subgraph H’ coloured 2, with V(H’ ) C V‘~! and such that the restriction of 
f' to V(H’ ) is an isomorphism from H’ to G’[ W{ ]=H’, for some ke {i-1.,..., 
n—1} . LetH,be the corresponding induced subgraph of Gi-le Gi (also coloured 
2); then Vi A’) € Vi. 

PUGH AEH 
and f': [{—> G°[ W’,]is an isomorphism. 

Ifk >i, this completes the proof of (**) with H := FH’; we therefore assume 
that k <i, and hence k = i— 1. By definition of U*' and G‘", the inverse image 
of W”’ under the isomorphism f" is FJ’ > G°[ W’, , ]is a subset of U""'. Since 
x is joined to precisely those vertices of H’ that lie in U‘', and all these edges 
xy, have colour 2, and the proof of (**) is complete. 


x 


Fig. 7.6: A Monocromatic Copy of H,in G' 
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7.5 Applications 


7.5.1 Schur’s Theorem 


We consider the partition ({1, 4, 10, 13}, {2, 3, 11, 12}, {5, 6, 7, 8, 9} of the set 
of integers {1, 2,..., 13}. We observe that in no subset of the partition are there 
integers x, y and z (not necessarily distinct) which satisfy the equation 
xt+y=z (7) 

Yet, no matter how we partition {1, 2,..., 14} into three subsets, there always 
exists a subset of the partition which contains a solution, Schur (1916) proved 
that, in general, given any positive integer n, there exists an integer f, such that, 
in any partition of {1, 2,...,£} into n subsets, there is a subset which contains 
a solution. We shall show how Schur’s theorem follows from the existence of 
the Ramsey numbers r . 


Theorem 7.7: 


Let (S,, S,,..., S,) be any partition of the set of integers {1, 2,..., r,;. Then, for 
some i, S, contains three integers x, y and z satisfying the equation x + y = z. 


Proof: 


Consider the complete graph whose vertex set is {1, 2,..., r_}- Colour the edges of 
this graph in colours 1, 2,..., by the rule that the edge wv is assigned colour / if and 
only if |w—v| € Si. By Ramsey’s theorem, there exists a monochromatic triangle; 
that is, there are three vertices a, b and c such that ab, bc and ca have the same 
colour, say 7. Assume, without loss of generality that a> b>c and writex=a—b, 
y= b-candz=a-—c. Then x, y,z¢ S,andx+y=z. 

a 


Theorem 7.8: 


Suppose H,, H,,..., H, are any k graphs. Then there exists an integer R(H, 
H,, ... H,), any k-painting of k,, must contain a subgraph isomorphic to H, that 
is monochromatic in colour i for some i, 1 <i<k. 


Proof: 


It is sufficient to prove the theorem in the case where all the H, are complete. 
Then, if v is sufficiently large that a A-painted K, must contain a monochromatic 
Kay in color c, for some i, it must certainly contain a monochromatic copy of 
Hin color c, , so 


RG, H,,.... H,) < RO(A,), WA)...» VOA,),--., VOA,)). 
We proceed by induction on & to prove that R(p,, p,,..., P,) exists for all 
parameters. In the case k = 2. Now suppose it is true for k < K, and suppose 
integers p,, P,,.-., Pp, are given. Then R(p,, p,,..., Py_,) exists. 
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Suppose 


Vv > R(RO,, Dys-++s Py)» Py 
Select any k-painting of K. Then recolor by assigning a new color c, to all edges 
that received colors other than c,. The resulting graph must contain either a 


monochromatic K incolorc, oramonochromatic K_, incolorc.. Inthe 
R@1.Py>---sPx_) 0 ‘pk K 


former case, the corresponding K,, in the original painting has edges in 
—l 


(P| sPQ>--9 PK. 
the K—1 colors c,,c,,...,¢, , only, so by induction it contains a monochromatic 


K, in color c, for some i. 
Theorem 7.9: 
If T is a tree with m vertices, then 
RL, K,) =(m—1n-1) +1 
Proof: 


We can see that R(7) K) > (m — 1)(n — 1). To do so, we consider a graph of 
(m — 1) disjoint copies of K, , with all edges coloured red (say). 


We can complete this graph to a Kos y49 by colouring all remaining edges 
blue (say). 

Since the red subgraph contains no m-vertex component, it contains no copy of 
T. The blue graph is (n—1)—partite, so it can contain no K,. 


Using induction on n. The case n = 1 is trivial. Suppose n > 1 and suppose 
the theorem is true of R(7, K,) whenever s < n. Suppose there is a coloring 
of the edges of in red and blue that contains neither a red T nor a blue K,, 
and examine some vertex x. If x lies on more than (m — 1)(m — 2) blue edges, 
then the subgraph of G induced by the “blue” neighbors of x contains either 
a red copy of 7 or a blue K__,, by the induction hypothesis. In the former case 

be incael contains a red 7, in the latter the blue K, , together with x forms a 
blue K,. Therefore x lies on at most (m —1)(n — 2) blue edges, so it lies on at least 
m— | red edges. Since x could be any vertex of the Kontynyv the red subgraph 
has minimum degree at least m — 1. Since T has m — | edges, this red subgraph 
will contain a subgraph isomorphic to T. So the K, contains a red copy 
of T, a contradiction. 


m-1)(n-1)+1 


7.5.2 Geometry Problem 


The diameter of a set S of points in the plane is the maximum distance between 
two points of S. It should be noted that this is a purely geometric notion and is 
quite unrelated to the graph-theoretic concepts of diameter and distance. 


We shall discuss sets of diameter 1. A set of n points determines 


(;) distances between pairs of these points. It is intuitively clear that if n is 
‘large’, then some of these distances must be ‘small’. Therefore, for any d 
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between 0 and 1, we can ask how many pairs of points in a set {x,,x,,...,x,} of 
diameter | can be at distance greater than d. Here, we shall present a solution 
to one special case of this problem, namely when d=1 V2 . 

As an illustration, consider the case n = 6. We then have ‘six points x,, x,, 
X3,X,,X, and x,. If we place them at the vertices of a regular hexagon so that the 
pairs (x,, x,), (x,, x,) and (x,, x,) are at distance 1, as shown in Fig. 7.7a, these 
Six points constitute a set of diameter 1. 

It is easily calculated that the pairs (x,, X,), (%,, %3)s (Xy, X4), (%y> X5)5 Oss % 6) 
and (x,, x,) are at distance 1/2, and the pairs (x,, X,), (%,5 X,), ys X)s Xp X,)s 
(x,, x,) and (x,, x,) are at distance /3 /2. Since V3 /2>V2/2=1/2, there 
are nine pairs of points at distance greater than1/ 2 in this set of diameter 1. 


x, x, x; 
X< Xy 
ee 
—— 
s  @ * 3 (b) o 
Fig. 7.7 


However, nine is not the best that we can do with six points. By placing 
the points in the configuration shown in Fig. 7.7 b, all pairs of points except 
(x,, x,), (x,, x,) and (x,, x,) are at distance greater than1/J/2. Thus we have 
twelve pairs at distance greater than 1/2 ; this is, in fact, the best we can do. 


Theorem 7.10: (Ramsey’s Multiplicity Theorem) 


n n(n-1)° 
Prove that N,,, (K,) = 3 2. 2 


Proof: 


Suppose K is colored in two colors, red and blue. Write R for the number 
of red triangles, B for the number of blue triangles, and P for the number of 


partial triangles — triangles with at least one edge of each color. There are (3) 
triangles in K,. So 


r+B+P=(") (i) 


Since N,. (K,) equals the minimum possible value of R + B. 


N,.(K,) = () _ max (P) Rais 
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Suppose the vertices of K, are x,, x,,..., x,, and x, is incident with r,, red 
edges. Then it is adjacent to v— 1 — r, blue edges. Therefore the K, contains. 
r{v—1—r,) paths of length 2 in which one edge is red and the other blue. Let 
us call these mixed paths. The total number of mixed paths in the K, is 


Yi-1-7) (iii) 
i=l 


The triangle xyz can be considered as the union of the three paths xyz, yzx and 
zxy. Moreover, the paths corresponding to different triangles will all be different. 
If the triangle is monochromatic, no path is mixed, but a partial triangle gives 
rise to two mixed paths. So there are 2P mixed paths in the K,, and 


P= td nv-1-) (v) 


i=l 


If v is odd, the maximum value of rv=1—r)is , attained when r, = 


(v-1)° 
4 


(v—1)/2. If v is even, the maximum of v(v — 2)/4 is given by r= v/2 or (v—2)/2. 
In either case, the maximum is 


Gy 


so 


and since P is an integer, 


7 eos ey] a 


It remains to show that equality can be attained. 


If v is even, say v = 21, then partition the vertices of K, into the two sets 
{Xp Xyye--5 Xf and {X,,,X1,59-++) X,,F Of size ¢, and color an edge red if it has one 
endpoint in each set, blue if it joins two members of the same set. (The red 
edges form a copy of K,) Each r,, equals v/2. If v = 2¢+1, carry out the same 
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construction for 2¢ vertices, except color edge x.x,,, blue for | <i < [1/2]. Then 
add a final vertex x,,,. The edges xx,,, and x, x,,, are red when 1 <i<[1/2] 
and blue otherwise. In both cases it is easy to check that the number of triangles 
equals the required minimum. | 


Theorem 7.11: (Classical Ramsey Number Theorem) 


For all integers p, q > 2, 


RVD < ee 


Proof: 


We may write n = p + q. The proof proceeds by induction on n. Clearly 
R(2, 2)=2= ouy . Since p, q > 2, we can have n = 4 only if p = q =2. 


2-1 
Hence the given bound is valid for n = 4. Also for any value of g, R(2, gq) =q 
2+q-2 2-2 
= ( vo } and similarly for any value of p, R(p, 2) =p -(?*7 i, so the 


bound is valid if p = 2 or g =2. 
Without loss of generality we assume that p > 3, g > 3 and that 
pag= *) 


R rhan< 
(p a<( pl 


for all integers p’, q' and n satisfying p’ > 2, q'> 2, p'+q'<nandn> 4. Suppose 
the integers p and q satisfy p + q =n. 
We apply the induction hypothesis to the case p’ = p — 1, q' = q, obtaining 
pega ) 
= < 
Rp-l,q)< [ p-2 


and to p’=p, q'=q-1, obtaining 
Rog s (P74 
p-l 
But by the properties of binomial coefficients. 
Gore ceh es 
p-2 p-l ~\ p-l 
and from Lemma, we have 


Rip, g) < R(P- 1,9) + RO, 9-1). 


ea ee) _ ay 
So, Ro.) <( p-2 ah p-l — p-l 
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SUMMARY 


1. Ramsey theory is the study of partitions of large structures. 


10. 
11. 


. Prove that, 7(k, /) >{ 


. Ramsey theorem is the generalization of pigeonhole principle as partitions 


of sets (as substructures). 


. It T is a spanring tree of the k-dimensional cube Q,, then there is an edge of 


Q, outside T whose addition to T creates a cycle of length at least 2k. 


. Every list of more than n? distinct numbers has a monotone sublist of length 


more than n. 


. If 2 p,—k + 1 object are partitioned into k-classes with quotes {p,}, then 


some class must meet its quota. 


. Like the pigonhole principle, Ramsey’s theorem has subtle and fascinating 


applications. 


. Ramsey’s theorem defines the Ramsey numbers R(p,, p,, ...., D5 7). No exact 


formula is known, and few Ramsey numbers are to be computed. 


. Ramsey’s theorem for r = 2 says that k-coloring the edges of a large enough 


complete graph forces a monochromatic complete subgraph. 


. RG, G) is called the Ramsey number of G for all 113 graph with at most six 


edges and no isolated vertices. 
If T is an m-vertex tree, then R(T, K,) =(m—1)(n—1) +1. 
A completely labeled cell is a cell having all three labels on its corners. 


EXERCISES) 


. Agraph G is b-critical if b(G — e) < B(G) for all e € E. Show that 


(a) Aconnected B-critical graph has no cut vertices; 


1 
(b) If Gis connected, then B 5 (e +1). 


. For any two integers k 3 2 and /3 2, Prove that, r (k, J) £ r(k, 7— 1) + 


r(k—1, 2). 
ae 
k-1 


4, Prove that, r (A, k) = 2". 


. Show that for all & and /, r (k, 1) =r (J, k). 
. Let, denote the Ramsey number 7(k,, k,,..., &,) with k,= 3 for all 7. 


(a) Show thatr, <n(r,—1) +2. 
(b) Noting that r,= 6, use (a) to show that r, <[n! e] + 1. 
(c) Deduce that r, < 17. 
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7. The composition of simple graphs G and His the simple graph GLH] with 


vertex set V(G) x V(A), in which (u, v) is adjacent to (u’, v’) if and only 
if either uu’ € E(G) or u=w’ and vv’ E(A). 
(a) Show that a(G[H]) < a(G) a(A). 
(b) Using (a), show that 
r(kl+ 1,kl+1)-—12(r(k+1,k+1)-1) x (7 4+1, 14+/ -1) 
(c) Deduce that 7(2"+ 1, 27+ 1) >5"+ 1 foralln=0. 


. Let G, G,,..., G,, be simple graphs. The generalised Ramsey number 


(G,, G,,...,G_) is the smallest integer n such that every m-edge colouring 
(E,, E,,...,E,,) of K, contains, for some 7, a subgraph isomorphic to Gi in 
colour i. Show that 


(a) If Gis a path of length three and 7 is a 4-cycle, then 7(G, G) = 5, 
r(G, H) =5 and r(H, A) = 6; 
(b) If T is any tree on m vertices and if m — | divides n — 1, then 
WK, JH men 1 
(c) If Tis any tree on m vertices, then r(7, K) = (m—1)(n— 1)+ 1. 
A certain bridge club has a special rule to the effect that four members may 
play together only if no two of them have previously partnered one another. 
At one meeting fourteen members, each of whom has previously partnered 
five others, turn up. Three games are played, and then proceedings come to 
a halt because of the club rule. Just as the members are preparing to leave, a 
new member, unknown to any of them, arrives. Show that at least one more 
game can now be played. 


10. Show that s, = 2, s5,=5 ands, = 14. 
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Enumeration and Pélya’s Theorem 


George Pélya was born on December 13, 1887 at Budapestm Austria 
Hungary. He became a professor of mathematics in 1914 at ETH Zurich 
in Suritzerland and worked up to 1940. Later on he shifted to Stanford 
University and worked upto 1953. He remained stanford professor 
Emeritus for the rest of his life and career. He worked on a range of 
mathematical topics, including series, number theory, mathematical 
analysis, geometry, algebra, combinatorics and probability theory. He 
is known for multivariate Pélya distribution, Polya conjucture, Pélya 


George Pélya enumeration theorem, Landau-Kolmogorov inequality, Pélya-Vinogradov 
(1887-1985) inequality, Pélya inegality, Polya aeppli distribution and Polya urn model. 
He died in Polo Alto, California (USA) on Setember 7, 1985 (aged 97) 
X J 


8.1 Introduction 


The famous mathematician Arthur Cayley (1857), became interested in graph 
theory for the purpose of counting trees. The number of trees of n—vertices gave 
him the number of isomers of the saturated hydrocarbon with n carbon atoms 
(C_H,,,,). This work on counting of different types of graphs, and the results 


been applied in solving some practical as enumeration. 

We can not end this theme without considering the most basic question about 
graphs to count the graphs with a given set of vertices or we may be interested 
in the number of isomorphic classes of certain graphs. 

All graph enumeration problems have two categories viz. 

Category 1. Counting the number of different graphs of a particular type (non 
isomorphic) 
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Category 2. Counting the number of sub graphs of a particular kind in a graph 
G, such as the number of edge—disjoint paths of lengths & between vertices a, 
b in G (i.e. matrix representation) 


8.2 Labelled Counting 


Let neEN and P be a graph-theoretic property. A labelled counting or balled 
enumeration is a counting of the number of graphs on the vertices {u,, 
U,,-.., U,} That satisfy the property P. 

Let G and G' be the graphs on the vertices {u,, u,,..., u,} That both satisfy the 
property P. In a labelled counting G and G' are the same iff every two vertices u; 
and u,are joined by the same number of edges in both graphs. 


Note: 


(i) The property P may be any property which can be stated in graph theoretic 
terms: being simple, connected, Eulerian, Hamiltonian, 5—colorable, 
planer, acylic, having perfect matching, containing exactly 2004 edges 
and so or any combination of much graph theoretic properties. 

(ii) Two graphs G and G' on vertices {u,, u,,..., u,} are the same in a labelled 
counting (enumeration), if the edge multiplicity of each pair of vertices in G 
is the same as G’. (the edges are not labeled at all). 


@ Example 8.1: Labelled graph of three vertices 


Fig. 8.1: Eight labeled simple graphs on three vertices 


We want to count the number of labelled simple graphs on three vertices. 
Counting the number of simple graphs on the vertices 
VST ih pg ceg thy 
pis simple. 


for every pair wu, and wu, disjoint vertices from V, either they are adjacent or not. 


3 
There are | = 3 distinct pairs of vertices in V viz {u,,u,} {u,,u,} and {u,, u,} 
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3 
Hence there are precirely 2 , = 8 possibilities of forming a simple graph 
on V= {u,, u,, u,} 


Hence there are 8 labelled simple graphs on three vertices. 


8.3 Unlabelled Counting 


Let n € N and P be fa graph theoretic property. An unlabeled counting or an 
unlabelled enumeration is a counting of the number of graph on the vertices 
(u,, U,,..., U,} that satisfy the property P and are not isomorphic. 

Let G and G' are the graph on the vertices (u,, u,,..., u,}that both satisfy the 
property P. In an unlabelled counting, G and G' are considered to be the same 
iff they are isomorphic 1.e. G= G'. 


@ Example 8.2: Number of unlabelled simple graphs on three vertices. 


All simple graphs with one edgs are isomorphic, as are all simple graphs with 
two edges. No other pairs of labelled simple graphs on 3 labelled vertices V = 
{V5 V,5 V;} are isomorphic. Hence the number of unlabelled single graphs on n 
= 3 vertices in four as shown in Fig 8.2. 


Fig. 8.2: There are only four nonisomorphic simple graphs on three vertices. 


Theorem 8.1 


Then number of simple, labelled graphs of n vertices is 2"! 


Proof: 


The number of simple graphs of n vertices and 0, 1, 2,..., n (n — 1)/2 for e. 
(There are n(m—1)/2 unordered pairs of vertices. If we regard the vertices as 
distinguishable from one another (labelled graph). 


n(n—1) 


There are ways of selecting e edges to from the graphs. 
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The sum of all such numbers is the number of all simple graph with n 
vertices. 


We can use the following identity to prove the theorem. 


OMB) 


Theorem 8.2 
There are n"” trees on n labelled vertices. 
Proof: 


Let V = {1, 2,..., n}be the set of vertices. 

Given a tree T, associate a code with T. 

Remove the and vertex with the smallest label and write down the label 
of the adjacent vertex. Repeat the process until only two vertices remain. The 
code obtained is a sequence of length (7 — 2) consisting of some numbers from 
1, 2,..., 2 any number may occur several times code in the code (As shown in 
Fig 8.3. Each of the n”? possible codes correspond to a unique tree. 


Corollary 1. , 
Let d,<d,<,...,<d_be the degree sequence of a tree. d,> 1 and D4 = 2n- 2s 


i=l 
. Then the number of labelled trees of order n with degree sequence (d.)? given 
by the multinomial coefficient. 
(n= 2 \ 
Cae eee aD) 


Fig. 8.3 : The Priefer code of this tree is (3, 8, 11, 8, 5, 8, 3, 5, 3) 
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8.4 Generating Function 


Generating functions are the tools which connect discrete mathematics to 
continuous analytic mathematics. In this matter we include additional tools of 
our tool box to treat discrete object i.e. the known methods and techniques from 
analytic mathematics. These tools have proved invaluable results for solving 
many problems of combinatorics. Some minimal knowledge is needed in order 
to understand generating function from analytic mathematics. The purpose of 
generating functions is two fold viz. 


(i) To use known analytic methods an a particular functions, f(x) or f(x,y), to 
obtain the corresponding closed expression or formula for the number of 
possibilities of a certain finite combinational structure. 


(ii) The cryptological aspect 1.e. to encode the number of possibilities of a 
certain finite combinatorio structure in terms of simple analytic function, 
ix) or f(x,y). Since very often it is possible to state the discrete results 
of functions where it is not possible to do so in a discrete fashion. On 
decoding the function, many times we can obtain just enough information 

for the desired purpose. 
Let {a), a), a,,..., a} = {a,},,., be a given sequence of real or complex 

number then. 


1. The generating function a(x) of the sequence {a,} _ , 1S given by a series. 


n>0 


n . 
G)H=6, 7 G2 PO Oe th oi = = a,x (x be adummy variable) 


n=0 
2. The exponential generating function a(x) of the sequence {a} _ iS given 
by the series. 


2 n n 


1 x x x x 
a(x) = 4 rad a Te ay rr he Ta Za aI (x be a dummy variable) 
For example 
(i) The generating functions for a constant sequence (1, 1, 1, ..., 1) consisting 


. : ‘i 1 
entirely of 1’s, in l+x+27+,...,+x"= > x = 
n=0 I-x 
(ii) The generating function for the sequence (ut >: ne) is 
nN: 
a - f a) = e*(the exponential function) 
2 6 n! 
(iii) The generating function for the sequence (1, 1, 2,6,..., n!,...)is L+x+ 


2x7 + 6x7 +,..., nx" = 2, nix" 
n2=0 
Note: The above example are valid only for real and complex numbers. 
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@ Example 8.3: Consider the sequence of trees T,, T,,..., as shown in 
Fig. 8.4. Letn > 1 and all trees onn or fewer vertices where all of the vertices 
have degree three or less. Obtain generating function by using enumeration 


of graphs. 
Solution 


ea 
La 


T, 


4 


Fig. 8.4: The first four trees in the sequence 7, 7,,..., T, 


Let t, denotes the number of vertices of the Ath tree i and satisfies. 
P= Li4 
L. = 3t,,-21, , tor all ko 3 
Let a,=t,,, we can derive a closed formula for a, and have for t, as well. 


We consider generating functions: 
ANG eer aN a say ee 2 a,x* 
since @,=1,4,—4 anda,-3a,,—20,, V k= 2. 
For the generating function, we get 

a(x) =a,+ax+ 2 ax 


=1+4x+ Py (Ba, — 2a, 5) x 


=1+4x+3x R aes = +22 > a2 “| 


k22 k>2 
= 1+ 4x + 3x [a(x) — 1] + 2x? a(x) 
Solving for a(x) and using partial fractions, we get 


l+x 3 2 
(=3e42%? I-2x 1x 


a(x) = 
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Expanding the last two functions into Geometric series, we get 


a(x) = a, oye -2)) xk 
k>0 k>0 
Since a, is the coefficient of x* in a(x). 
It must be the coefficient of x‘ on the right hand side. 
We obtained that 
C= a2 =) 
Hence L=G.2°°=2 


(Derived formula for ¢,) 
m@ Example 8.4 : Define the catalan number C,, C,, C,..., recursively. 
Solution 


The number {C, : n> 0} = {C,, C,, C,,...} defined recursively by C,= 1. 
C1 


n-| 
and C= 2 OG a4 for n > 2. 
i=0 


are called Catalan numbers. Hence Cc is called the nth Catalan number. 
C, ~ C, Ch 23 C, Cs + Bee? 4 C, 


Let C (x) be the generating function for the Catalan numbers. 
C(x) =Cy+ Cxt+C+,..= 2 Cx .. (i) 
From equ. (i) we can see that oo 
C(x) — C (x) = C(x)’ is given by 
Coy =C?+(G, C+ C, Cx + (C,C,4+C, C+ CC yx + seis 


n—l 
= 5[Ee cit} ... (ii) 


n2=1\i=0 


Multiplying both side by x in equ. (ii), we get the sequence definition of C’ as. 


n-l 
x C(x? = 5[Ee cit} 


n=1\i=0 


= > C,x"=C(x)-1 


n=1 
Solving for C(x) atx = 0 yields C(0)=C,= 1 
1 
ie, C(x) = 5, (I-vi- 42) ... (iii) 
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using generalized Binomial theorem, 


a n 
(1+x)* = x ny}. for any real a. 


nz 


Where *) =d(@=1)e.sleois ya 
C(x) = — (I-45) 


1 
2 |(-4x)" 


n 


=> aris is ... (iv) 


wot n-1 


1 
seas 


n=0 


Comparing coefficients for x”"', we get 


8.5 Partitions of a Finite Set 


In graphs and hyper graphs, the presentation of a fundamental labelled counting 
lemma for graphs depends on the use of exponential generating functions and 
the use of weak ordered partitions of a set. 
Let K € Nand S be a fixed finite set containing n > k elements then. 
(i) A weak ordered partition of s into k parts is an ordered k — tuple 
{S,, S, ,-.-, S,) of subsets of S satisfying: 


S.08,= $,2%e. US, = ViFj 


(ii) A proper partition of S into k parts is a kK-elements set {S,, S,,..., S,} of 
none empty subsets of S satisfying the condition in section (i) 
The above definition can be illustrated as under 
me consider the set S={ 1, 2, 3, 4} 
The following are all the weak ordered partitions of S into two parts 
(S,, S,): 
(> { 1, 2, 3,43), (UU, { 2, 3, 43), 425 £1, 3, 43), 35 {1 2, 4), 4h 
{1, 2, 3}), QL 2} 13,45), 12 35 tL, 4h), C3, 43 {L25), 1, 35 12, 45) 
({2, 45 (1,34), 12545, U1, 3h), C1, 4h 12, 34), C1, 2, 35 14) CL 2, 
33), CL 3, 45 {2}) C2, 3, 43 (13), CL 2, 3, 430) 
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Since ({1} (2, 3, 4}) and ({2, 3, 4} {1}) are distinct weak ordered partitions. 
Since there are 2* subsets of (1, 2, 3, 4) 
When ever we consider proper partitions of S into nonempty parts { S,, 
S,} , there is no distinction between {S,, S,} and {S,, S,} 
Hence there are precisely seven proper partitions of S into two nonempty 
parts {S,, S,}: 
({1} (2, 3,43), 125 U1, 3, 45), 13} U1, 2, 49), AF U1, 2, 35), C1 25 3, 
4}), (42, 3} 1,45), CL, 34 (2, 45) 
Note: 
The number of weak ordered partitions of S into two proper parts is given by. 
2! S(4, 2) +2 Where S (4, 2) =7 


i.e. the number of proper partitions of S into two nonempty parts. 


Theorem 8.3 


The 


stirling number of second kind satisfy the following recursive equation: 


S(n, kK) = K Sn—-1,4/)+S(n—1, k-1) for all k,n e N 


Pro 


of: 


There are two types of partitions of the set { 1, 2,..., n} into & parts. 


(i) 


(ii) 


The first type consists of those partitions where the set containing n is 
singleton set {n} 

In this case the remaining (A — 1) sets form a nonempty partition of 
{1, 2,...,2—1} 

Hence, there are S (n—1, k — 1) partitions of the first type 


The second type consists of those nonempty partition where the set 
containing ” has two or more elements in it. 

On removing n from the set yields one of the set S' (n—1, k) partitions of 
{1, 2,..., 2) into k parts. 

Since n could have been in any of the k possible sets, we can see that there 
are k, S(n—1, k) partitions of the second type. 

Which completes the entire proof. a 

Note: 


The Stirling numbers of the second kind are named after the scoltish 
mathematician James Stirling (1692 —1770) 
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Theorem 8.4 


The Bell numbers B(7), where n is a non-negative integer, satisfy the recessive 
formula 


B(n+1)= ("| 20) +{) 0 +,.4{"} 209 


_ > (Jaw 
k=0 k 
Proof: 


Forn eN 


The unrestricted nonempty partitions of {1,..., 2, + 1} are of exactly (n 
+ 1) is contained in a set with k elements from { 1,..., 7} 


n 
There are k 


ways of choosing k elements to join (n + 1) in a set and are 


B (n—ky) unrestricted partitions of the remaining (n — k) elements] 


sine (7) (5) 


We have 
n n 
B(n+1)= (ij) e08 
nin 
7 ¥({]ee 
Hence the result. os a 


8.6 The Labelled counting Lemma 


This lemma is fundamental for counting labelled graphs. 

For a non negative n, let a, be the number of labelled graphs on n vertices 
satisfying the graphs property P(a) and let b be the number of labelled graphs 
on n vertices satisfying the graphs property P (b). 

Let a (x) and b (x) be the corresponding exponential generating function 
for the sequences {a,},.,and {b,},. , respectively. 

If C, is defined by 


n>0 


C= Dd As) Aso| 


(S, Sz) 

Where the sum is taken over all weak ordered partitions (S,, S,) of 
{1,..., m}, then the exponential generating functions c (x) of the sequence 
{C},>0 18 given by. 

c (x) =a (x) B(x) 
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Proof: 


For eachn € Nandi € {a, l,..., n} 
There are ("| weak ordered partitions (S|, S,) of {1, 2,..., n}where 
1 


|S,| =iand |S,|=n-i 


Hence we have 


Which in the coefficient for 


SGebe) = 
n! 


8.7 Permutations 


Let X be a set. By a permutation on X we mean a bijection mapping o : X¥ > X 

We only study permutations in the case when the set_X is finite. 

A permutation on X= { 4,, d,, ..., a, } will be denoted by a 2xm matrix. 

: (a, ay “ace 

ve © lo(a) o(a,) ... o(a,)) 

Since o is bijective, each element on X is mapping onto exactly one element 
in X by o . Hence each element in_X occurs exactly once in the second row of 
the matrix shown above. 


Note: Let p and o be permutations on X. Then the product po of p and o is 
defined as the composite mapping poo. 


For each x €_X, we have 
po(x) = poo(x) = p(o(x)). 


Ilustration: 
123 4 123 4 
Hebe ( 2 4 ‘ ang o=(; 2 4 ' 
Then p.o(1)=p(o(1))=p (3) =2 
po(2)=p(o(@))=pQ)=3 
poB3)=p(oGB)=p4)=1 
po(4)=p(o(4))=pd)=1 
Hence 


ee eee 
: 23 1 4 
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8.7.1 Cycle Index 


The cycle index of a permutation group G is the average of 


J (8) jy (8) 43 (8) 
a, a, a, see 


Over all permutation g of the group, where j,(g) is the number of cycles of 
length & in the disjoint cycle decomposition of g. 
The cycle index Z(G) of G is given by 


1 "i, (g) 
2G)= gd Tlat* 


geGk=l 


8.8 Polya’s Enumeration Theorem 


Polya’s therorem can be used to enumerate objects under permutation groups. 
By using group theory, combinations and some other example Pélya’s theorem 
and Burnside’s lemma are derived. The example used in Péolya’s theorem are a 
square, pentagon, hexagon and heptagon under their respective dihedral graphs 
(group), generalization by using more permutation and applications to graph 
theory. Using Pélya’s theorem, Harary and Palmer give a functions which gives 
the number of unlabelled graphs of n verticer, and m edges. 

Suppose G is a group of permutations of a set X, and let G be the induced 
group of permutations of the set Y of colour of X. Now each permutation g in 
G induces a permutation & of ’ in the following way. Given a colouring @, we 
define &(@) to be the colouring in which the colour assigned to x is the colour 
@ assigns to g(x); that is. 


((g)(@)(x)= o((2)) 

We require the generating function K,(c,, c,,..., c,), where E is a set of 
colouring containing one representative of each orbit of G on V. The coefficient 
of oo. .., in K,, will be the number of distinguishable colouring in which colour 
c, is used x times, colour c, is used t times, and so on. 

Pélya’s theorem state that K : is obtained from the cycle index Z Aas Bs 
a,) by substituting 

CCT sre Ce 

for a(1 <i<n). Before going to the proof, let us see how this works in the 
simple case of the red-and-white colouring of the corners of a square. 

Let G be a group of permutations of a set_X, where frequently we take X 
to be the set {1, 2,..., n}. Each element g in G can be written in cycle notation 


with j, cycles of length i(1 <i <n), and we recall that the type of g is the 
corresponding partition. 


[l22,..., ni] 
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ofn. We havej,+2j,+,...,+ i“ =n. We shall associate with g an expression 
Z, (a, bis ig = aj a 22am 

where the re <i<n) are, for the moment, simply formal symbols like 
the x ina polynomial. For example, if G is the group of symmetries of a square, 
regarded as permutations of the corners 1, 2, 3, 4 then the expression Z, are 
given in Table 8.1. Note that although the 1-cycles are conventionally omitted 
in the notation for g it is important to include them in Zz, 

Table 8.1: Cycles in a sequence 


& la ae es ee 
id oe oe ee 
(1234) — — = 1 
(13)(24) | — 2 = = 
(1432) — — — 1 
(12)(34)) —- 
(14)(23) | — 
(13) 
(24) 
The formal sum of the Z, taken over all g in G, is a ‘polynomial in a,, 
d,,..., a,. Dividing by |G| we obtain the cycle index of the group of the group 
of semautatione 


a |8 


Nop | 


Q 


Q 
EN 


g |8 


VP ae [yw yw 


2, 


ma }Re|N]bv 
| 
| 


N [Rt 


J 2 


» Z,(a,a25-. gly) 


geG 


Z, i eee A oe i 


For example, the cycle index of the group of the square is, as considered 
above, is 


1 
a(t + 2a? ay +3ay +2a,) 
and we have to substitute 
2=ttw, a=P rw, ar rw, @=rrw 
we get 
1 2 
KA% w) = a] (ryt +(e) P+w)+3 pe $e *) +2rt ew) 
8 
2 


=74+ Pwt2rw +rw 
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The number of orbits of G on X is. 
1 
ja] | (8) where Fig) = {x eX g © Gl g(x) =} 
ge 


Its weighted form is 
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Ye o5y Y i) 


xeD 7 IG| fcoxeFg) 
Proof: 


Let G be a group of permutations of X, and let /(x) be an expression which is 
constant on each orbit of G, so that 
I(g(x)) =1(x) for allg e Gx eX 
Let D bea set of representatives, one from each orbit, and let E = {(g, x)|g(x) 
=x}. By evaluating the sum 


Dy # (x) 


(g,x)EE 


in two different ways, we can show that 
» 7 (x) a Y > I(x) 
xeD IG| “<6 xeF(g) 


This is the required ‘weighted’ version. a 
Theorem 8.6 (Polya) 


Let Z(a,, a,..., a,) be the cycle index for a group G of permutations of X. The 
generating function K,(c,, C,.-., c,) for the number of inequivalent colouring 
of X, when the colours available are c,, c,..., C, is given by 


BAC Ca C) = Lie (Gs Cains.) 


where T=, FG, Ty CC) VOL SI eH) 


Proof: 


We shall begin by finding an alternative formula for 


_ ind (@ 
Ke Cpe) =2 ( ) 
where E is a set of colouring containing one representative of each orbit 


of Gon ®. 
Applying this result to the action of G on ¥ , we get 


> ind () P| y nd) 


ve eG oeF(g) 


Now the sum in the bracket is just Kies by definition. Further more, a 
colouring @ is in K(g), if and only if it is constant on each cycle of g. Hence 
the explicit form of K or is given by 

Kw UG gis) = (OUT pig tO) sia (OPT ere PO) 


= Tay? sie Ting 
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Where m,, m,,..., m, are the lengths of the cycles of g. In other words, if 
g has j, cycles of length (1 <i<n) then 

ar (Cote) OE oat) 
= Z, Cie tee) 

Since the representation g — § is a bijection. we have |G| = |G|, and 
substituting for K “es above we get. 
Kole. G.) =2£,(%s aig tf) 


as required. a 


go sees 


8.9 Burnside’s Lemma 


Let G be a finite group that acts on the finite set_X, Let 7 denote the number of 
orbits in X under the action of G. Then 


1 
r=7q 2 el 
IG| geG 
Proof: 


Suppose the set M = {g, x) e G x X |g.x = x} contains m elements. The idea 
is to count the elements of / in two different ways, and thereby obtain two 
different expressions, both equal to m. Combining these expressions will yield 
Burnside’s Lemma. Now M contains all pairs (g, x) such that g.x = x. We recall 
that the set x, for each fixed g € G. contains all x € X such that g.x = x. Thus, 
for each fixed g € G, there must be |x] elements x that fulfills g.x =x. Therefore 


m= > |%,| 


The isotropy subgroup G, contains, on the other hand, those elements 
g é G fulfilling g.x =x, for each fixed x € X. So for each fixed x, there are |G, 
elements g such that g.x = x. This yields 
m= DIG, 
xeX 
"” jorb (x)| = |G|/ |G]. Thus 
G| 1 
Yield aa e 
xeX vor orbs (x) fox 07 G(x) 
Let B,, B,,...,B,, denote all orbits in X. For each x ¢ X we have orb.(x) = 
B for some i. Since X= BOB, U,..., 0B and BO es oni #/ (the orbits 
are equivalence classes) we get. 
1 1 1 


1 
> lal’ ae Bl 


xeX lorbg (x)| x eB, eB) xB, 
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But for each i. 
1 
— = |B|.—=1 
ves, |B; | 1 |3,| 


and therefore 


1 


_ |G Leal = = 
i =| | 2. org (a TIGIG +1 +... DIG 


In the beginning of proof we also found that m= Ey Ag | . If we combine 
these expressions for m, we obtain an equation which we solve for r, in order 


to obtain Burnside’s Formula. 


That is 


geG 


1 
eee Seb 4 
ro ig 2s . 


@ Example 8.5: Jn how many ways, can we colour the corners of the square 
with two colours? 


Solution. 


Fig. 8.5 Square 


In the given figure, the permutation group is D,. We have only two colours. 


At initial level, we find all possible permutations under the actions of rotation 
and reflection, and the sets of all permutations are isomorphic to D,,. 


. = 123 4 _ 
ie. o=( - ; (1) (2) (3) (4) 


Possible ways under actions € are 


IX | =24=16 (i) 
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We have 
1 23 4 . F 
Pls a ca 4 = (1 23 4) (90° Anti clock wise) 
= 2 3 ; = (1 3) (2 4) (180° Anti clock wise) 
3 4 1 2 
|e 8 | 264 a oy (60 cigeewtt 
igen 6 2 = ( ) (90° clock wise) 
.. Possible ways under action p,, p,, p, are 
IX | =X, |=2'=2 ... (ii) 
Al 3 
IX |=2?=4 
P2 


By reflections of square along axis, we get. 


_ 12 3 4 _ 4) (2 
ola 4 @ aj EP Ve 
[Rotating along x— axis] 


2[) > ©) =7iyaa 
= (55 4 3)72DE4 


[Rotating along y— axis] 
.. Possible ways under actions 0, and o, are 
lo.| =(o,|=2=4 is (G0) 


By reflection of square along diagonals, we get 


12 3 4 
o4=|3 5 1 47 DO® 
[Relation along d, diagonal] 


12 3 4 
od, =[, ie J-M@es) 
[Relation along d, diagonal] 


.. Possible ways under action od, and od, are 


lod,| = |od,|=2?=8 .. (iv) 


1 
.. Required number of colouring = . (16 +2.2+4+2%*4+ 2*8] 
1 
= 3 (16+4+4+8+ 16) 


— 1 yg 404) = (4g)= 
3 (24424) = = (48) =6 


Using Pélya’s Enumeration theorem for two colours in a square. 
The cycle of permutation will be. 
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(1) 2) GB) 4) 
(1234) 
(13) (24) 
(143 2) 

(1 4) (23) 

(1 2) (3 4) 

(1 3) (2) (4) 
MB24y) 


Hence the cycle index of D, will be 
1 
AD) = 8 (1. aj + 3a,° + 2a;a, + 2a,) . (v) 


Generating function colouring one corner is 
Fiayy)=lxt+ly 

we may use colour x or y to colour a corner in the square. 

By Polya’s Enumeration Theorem, we have 


ZAD,) (&% y) = ' [w+y)*+3 Qty +2 ty Oty) + 207+ y')] 


Generating functions for the colouring of the square we have 
AD.) ey) Hx ty tty tay Hey 

Z(D,) 1. 1)=1+1+ 1+1+2=6 (Replacing the colour by 1) 
Total number of colouring = 6 


Hence the possible colouring be: 

1 — All corners have colour x. 

1 — All corners have colour y. 

1 — Three corners have colour x and one has y. 

1 — One corner has colour x and three have y. 

2. Two have colour x and two have y. a 


@ Example 8.6: /n how many ways can we colour the corners of a square by 
using three different colour? 


Solution 


In example 8.5 we have 2 colours but here we have 3 colours, so replacing 2 
by 3 in the base of number of colouring, we get 


X,| =3"=s1 
| =1%,[=3!=3 
= 3°=9 
Po 
jo) jo )-2 2 
lo =|o,|=3°=27 
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. Required number of colourings 


= (81 hee Or 2990 2827) 


(81+6+9+ 18 +54) 


col|R cole clr 


(168) = 21 


. Cycle index of D, is. 


1 
Z(D,) = . (1. a,*+ 3a%, + 2ata, +2a,) 


Generating function colouring one corner is. 
F(awyyzy=l.xt+lytlz 
This shows that, we can use colour x, y or z to colour a corner of the square. 


By using Polya’s Enumeration theorem, we have 


Z(D,) (% YZ) = - [(xty +z t3Q?ty4+27P4+2 (x+y 4+ zy (2+ y+ 2’) 
+2? t+ y* + z/)] 
Generating function for the colouring of the square will be 
AD) G2) ae ray ay ray yea 2 er lye ae 
22 tle tar tye ts 
AD) gl, DELL reels Pel t2t24 1414242424141 
+1+1=21 
Hence total number of colouring = 21 
.. When we use two colours at a time the possible colourings are = 12 


@ Example 8.7 : Jn the how many ways can we colour the corners of a square 
by using four different colours? 


Solution: 


In examples 8.5 we have 2 colour of colourings, we have replacing 2 by 4 in 
the base of number of colouring, we have 


[X,| = 44= 256 
x, | =X, |=4' =4 
KX, == 16 
lo] =|o,|=4= 16 
lo =(0,|=""= 64 
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Required number of colouring = ‘ (256 + 2*4 + 16 + 2*64) 


ae 
= , (440) 


= 55 
Cycle index of D, is 
Z(D,) = (. a) + 306+ 2a; 3a, +24,) 
Generating functions colouring one corner is 
F(X YZ VU) =1.X4+1.Y4+1.2Z4+1.U 
We can use colour X, Y, Z or U colour corner of the square. 
By Polya’s Enumeration Theorem, We have 
UD) (X, ¥,Z, U) = [K+ V+ Z+ Ut (X24 2+ 274+ UP + 
Oe Soar Ano) alo Ook aoe ae ea ae 
QA Yr 2) 
Generating function for the colourings of the square. we have, 
AD,) & Y,Z, U) = Ut + WX+2 U7 + UNF XA + WY + 
2UXYV+X7Y $2 U7 Y*4+ 2 UX YA 2X YA+ 
YAY YO Lee Pe EU 
ALTA +3 COLI ys UY 
2XYL + PLtQ20 2 + 2UXL 2X7 + 
QU PIA oY Ue Ar eye + 
AAD At, We As = 59 
So total number of colourings = 55 
Hence from above we can say that, when we use three colours at a time, 
the possible colouring are 24. ai 


SUMMARY 


_ (n(n-1)) . 
1. Expression 5 can be used to obtain the number of simple labelled 


e 


graphs of 7 vertices and (n — 1) edges. 

2. In a rooted graph one vertex is marked as the root. For each of the n”* 
labelled tree we have n rooted labelled trees because any of the n vertices can 
be mode a root. The number of different rooted labelled tree with n vertices 


is nr! 
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3. 


10. 


To find the number of trees it is necessary to start by counting rooted trees. 
A rooted tree has one point, its root, distinguished from the others. 


. When a positive integer P is expressed as a sum of positive integers P= A, + 


A, +A, +5... +A, such thatA, >A,>A,>,...,A, > 1, the n-tuple is called a 
partition of integer P. 


. Agenerating function f(x) is a power series f(x) =a,+ax+ax°+,..., +a, 


with some dummy variable x. The coefficient a, of x‘ is the desired number, 
which depends upon a collection of k objects being enumerated. 


. The problem of enumeration of unlabelled trees is more involved and 


required familiarity with the concepts of generating functions and partitions. 


. Every tree has either one centroid or two centroids. Ifa tree has two centroids, 


the centroids are adjacent. 


. Ona finite set A of some objects, a permutation z is a one-to-one mapping 


from a onto itself. 


. The number of permutations m in a permutation group is called its order, 


and the number of elements in the object set on which the permutations are 
acting is called the degree of the permutation group. 


n(n—1) 
2 


Which the n vertices of a group G are subjected to permutation the 
unordered vertex pair also get permuted. 


EXERCISES } 


. Prove that the number of different rooted, labelled trees with n vertices is 


nr 


P 
. Prove that the number of labelled graph with P points is A . 
. State and prove power Group enumeration theorem. 


. Prove that 


1 
IT| So) => Y o@). 
i=l 


acl xeF (a) 


. X= {1, 2, 3, 4} andl = {1, (1 2), (3 4) (1 2) (3 4)}. What is the value of 


NT)? [Ans. 2} 


. Consider all bracelets made up of 5 beads. The beads can be red, blue and 


green, and two bracelets are considered to be identical if one can be obtained 


from the other by rotation. How many distinct bracelets are there? [Ans. 5] 


. In how many essentially ways can we colour the six faces of a cube with 


atmost three colours? [Ans. 57] 
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8. Suppose there is a A-regular graph G of order n = k? + 1 and diameter 2. Then 
prove that & = 2, 3, 7 or 57. 


9. Prove that there are n”? vertices on n labelled vertices. 
10. State and prove Pélya’s Enumeration Theorem. 


Suggested Readings 


1. J.A. Bondy and U.S.R. Murty, Graph Theory, Springer, 2008. 
2. R. Diestel, Graph Theory, Springer, 2016. 


3. J. Gross and J. Yellen (Editors), Handbook of Graph Theory, CRC Press, 
2003. 


4. J. Gross and J. Yellen. Graph Theory and Its Applications, Second Edition, 
Chapman & Hall/CRC, 2006. 


5. D.B. West, /ntroduction to Graph Theory, Prentice Hall, 2001. 
QUO) 


a] 
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Arthur Cayley was a Britih mathematician who helped to find the modern 
British school of pure mathematics. He was born on August 16, 1821 
in Richmond, Surrey (UK). He studied in Trinity College, Cambridge and 
excelled Greek, French, German Italian and Mathematics with his new 
modes as Algebraic Geometry, Cayley Hamilton Theorem, Group Theory 
, Graph Theory, Cayley-Hamilton Theorem, Group Theory, Graph Theory, 
Cayley-Dichson Construction etc. For his outstanding contribution to 
mathematics he was awarded by Smith Prize (1842), De Morgan Medal 
Arthur Cayley (1884). Royal Medal (1859) and Copley Medal (1882). He was a fellow 
(1821-1895) of Royal Society. 
He left this planet on January 26, 1895 (Aged 73) 
a a a 


9.1 Introduction 


The properties of a graphs can be judged by the entire knowledge of their 
vigenvalues. The set of eigenvalues of a particular graph G is called spectrum of 
G and it is denoted by Sp(G). For some well known families of graphs like the 
family of complete graphs, the family of cycles, the spectra can be computed. 
Some well known mathematicians like Such, Cayley and Ramanujan have some 
special contribution in spectral graph systems. We can also obtain the spectra 
of product graphs like cartesian product, direct product and strong product. 

Let G be a graph of order n with vertex V= {v,, v,,..., v,}. The adjacency 
matrix of G is the n by a matrix A= {a,} 

where 
1 if v,is adjacent to ¥ inG 

0 otherwise 
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Ais areal symmetric matrix of order n. 
Hence 
(i) The spectrum of A (i.e. the set of its eigen values) is real. 
(ii) IR” has an orthonormal basis of eigenvalues of A. 
(iii) The sum of the entries of the ith row or column of A is d(v,) in G. 
The spectrum of G i.e. Sp(G) depends on the labelling of vertex set V of G. 
Let A’ be the adjacency matrix of G with respect to this labelling can be 
obtained from the original labelling by means of a permutation m of V(G). 
Any such permutation can be effected by means of a permutation matrix 
P of order n. 
Let P= (),)» given the new labelling of V i.e. given the permutation 7 on 
{1, 2, ...., 2) and the vertices v, and Vi, there exists unique a, and f, such that 
Mi) = a, and n(/) = B,. 
Equivalently Pat =1 and Pp = 1 fora # a, and B =f, andp,,.=0= Ps; 
Thus (a,, B,) the entry of the matrix A’ = PAP = PAP’ (P'is Transpose of P) 


n 
> Pak" PBI =a, 
k,l=0 @ 


Hence Yan “By = E(G) iff vy E(G) 


B 


We arrange the eigenvalues of G in their nondecreasing order 
hi hig A Dag > yontg & Ms, 


If ,,..., 4, are the distinct eigenvalus of G and if m, is the multiplicity of 
i, as and eigenvalue of G 
hig Re es s) 


m my, ... Mm 


Sp(G) = ( 


AY 


The characteristic Polynomial of G is the characteristic polynomial of the 
adjacency matrix of G with respect to some labelling of G. It is denoted by 
¥(G : A) 


Hence x(G : A) = det (xJ — A) = det (P(QxI — A)P') 
= det (xJ — PAP”) 


for any permutation matrix of P, and hence ¥(G : A) is also independent 
of the labelling of V(G) 


A circulant of order n is a square matrix of order n in which all the rows 
are obtainable by successive cyclic shifts of one of its rows. 
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( a4 a2 a; | 
e.g. the circulant with first row (a, a, a,) is the matrix a a a 
49 a4 a 
Lemma 9.1 


Let A he a circulant matrix of order n with first row (a, a,,..., a,). Then Sp(A) 
= n-1. = 1 = r 2r 
{a,+ a,o+,....+ a"! : o =an nth root of unity} = {a, +O + O4+,..., + 


Cod" 0<r<n-—1 and C=a primitive nth root of unity} 
Proof: 


The characteristic polynomial of A is the determinant D = det(x/ — A). 


Hence, 
X-Q A, —a, 
os 4, x : a “an 
= “0 we ROO 


Let C, denote the ith column of D, 1 <i <n, and q, an nth root of unity. 
Replace C, by C, + C,o +,..., + Cw”. This does not change D. Let 0, = a, 
+a,@+,...,+ a, "'. Then the new first column of D is (x—1,, (x — A,))’, 
and hence x — A, is a factor of D. This gives D = I] (Xho) , and Sp(A) = 

@:0,=1 
fi w= 1y.. : 


9.2 Spectrum of the Complete Graph K, 


(oO 1 1 1) 
ae 1 0 1 1 
For K,, the adjacency matrix A is given by A = e « 
1 1 1 0 


XK =0+07+,...,+ 0"! 
@o 


_fn-1, ifo=l 
~ | -1, ifo#l 


Hence, Sp(K,) = (” - 1) 
— n —. 
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9.3 Spectrum of the Cycle C 


Label the vertices of C, as 0, 1, 2 ,..., — 1 in this order. Then i is adjacent to 


i+ 1 (mod n). Hence. 


is the circulant with the first row (0 1 0... 0 1). Again, Sp(C_) = {@” +o”? 
:0<r<n-1, where @ is a primitive nth root of unity}. 


: 5 ae: 
Taking = cos + isin we get 
n n 


i, — wo” + ot) 
2 2 — — 
= (cos ™ tisin mr) + (cos ui) + isin ald » 
n n n 
This simplifies to the following: 
( Qn (n—1)r \ 
(i) If nis odd, Sp(C.) = ' se “ ee 
1 Z a 2 
( 2n (n—-1)n \ 
' 2 2cos— .. 2 —2 
(ii) Ifn is even, Sp(C,) = oe n ~ n 
1 2 a 2 1 


9.4 Spectra of Regular Graphs Theorem 


Let G be a k-regular graph of order n. Then 
(i) kis an eigenvalue of G. 
(ii) If Gis connected, every eigenvector corresponding to the eigenvalue k is 
a multiple of /, (the all 1-column vector of length 7) and the multiplicity 


of & as an eigenvalue of G is one. 
(iii) For any eigenvalue A of G, |A| < k. (Hence Sp(G) c [-4, k]). 


Proof: 

(i) We have Al = <1, and hence k is an eigenvalue of A. 

(ii) Letx=(x,,...,x,)’ be any eigenvector of A corresponding to the eigenvalue 
k so that Ax = kx. We may suppose that x has a positive entry (otherwise, 
take—x in place of x) and that x, is the largest positive entry in x. Let v.,, 
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Vio+++) V,, be the k neighbours of “a in G. Taking the inner product of the 
jth row of A with x, we getx, +x, + ,....+X,= k This gives, by the 
choice of x, Dy Regt stag he Xj. 
Now start at v,,,v,,,..., V,, in succession and look at their neighbours in G. 
As before, the entries x, in x corresponding to these neighbours must all 
be equal to x. As G is connected, all the vertices of G are reachable in this 
way step by step. Hence x = x, (1, 1,..., 1)’, and every eigenvector x of 
A corresponding to the eigenvalue k is a multiple of 1. Thus, the space of 
eigenvectors of A corresponding to the eigenvalue k is one-dimensional, 
and therefore, the multiplicity of & as an eigenvalue of G is 1. 
(iii) The proof is similar to (ii). If Ay = Ay, y #0, and if y, is the entry in y with 
k 
the largest absolute value, we see that the equation Dp = i, implies 


k k pal 
that Ally] = |0 Yip] S Dol Yip | < My. Thus, |A| < k. 
p=l p=l 
Corollary: If A denotes the maximum degree of G, then for any eigenvalue A 
of G, |A| <A. 
Proof : 


Considering a vertex v, of maximum degree A, and imitating the proof of (iii) 
above, we get | A\ly| < Aly]. 


9.5 Theorem of the Spectrum of the Complement of a Regular 
Graph 


Let G be a k-regular connected graph of order n with spectrum 


( he as . Then the spectrum of G*, the complement of G, 
1 m m, mM, 
is given by 
awl ete Sost Saat a: ee) 
a= [ 1 My Mm ses m, 
Proof: 


As G is k-regular, G° is n — 1 — k regular, and hence n — 1 —k is an eigenvalue 
of G*. Further, the adjacency matrix of G° is A° = J — 1— A, where J is the 
all-1 matrix of order n, / is the identity matrix of order n, and A is the adjacency 
matrix of G. If ¥(A) is the characteristic polynomial of A. ¥(A) = (A —k)y, (A). 
By Cayley-Hamilton theorem, (A) = 0 and hence we have Ay,(A) = ky,(A). 
Hence, every column vector of y(A) is an eigenvector of A corresponding to 
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the eigenvalue k. But the space of eigenvectors of A is generated by 1, G being 
connected. Hence, each column vector of ¥,(A) is a multiple of 1. But x,(A) 
is symmetric and hence x (A) is a multiple of J, say, x,(A) = oJ, a # 0. Thus, 
J and hence J—J—A are polynomials in A (remember : A, = 1). Let 4 # k be 
any eigenvalue of A [so that x (A) = 0]m and Y eigenvector of A corresponding 
to A. Then 


ACY =(J-1-A)Y 


AY = (HA _1a}y 
Qa 
- (2-1-1) 
Qa 
=(-1-A)Y 


Thus, 4°Y=(—1—A)Y, and therefore — 1 — is an eigenvalue of A‘ corresponding 
to the eigenvalue A(# k) of A. 


9.6 Sachs’ Theorem 
This theorem determines the spectrum of the line graph of a regular graph 
G in terms of Sp(G). 
Let G be a labelled graph with vertex set 
PGW cds Vy 
and edges set E(G) = {e,,@,,...,e,} 
with respect to these labellings, the incidence matrix B = (b,) of G, 


which describes the incidence structure of G, is defined as the m by n matrix 


1 if a is incident to v, 


B= (b,), where 5,= | 9 otherwise 


First of all we should go through the following lamma: 


Lemma 9.2 


Let G be a graph of order n and size m with A and B as its adjacency and 
incidence matrices respectively. Let A, denote the adjacency matrix of the line 
graph of G. Then 


(i) BB’=A, +21, 
(ii) If Gis k-regular, B’B = A + kl, 


Spectral Properties of Graphs 
Proof: 
Let A = (a,) and B= (b,). We have 


(i) (BB), = di bybip 
p=l 
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= number of vertices v, that are incident to both e; and e, 


| ife,and e, are adjacent 


2 


(ii) Proof of (i) is similar. 


ifi=j. 


Theorem 9.1 (Sachs’ theorem). 


0 ifi#jande, and e,are nonadjacent 


Let G be a k-regular graph of order n. Then y(L(G): A) = (A + 2)™" y(G: A + 


2 —k). where L(G) is the line graph of G. 


Proof: 


We consider the two partitioned matrices U and V, each of order n + m (where 


B stands for the incidence matrix of G): 


Me SB 
a LO Dy | = 
We have 
_[at,-BTB 0 
ee | B Wh 
| AL, 0 
and ku= T 
|%B A, — BB 
Now det(UV) = det(VU) yields: 


dX” det(Al, — BB) = 0" det(Al, — BB’). 
Replacement of A by 4 + 2 in (i) yields 


(A+ 2)"™ det((A + 2)/, — B’B) = det((A + 2), — BB’). 


Hence, by Lemma 9.2 
(L(G): 4) = det(Al, — A,) 


= det((A +2), — (4, 


| 


... (ii) 


+ 21,)) 


= det((A + 2)I, — BB?) 
=(A +2)" det((A + 2), — BB) by using (ii) 
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=(A +2)" det((A + 2)1, —(A+ A) 
(by Lemma 9.2) 
= (A+ 2)" det(A + 2-4), — A) 
=(A+2)"™" ¥(G: 4 +24). a 
9.7 Cayley Graphs and Spectrum 


Cayley graph are special type of regular graphs which are constructed out 
of group. 
Let I be a finite group and S cT 
Such that 
(i) e € Si.e., e is the identity to 
(ii) Ifa e Sthena'eS 
(iii) S generates 
If we construct a graph G with V(G) =F and in which ab € E(G) if and only 
if b= as for some s € S. Since as = as' in T implies that s = s', it follows that 
each vertex a of G is of degree |S]; that is, G is a |S|-regular graph. Moreover, 
if a and 6 are any two vertices of G, there exists c in I such that ac = b. But 
as S generates I’, c = 5,5,,.. 55 where s, € S, 1 <i<p. Hence, b=as,s,,.. 
Sip which implies that 5 is eeachable from a in G by means of the path a (as,) 
CAFS Pee on ee = b). Thus, G is a connected simple graph. [Condition 
(Z) implies that G has no loops.] G is known as the Cayley graph Cay(T: S) of 
the group I defined by the set S. 


We then consider a special family of Cayley graphs. Taking [ = (Zn, +), the 
additive group of integers modulo n. If S= 18g Sets Si} then0 <¢ Sands,<¢ S 
if and only if n —s, € S. The vertices adjacent to 0 are s,, s,,..., 8,, while those 
adjacent to i are (s, + i)(mod n), (s, + i)(modn),..., (s, +7)(mod n). Consequently, 
the adjacency matrix of Cay(Z” : S) is a circulant and, its eigenvalues are 

LOS, FOS FP gota F @s,:@= an nth root of unity}. 

We now take S(c Zn) to be the set U_ of numbers less than n and prime to 
n. Note that (a, n) = 1 if and only if (n — a, n) = 1. The corresponding Cayley 
graph Cay(Z ; U_) is denoted by X, and called the unitary Cayley graph mod 
n (Note that U, is the set of multiplicative units in Z,.) Now suppose that 
(n,,n,) = 1. What is the Cayley graph X’, = ? Given x € Zany there exist unique 
ce Z,, anddeé Z,,., such that 

x =a,(mod n,) and x = d(mod n,) .. (i) 

Conversely, givenc € Z _ and deZ, aby the Chinese Remainder Theorem 

there exists a unique x € Z, _ satisfying (i). Define f: Z, > Z,. x Z , (the 


1"2 


direct product of the groups Z,, and Z, ) by setting f(x) = (c,d). Then fi is an 
additive group isomorphism with AU, )=U x U,. 


nny ny 
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Two vertices a and 6 are adjacent in Dn if and only ifa—be Uae Let 


a =a, (mod n,), b=b, (mod n,) 


a =a,(mod n,) and b=b,(mod n,). 


Then (a— 6, n,n,)= | ifand only if (a—b, n,) = 1 =(a—6,n,): equivalently, 


(a, -b,,n,) = 1=(a,—5,, n,) or, in other words, a,b, € E(X,) and a,b, € 
E(X ). 


ng 
The adjacency matrix of X,, as noted before, is a circulant, and hence the 
spectrum (A, ,,...,,) of X, is given by 
a > o” where =e” ... (ii) 
i<j<n 
(j.n)=1 
The sum in (ii) is the well-known Ramanujan sum c(r, n).It is known that 


— ue 2 ee, 
c(r, n) = MOG) where t= ae 


In relation (ii), 1 stands for the Moebius function. Further, as ¢, divides n, 
divides (n), and therefore c(r, 1) is an integer for each r. 


,0<r<n-1..(iii) 


SUMMARY 
1. The set of eigenvales of a group G is known as the spectrum of G and denoted 
by S(G). 
2. Let G be a group of order n and size m and let ¥(G: x) =x" + a,x"! + a,x"? 
+,..., + a, be the characteristic polynomial of A. Then 
(i) a,=0 
(ii) 4,=—m 
(iii) a, = — (twice the number of triangles in G) 
3. The complete graph K,, cannot be decomposed into three copies of the 
Peterson graph. 


4. A linear subgraph of a graph G is a subgraph of G whose components are 
single edges or cycles. 


5. Let A be the adjacency matrix of a simple graph G. Then 


det A = S° (°C?) 2°) 


H 
where the summation is overall the spanning linear subgraph H of G and 


e(H) denote respectively the number of even components and the number of 
cycles in H. 
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EXERCISES} 


. Find the general method to calculate the coefficients of the characteristic 


polynomial. 


. How can you calculate spectra of regular graphs? 
. Prove that the complete graphs K,, cannot be decomposed into three copies 


of the Petersen graph. 


. State and prove general theorem for spectrum of the complete Bipertite graph 


K 


Py 


. State and prove Harary’s Theorem for linear subgraph. 


6. Explain spectra of product graphs by suitable graph. 


7. What are Cayley’s graph, Unitary Cayley Graph and spectra of the Cayley 


Graph X . 


. Prove that the eigenvalues of the unitary Cayley graph XY, = Cay (Z,, U,) are 


all integers C(r, n), 0<r<n-1 


Suggested Readings 


1. 


ah a a 


Balakrishanan R., Ranganathan K. A Textbook of Graph Theory, Spriner 
(NY), 2012. 


Bollobas B., Modern Graph Theory, Springer, 2001. 

Diestel R. Graph Theory, Springer, 2005. 

Godsil and Royle, Algebraic Graph Theory, Springer, 2010 
Harary F., Graph Theory, Narosa, 2006 

Vasudev C., Graph Theory with Application, New Age, 2006 
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Emerging Trends in Graph Theory 


* 
Srinivasa Ramunujan was a noted Indian mathematician and autodidact 


who, with almost no formal training in pure mathematics but made 
extraordinary contribution to mathematical analysis, number theory. He 
was born on December 22, 1887 in Erode, Madras Presidency in a middle 
class family. His academic advisors were G.H. Hardy and S.£. Littlewood. 
He is known for Landau - Ramanujan constant, Mock theta functions, 
Ramanujan conjecture, Ramanujan prime, Ramanujan - Soldner constant, 
Ramanujan theta function, Ramanujan’s sun, Ramanujan master theorem, 


Ss. Ramanujan ) : ; 
(1887-1920) Rogers-Ramanujan Graphs etc. He was very much influenced by Prot. 


GH. Hardy, a well known English mathematician. During his short life, 
[Ramanujan independently compiled nearly 3900 results. He died on April 26, 1920 (aged 32 years). 3 


10.1 Introduction 


In this chapter we shall discuss some popular research areas in Graph Theory. 
In each of the chosen topic, we introduce the problem, give some easily stated 
theorem, important variation, direction of research and provide reference to 


survey articles. 


10.2 Perfect Graphs 
A grpah G is said to be perfect iff ¥(H) = w(A) for every induced subgraph 1 


of G. It is common to use stable set to mean an independent set of vertices. As 
before, clique is a set of pairwise adjacent vertices. 
Since we focus on vertex colouring, we restrict our attention to simple 


graphs. Complementation converts cliques to stable sets and vice-versa, so 
w(H) = aH). 
© The Author(s) 2023 253 
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Properly colouring H means expressing V(H) as a union of cliques in H; 
such a set of cliques in His a clique covering of H. For every graph G, we have 
four optimization parameters of interest viz. 


(i) Independent number o(G) max. size of a stable set. 
(ii) Clique number w(G) max. size of a clique. 
(iii) Chromatic number x(G) min. size of a colouring. 
(iv) Clique covering number 6(G) min. size of a clique covering. 


Base defined two types of perfection: 

(a) Gis Y-perfect if y[G(A)] = w[G(A)] for all 4 Cc V(G). 

(b) Gis a-perfect if 8[G(A)] = a[G(A)] for all A Cc V(G). 

The definition of perfect is the same as the definition of Y perfect. Since 


G[A] is the complement of G[A], the definition of o-perfect can be stated in 
terms of G as 


“¥fG(A)] = wIG(A)] VA c GY”. 
Thus ‘G is o-perfect’ has some meaning as ‘G is Y-perfect’. 
Always x(G) = w(G) and @(G) = a(G). 
If k 2 2, then x(C,, , ,) > w(C,,, ,) and Coys ae w(C,,, d 


Thus, odd cycles and their complements (except C, and C,) are imperfect. 


k+1 


Duplicating a vertex x of G produces a new graph Gox by edding a vertex 
x’ with N(x’) = M(x). The vertex multiplication of G by the nonnegative integer 
vector h = (h,, h,,..., 4) is the graph H = Goh whose vertex set consists of h, 
copies of each x,€ V(G) with copies of x, and x, adjacent in H iff x, <> x, is G. 


An Important Lemma 
Vertex multiplication preserves Y-perfection and -perfection. 
Proof: 


We observe that Goh can be obtained from an induced subgraph of G by 
successive vertex duplications. If every h, is 0 or 1, then Goh = G[A], where A 
= [i : h,> 0). Otherwise, start with G[A] and perform duplications until there 
are h, copies of x, (for each i ). Each vertex-duplication preserves the property 
that copies of x, and xj are adjacent if and only if xx, € E(G), so the resulting 
graph is Goh. 

If G is a-perfect but Goh is not, then some operation in the creation 
of Goh from G[A] produces a graph that is not o-perfect from an 
a-perfect graph. It thus suffices to prove that vertex duplication preserves 
a.-perfection. The same reduction holds for y-perfection. Since every proper 
induced subgraph of Gox is an induced subgraph of G or a vertex duplication 
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of an induced subgraph of G, we further reduce our claim to showing that 
o(Gox) = 8(Gox) when G is o.-perfect. When G is y-perfect, we extend a proper 
coloring of G to a proper coloring of Gox by giving x’ the same color as x. No 
clique contains both x and x’, so @(Gox) = 0(G). Hence x(Gox) = x(G) = 0(G) 
= (Gox). 

When G is o-perfect, we consider two cases. If x belongs to a maximum 
stable set in G, then adding x’ to it yields a(Gox) = a(G) + 1. Since 0(G) = 
o(G), we can obtain a clique covering of this size by adding x’ as a 1-vertex 
clique to some set of 0(G) cliques covering G. 


+ maximum 


<< stable sets 


i oaea of d 


Fig. 10.1: Clique Coversing 


If x belongs to no maximum stable set in G, then a@(Gox) = a@(G). 
Let Q be the clique containing x in a minimum clique cover of G. 
Since 0(G) = a(G), Q intersects every maximum stable set in G. Since 
x belongs to no maximum stable set, QO’ = O — x also intersects every 
maximum stable set. This yields o(G — Q’) = a(G) — 1. Applying the 
a-perfection of G to the induced subgraph G — Q’ (which contains x) yields 
0(G — 0’) = a(G— Q’). Adding QO’ U {x’} to a set of «(G) — 1 cliques covering 
G—(Q yields a set of &(G) cliques covering Gox. a 


Theorem 10.1: (Perfect Graph Theorem) 
A graph is perfect if and only if its complement is perfect. 
Proof: 


It is sufficient to show that o-perfection of G implies y-perfection of G; On 
applying this to G yields the converse. If the claim is faild, then we consider a 
minimal graph G that is o-perfect but not y-perfect. By lamma “/n a minimal 
perfect graph, no stable set intersects every maximum clique.” 1.e. If a stable 
set S in G intersects every w(G) - clique, then perfection of G—S yields ¥(G — 
S) = w(G — S) = w(G) — 1 and S completes a proper w(G)-colouring of G. This 
makes G perfect. We may assume that every maximal stable set in G misses 
some maximum clique Q(S). 
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We design a special vertex multiplication of G. Let S = (S‘) be the 
list of maximal stable sets of G. We weight each vertex by its frequency 
in [Q(S,)], letting h, be the number of stable sets S.€ S such that 
x,€ Q(S.). H = Goh is o-perfect, yielding a(H) = 0(7). We use counting 
arguments for o(H) and 0(#) to obtain a contradiction. (see Fig. 10.2) 

KG) 


OS) ) 


O(T) 0 0 0 


OS) | e 8 : 
ae 
T 


Fig. 10.2 A perfect Machine 


Let A be the 0, 1-matrix of the incidence relation between {OQ (S.)} and V(G); 
we have a,,,= 1 if and only if x,€ O(S,). By construction, h, is the number of 
1s in column of A, and n(/) is the total number of 1s in A. Since each row has 
@(G) 1s, also n(H) = 0(G) |S|. Since vertex duplication cannot enlarge cliques, 
we have (HH) = 0(G). Therefore, 0() = n(A) /w (A) = |S}. 

We obtain a contradiction by proving that o(#) < |S|. Every stable set in 
H consists of copies of elements in some stable set of G, so a maximum stable 
set in H consists of all copies of all vertices in some maximal stable set of G. 
Hence o(H) = max... , a ht i. The sum counts the 1s in A that appear in the 


columns indexed by T. If we count these 1s instead by rows, we obtain o(H) = 
max... , per |T ~ O(S)|. Since T is a stable set, it has at most one vertex in 


each chosen cligge Q(S). Furthermore, 7 is disjoint from Q(7). With |T C Q(S)| 
<1 forall Se S, and |T € Q(T)| = 0, we have a(H) < |S| — 1. a 


@ Example 10.1: Fractional solutions for an imperfect graph. 


For the 5-cycle, the linear programs for w , x , & , 8 all have optimal value 
5/2. There are five maximal cliques and five maximal stable sets, each 
of size 2. Setting each x= 1/2 gives weight 1 to each clique and stable 
set, thereby satisfying the constraints for either maximization problem. 
Setting each y, = 1/2 in the dual programs covers each vertex with a total 
weight of 1, so again the constraints are satisfied. These programs have no 
optimal solution in integers, and the integer programs have a “duality gap”: 
¥=3>2=Mand0=3>2=0. 
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10.3  Chordal Graphs Revisited 


A chordal graph can be built from a single vertex by iteratively adding a vertex 
joined to a clique. This is the reverse of a simplicial elimination ordering 
and we have seen that greedy colouring with respect to such a construction 
ordering yields an optimal colouring. Many classes of perfect graphs have such 
a construction procedure that produces the graphs in the class and no others. 
A construction procedure on the reverse decomposition procedure may lead to 
fast alogirthms or computations on graphs in the class. 


10.4 Intersection Representation 


An intersection representation of a graph G is a family of sets {S,: ve V(G)} 
such that u <> v iff S OS, # Q. If {S|} is an intersection representation of G, 
then G is the intersection graph of {S'}. 


Theorem 10.2: (A Subtree Representation) 


A graph is chordal if and only if it has an intersection representation using 
subtree of a tree. 


Proof: 


First we will have to prove that the condition is equivalent to the existance of 
a simplicial elimination ordering. We can use inductions with a trivial basis K.. 


Let v,,...,, be a simplicial elimination ordering for G. Since v,,...,v, is a 
simplicial elimination ordering for G — v,, the induction hypothesis yields a 
subtree representation of G — v, ina host tree 7. Since v, is simplicial in G, the 
set S= N_(v,) induces a clique in G — v,. Therefore, the subtrees of T assigned 
to vertices of S are pairwise intersecting. 
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Fig. 10.3: Subtree Representation 


If T,, T,,...,T;, are pairwise intersecting subtrees of a tree T then there is a 


vertex belonging to all of Ted cates Ls 
If each vertex v misses some 7(v) among Tsay) WE mark the 
edge that leaves v on the unique path to 7(v). If T has n vertices, then 
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we make n marks, so some edge uw has been market twice. Now 
T(u) and T(w) have no common vertex. These subtrees have a common vertex 
x. We enlarge 7 to a tree T’ by adding a leaf y a adjacent to x, and we add the 
edge xy to the subtrees representing vertices of S. We represent v, by the subtree 
consisting only of y. This completes a subtree representation of G in 7”. 


Conversely, let 7 be a smallest host tree for a subtree representation of G, 
with each v I V(G)-represented by 7(v) I T. If xy 1 E(Z), then G must have a 
vertex u such that 7(u) contains x but not y; otherwise, contracting xy into y 
would yield a representation in a smaller tree. 


Let x be a leaf of 7, and let u be a vertex of G such that 7(u) contains x 
but not its neighbor. The subtrees for neighbors of u in G must contain x and 
hence are pairwise intersecting. Thus u is simplicial in G. Deleting T(z) yields 
a subtree representation of G— u. We complete a simplicial elimination order 
of G using such an ordering of G — u given by the induction hypothesis. 


@ Example 10.2: The first vertex chosen in the MCS order is arbitrary. 


An application of MCS to the graph G above could start by setting f (c) = 1 
and hence 1(b) = 1(d) =1 (e) = 1. Next we could select f(e) = 2 and update 
1(d) = 2, 1(h) = 1(u) = 1. Now dis the only vertex with label as large as 2, and 
hence f(d) = 3. We update 1(b) = 1(h) = 1(u) = 2, I(g) = 1, l(a) = 0. Continuing 
the procedure can produce the order c, e, d, b, h, g, a, u in increasing order 
of f- This is a simplicial construction ordering, and u, a, g, h, b, d, e, cisa 
simplicial elimination ordering. 


10.5 Tarjan’s Theorem (1976) 


A simple graphs G is a chordal if and only ifthe numbering v,, v,,...,v, produced 
by the maximum cardinality search(MCS) algorithm is a simplicial construction 
ordering of G. 


Proof: 
To prove the theorem we firstly discuss Maximum Cardinality search (MCS) 
Algorithm. 

Input: A graph G. 

Output: A vertex numbering - a bijection f: V(G) > }1,..., n(G)}. 

Idea: For each unnumbered vertex v, maintain a label /(v) that is its degree 
among the vertices already numbered. The vertices at the end of a simplicial 


elimination ordering are those clumped around the last vertex, so in a simplicial 
construction ordering the vertices with high labels should be added first. 


Initialization: Assign label 0 to every vertex. Set i= 1. 


Iteration: Select any unnumbered vertex with maximum label. Number. 
Number it 7 and add | to the label of its neighbors. Augment i and iterate. 
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If MCS produces a simplicial construction ordering, then G is chordal. 
Conversely, suppose that G is chordal, and let f: V(G) — [n] be the numbering 
produced by MCS. A bridge of fis a chordless path of length at least 2 whose 
lowest numbers occur at the endpoints. We prove first that f has no bridge. 
Otherwise, let P=u, v,,...,v,, w be a bridge that minimizes mux {f(u), f(w)]. By 
symmetry, we may assume that f(u) > f(w) (fis used as the vertical eoordinkt,e 
to position vertices in the illustration). 


Vp 


Fig. 10.4 


Since u is numbered in preference to v, at time f (wv), and w is already 
numbered at that time, there exists a vertex x € M(u) — N(v,) with f (x) <f(w). 
Letting v, =u, set r= max{ j: x <> v,}. The path P’ =x, v,, wis chordless, since 
x © w would complete a chordless cycle. Since both of f(x), f(w) are less than 


/ (u), P’ is a bridge that contradicts the choice of P. Hence fhas no bridge. 


With this claim, the proof follows by induction on n(G). It suffices to show 
that vis simplicial, since the application of MCS to G— v, produces the same 


numbering V,,---,V,_, that leaves vat the end. If v_is not simplicial, then v_ has 
nonadjacent neighbors u, w, in which case u, v_,w is a bridge of f- = 
Note: 


(i) A tree T is a clique tree of G is there is a bijection between V(T) and the 
maximal cliques of G such that for each, v € V(G) the cliques containing 
v induce a subtree of T. 
(ii) Every tree of minimum order in which G has a subtree representation is 
a clique tree of G. 
(iii) The weighted intersection graph ofa collection A of a finite set is a weighted 


clique in which the elements of A are the vertices and the weight of each 
edge AA’ is |A NA’. 
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Theorem 10.3: (McKee [1993 1]) 


Let M(G) be the weighted intersection graph of the set of maximal cliques (Q,) of 
a simple graph G. If T is a spanning tree of M(G), then w(T) < Xn(Qi) — n(G), 
with equality if and only T is a clique tree. 


Proof: 


Let T be a spanning tree of M(G). Let Tbe the subgraph of T induced by (Q:: v 
€ Q}. Each vertex v € V(G) contributes once to the weight of T for each edge 
of 7; hence w(7) 2 .,,.¢) e(7,). Each T°) is a forest, so e(7,) < n(7\) — 1, with 
equality if and only if 7 is a tree. The term n(7\) contributes | to the size of 
each clique containing v. Summing the inequality for each vertex yields w(7) 
< XZ n(Q,) — n(G). Equality holds if and only if each Ta tree, which is true if 

and only if 7 is a clique tree. a 

Classical Applications of Internal Graphs: 

(i) Analysis of DNA chains: Interval graphs were invented for the study 
of DNA. Benzer [1959] studied the linearity of the chain for higher 
organisms. Each gene is encoded as an interval, except that the relevant 
interval may contain a dozen or more irrelevant junk pieces called “introns” 
among the relevant pieces called “exons”. Under the hypothesis that 
mutations arise from alterations of connected segments, changes in traits 
of microorganisms can be studied to determine whether their determining 
amino-acid sets could intersect. This establishes a graph with traits as 
vertices and “common alterations” as edges. Under the hypotheses of 
linearity and contiguity, the graph is an interval graph, and this aids in 
locating genes along the DNA sequence. 

(ii) Timing of traffic lights: Given traffic streams at an intersection, a traffic 
engineer (or a person with common sense) can determine which pairs of 
streams may flow simultaneously. Given an “all-stop” moment in the cycle, 
the intersection graph of the green-light intervals must be an interval graph 
whose edges are a subset of the allowable pairs. These can be studied to 
optimize some criterion such as average waiting time. 

(iii) Archeological seriation: Given pottery samples at an archeological dig, 
we seek a time-line of what styles. were used when. Assume that each 
style was used during onetime interval and that two styles appearing in 
the same grave were used concurrently. Let two styles be an edge if they 
appear together in a grave. If this graph is an interval graph, then its interval 
representations are the possible time-lines. Otherwise, the information is 
incomplete, and the desired interval graph: requires additional edges. 
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10.6 Perfectly Orderable Graph 


A perfect order on a graph is a vertex ordering such that greedy colouring with 
respect to the ordering inherited by each induced subgraph produces an optimal 
colouring of that subgraph. A perfectly orderable graph is a graph having a 
perfect order. 


In an orientation of G, an obstruction is an induced 4-vertex path a, b, c, d 
whose first and last edges are oriented toward the leaves. The orientation of G 
associated with a vertex ordering L orients each edge toward the vertex earlier 
inL:u<«vifu< vy. A vertex ordering is obstruction free if its associated 
orientation has no obstruction. 


b c 
d 
a 


The orientation associated with a perfect order is obstruction-free, because 
on an obstruction the greedy coloring would use three colors instead of two. 
Chvatal proved that a graph is perfectly orderable if and only if it has an 
obstruction-free ordering. The characterization implies that perfectly orderable 
graphs are, perfect and that chordal graphs and comparability graphsnre perfectly 
orderable. 


@ Example 10.7: Chordal graphs and comparability graphs are perfectly 
orderable. The orientation cbordal graph associated with a simplicial 
construction ordering has. no induced u <— v > w. A transitive orientation 
of a comparability graph has no induced u—> v > w. 


Every orientation with an obstruction has both an induced u— v > wand an 
induced u <— v > w. Hence if G is a comparability graph or a chordal graph, 
then G has an obstruction-free ordering. By Chvatals characterization, such 
graphs are perfectly orderable. 


10.7 Minimal Imperfect Graph 


A star-cutset of G is a vertex cut S containing a vertex x adjacent to all of S— 
{x}. A minimal imperfect graph is an imperfect graph whose proper induced 
subgraphs are all perfect. 


10.7.1 Star-cutset Lemma 


If Ghas no stable set intersectngevery maximumclique, and every proper induced subgraph 
of Gis w(G)-colourable, then G has no star-cut set. 


Proof: 


Suppose that G has a star-cutset C, with w adjacent to all of C— {w}. Since 
G— Cis disconnected, we can partition V (G— C) into sets V,, V, with no edge 
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between them. Let G, = G(V, U C), and let f be a proper w(G)-coloring of G,. 
Let S, be the set of vertices in G, with the same color in f, as w; this includes w 
but no other vertex of C. Since there are no edges between V, and V,, the union 
S=S US, isa stable set. 


‘ Cs-") ° 


Fig. 10.5: Star-cutset Graph 


If QO is a clique in G— S, then Q is contained in G, — S, or in G, — S,. Since 
f, provides an w(G) — 1-coloring of G, — S,, we have |Q| < w(G) — 1. Since this 
applies to every clique QO in G— 5S, the stable set S meets every w(G)-clique of 
G, which contradicts the hypotheses. a 


10.8 Imperfect Graphs 


All p-critical graphs are the minimal imperfect graphs. 


Study of p-critical, graphs has benefitted by enlarging the class to include 
other graphs. Structural properties of the larger class are useful when proving 
the SPGC for special classes of graphe. Padberg [1974] began the study of 
these graphs. Several definitions were suggested to extend the class of p-critical 
graphs but turned out to be alternative characterizations of the same class. The 
definition we use originates in Bland—Huang-—Trotter [1979]. 


For integers a, w = 2, a graph G is a, w-partitionable if it has aw + 1 vertices 
and for each x € V(G) the subgraph G — x has a partition into a cliques of size 
w and a partition into w stable sets of size a. 

The property “w(G[A])o(G[A]) 2 |A| for all A C V(G)” was suggested by 
Fulkerson; we call it B-perfection. It is implied by o-perfection or yperfection; 
if we can color G with w(G) stable sets, then some stable set has at least 
n(G)/w(G) vertices. The converse involves counting arguments like those we 
gave for the PGT, but more delicate. Since B-perfection is unchanged under 
complementation. 


Theorem 10.4: 


If Gis p-critical, then n(G) = 0(G)@(G) + 1. Furthermore, for every x € V(G), 
G —x has a partition into w(G) stable sets of size &(G) and a partition into 
a(G) cliques of size @(G). 
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Proof: 


When G is p-critical, the condition for B-perfection fails only for the full vertex 
set A = V(G). Hence for each x € V(G) we have 

n(G) — 1 S$ a(G — x)o(G — x) = a(G)o(G) < n(G) - 1. 

Therefore, n(G) = o(G)w(G) + 1. Since ¥(G —x) = w(G — x) = 0(G), we can 
cover G—x by @(G) stable sets. Having size at most 0(G), these sets partition 
the o(G)w(G) vertices of G — x into w(G) stable sets of size o(G). Similarly, 
0(G — x) = a(G —x) = XG) yields a partition of V (G — x) into o(G) cliques of 
size to W(G). a 


@ Example 10.4: 


Cycle-powers: The graph e , Is constructed by placing n vertices on a circle 
and making each vertex adjacent to the d nearest vertices in each direction on 
the circle. When d= 1, Cc = C.. We view the vertices as the integers modulo 


n, in order. 


Fig. 10.6: Cycle Power 


The graph C : , shown on the left below, is neither perfect nor p-critical (the 


vertices 0, 2, 4, 6,8 induce C.), but Ci is 3,3-partitionable. When i is removed, 
the unique partition of the remaining nine vertices into three triangles is {(7+ 1, 
i+2,i1+3),(+4,i+5,i+6), (i+ 7,i+8,i+9)}, and the unique partition into 
three stable sets is {G+ 1,i+4,i+ 7), (@+2,i+5,i+8), (@+3,i+6,i1+9)}. 

Always C’." is a, w-partitionable. Every w consecutive vertices in G—x 
form a clique, and every a vertices spaced by jumps of length w form a stable 
set. Showing that C®.', is p-critical if and only if w = 2 or a = 2 reduces the 
SPGC to the statement that G is p-critical if and only if G= CxS) Gyar- 


Theorem 10.5: 


A graph G of order n = aw + 1 is a, w-partitionable if and only if both conditions 
below hold: 
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1. a(G) = aand w(G) = a, and each vertex of G belongs to exactly w cliques 
of size w and a stable sets of size a. 


2. Ghas exactly n maximum cliques {OQ} and exactly n maximum stable sets 
(S), with QO. CS, = q ifand only ifi = j (Q, and S, are mates). 


Proof: 


We have proved ¥(G — x) = w = o(G) and 0(G — x) = a = a&(G) for each x € 
V(G). Choose a clique QO of size w. For each x € QO, G—x has a partition into 
a cliques of size w. Together, O and these w partitions form a list of n = aw 
+ 1 maximum cliques Q,,..., @. Each vertex outside Q appears in one clique 
in each partition. Each vertex in Q appears in Q and once in w — | partitions. 
Hence every vertex appears in exactly w cliques in the list. 


For each Q,, we obtain a maximum stable set S. disjoint from Q.. Choose x 
€ Q. The w maximum stable sets that partition V(G — x) can meet Q, only at 
the w — | vertices other than x. Therefore, one of these stable sets misses QO; 
call it S.. We will show that these two lists contain all the cliques and stable sets 
and have the desired intersection properties. 


Let A be the incidence matrix with a, ,= 1 if x,€ Q, and a, , = 0 otherwise. 
Let B be the matrix with 5, - =1if x,€ . and b, =0 otherwise. The ith entry 
of AB’ is the dot product of row i of A with row : i of B, which equals |0,.0 Si]. 
By proving that AB’ = J— J, where J is the matrix of all 1s, we obtain 0,7 5 
# 0 if and only if i #7. Since J - /is nonsingular, this will also imply that A and 
B are nonsingular. Nonsingular matrices have distinct rows, and hence = 
QO and S,,... S\ will be distinct. 


By construction, |Q, S| =0. Since cliques and stable sets intersect at most 
once, to prove that AB’ = J—I we need only show that each column of 4B’ sums 
to n— 1. Multiplying by the row vector lon the left computes these sums. We 
constructed A so that each column has w is (because each vertex appears in w 
cliques in the list) and B so that each row has a 1s (because each stable set has 
size a). Therefore, 


1 (AB?) = (1, A)BT= wl, B’= wal, =(n-1)17 ...(i) 

To prove that G has no other maximum cliques, we let g be the incidence 
vector of a maximum clique Q and show that g must be a row of A. Since 4 is 
nonsingular, its rows span R" , and we can write qg as a linear combination: g = 
tA. To solve for t, we need A™'. Since every row of A sums to , we have A(w! 
J—B)=a@"'oJ—-(J— 1) =J, and hence 4"! = w! J— B" . Thus, 

t= q*-=q(w J — B)= wg — gB" = ow — gB" ...(ii) 

The ith column of B’ is the incidence vector of S:; hence coordinate i of 
qB" equals |O % S.|, which is 0 or 1. Hence ¢ is a 0, 1-vector and q is a sum of 
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rows of A. Since g sums to @, only one row can be used. Thus g is a row of A 
and Q,,...,Q, are the only maximum cliques. 


The same argument applied to G shows that G has exactly n maximum 
stable sets, with each vertex appearing in a of them. 


QO, QO, v, UA 
Vv, Ss. 


Fig. 10.7 


Sufficiency. we need only prove that ¥(G — x) < w and 0(G — x) <a forall 
x € V(G). Given the cliques and stable sets as guaranteed by condition (2), 
define the incidence matrices A, B as above. By condition (1), each column 
of B has a 1s, and hence JB = aJ = BJ. The intersection requirements in 
condition (2) yield AB’ = J — J. This is nonsingular, so B is nonsingular and 

A'B = B'BA'B = B\J -DB=B' BJ-I=J-1. 

In the product A’B = J— J, the row corresponding to x € V(G) states that V(G 
—x) is covered by, the mates of the w maximum cliques containing x (illustrated 
below), and hence ¥(G—x) < w. Similarly, the column corresponding to x states 
that V(G — x) is covered by the mates of the a maximum stable sets containing 
x, and hence 0(G — x) <a. a 


Note: 


An edge of a graph is critical if deleting it increases the independent number. 
A pair of non-adjacent vertices is co-critical of adding an edge joining them 
increases the clique number. 


Theorem 10.6: 


For an edge xy in a partitionable graph G, the following statements are 
equivalent. 

(a) xy is a critical edge. 

(b) SU {&} € X(G-y). 

(c) xy belongs to w— I maximum cliques. 


Proof: 


BSA. SU {x, y} is a stable set of size a + 1 in G—xy. 
A = C. If xy is critical, then there is a set S such that S U {x} and 
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SU {y} are maximum stable sets in G. Hence every maximum clique 
containing x but not y is disjoint from S U {y}. Since there are w 
maximum cliques containing x and only one maximum clique disjoint from 
SU {y}, the remaining w— 1 maximum cliques containing x must also contain y. 


C = B. The stable sets in the unique coloring of G—x are the mates of the 
cliques containing x. Since xy belongs to w — 1 maximum cliques, the mates of 
these w — 1 cliques belong to both X(G — x) and _X(G — y). This leaves only a 
+ 1] vertices in the graph, consisting of the vertices x, y and a stable set S such 
that SU {y} © X(G—x) and SU {x} © X(G—y). a 


10.9 Strong Perfect Graph Coryecture 


We have been proving properties of partitionable graphs in a “top down” 
approach to the SPGC, trying to find enough properties to eliminate all but odd 
cycles and their complements as p-critical graphs. The “bottom up” approach 
is to verify that the SPEC holds on larger and larger classes of graphs, until all 
are included. 


One way to prove that a class G satisfies the SPGC is to prove that every 
Berge graph in G is perfect. A hereditary class G satisfies the SPGC if the odd 
cycles and their complements are the only p-critical graphs in G. Every cycle 
is both a circle graph and a circular-arc graph, but neither of these classes 
contains the other. One way to prove the SPGC for a class G is to show that 
every partitionable graph in G belongs to another class H where the SPGC is 
known to hold. In this role we use the class {Cc}. 


Theorem 10.7: 
The SPGC holds for circular-arc graphs. 
Proof: 


Recall that N[v] denotes N(v) U {v), the closed neighborhood of v. When G is 
partatisnable with distinct vertices x, y, we claim that N[x] ¢ N[yv]. Consider 
the clique Q containing x in O(G — y); we have O C N[x]. If N(v) contains N[x], 
then O U {y} is a clique of size w(G) + 1. 

Now, if G is a partitionable circular-arc graph, it suffices to show that G 
= C°-1 because the SPGC holds for cycle-powers Consider a circular-arc 
representation that assigns arc A, tox € V. Since Ny] cannot contain N[x], the 
arc A. cannot lie within another arc A, of the representation. If no arc contains 
another, then every arc that intersects A, contains at least one endpoint of A. 
Since the vertices corresponding to the arcs containing one point induce a clique, 
there are at most ® — | other arcs containing each endpoint of A . Equality holds 
(and no other arc contains both endpoints of A ), since 5(G) = 2m — 2. 
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Starting from a given point p on the circle, let v, be the vertex represented by 
the ith arc encountered moving clockwise from p. Since each arc meets exactly 
w — 1 others at each endpoint, v, is adjacent to v,, , (addition modulo 1) for each 


. cw 
i. HenceG=~" . | 


10.10 Hereditary Family 


A hereducta family is a collection of sets, F, such that everysubset of a set in 
F is also in F. A hereditary system M on E consists of a nonempty ideal /,, of 
subsets of E and the various ways of specifying the ideal, called aspects of M. 


The elements of /,, are the independent sets of M. The other subsets of E 
are dependent. The bases are the maximal independent sets, and the circuts are 
the minimal dependent sets; B,, and C,, denote these families of subsets of E. 
The rank of a subset of E is the maximum size of an independent set in it. The 
rank function r,, is defined by r(X) = max {|¥|: YCX, Ye J}. 


Hereditary systems are too general to behave nicely. We restrict our 
attention to hereditary systems having an additional property, and these we call 
matroids. We can translate any restriction on /, into a corresponding restriction 
on some other aspect of the hereditary system. Because hereditary systems can 
be specified in many ways, we have many equivalent definitions of matroids. 
Using various motivating examples, we state several of these properties that 
characterize matroids. Later we prove that they are equivalent. We begin with 
the fundamental example from graphs. 


Aspects of hereditary systems. A hereditary system M is determined by. 
any of J, B,,, oe r,> etc., because each aspect specifies the others. We 
have expressed B,,, C,,, 7,, in terms of /,,. Conversely, if we know B,,, then 
I,» consists of the sets contained in members of B,,. If we know C,,, then J,, 
consists of the sets containing no member of C,,. If we know r,,, then IM = {X 


Chr (Ay ix 
10.11 Matroids 


Many results of graph theory extend or simplify in the theory of matroids. These 
include the greedy algorithm for minimum spanning trees, the strong duality 
between maximum matching and minimum vertex cover in bipartite graphs, 
and the geometric duality relating planar graphs and their duals. 


Matroids arise in many contexts but are special enough to have rich 
combinatorial structure. When a result from graph theory generalizes to matroids, 
it can then be interpreted in other special cases. Several difficult theorems about 
graphs have found easier proofs using matroids. 
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Matroids were introduced by Whitney [1935] to study planarity and 
algebraic aspects of graphs, by MacLane [1936] to study geometric lattices, 
and by van der Waerden [1937] to study independence in vector spaces. Most 
of the language comes from these contexts. Here we emphasize applications 
to graphs. 

The cycle Matroid M(G) of a graph G is the heredctary system on E(G) 
whose circuits are the cycles of G. A hereditary system that is M(G) for some 
graph G is called a graphic matroid. 


In a hereditary system, a loop is an element forming a circuit of size 1. 
Parallel elements are distinct non-loops forming a circuit of size 2. A hereditary 
system is simple if it has no loops or parallel elements. 


The vectorial matroid ona set E of vectors in a vector space is the hereditary 
system whose independent sets are the linearly independent subsets of vectors 
in E. A matroid expressible in this way is a linear ntatroid (or representable 
matroid). The column matroid M(A) of a matrix A is the vectorial matroid 
defined on its columns. 


The transversal matroid induced by sets A,,..., A,, with union F is the 
hereditary system on E' whose independent sets are the systems of distinct 
representatives of subsets of (4 ,,...,4,,). Equivalently, letting G be the E, [m]- 
bigraph defined by e < i if and only if e € A, the independent sets are the 
subsets of F that are saturated by matchings in G. 


10.11.1 Hereditary Systems 


Label each vertex a = (a,,...,a,) of the hypercube Q, by the corresponding set 
X,=(i: a,= 1). Draw Q in the plane so that the vertical coordinates of vertices 
are in order by the size of the sets labeling them. 


The diagram below illustrates the relationships among the independent 
sets, bases, circuits, and dependent sets of a hereditary system. The bases are 
the maximal elements of the family I and the circuits are the minimal elements 
not in I. In every hereditary system,@ belongs to I. If every set is independent, 
then there is no circuit, but there is always at least one base. 


In the example on the right, the independent sets are the acyclic edge sets 
in a graph with three edges. The only dependent sets are {1, 2} and {1, 2, 3}, 
the only circuit is {1, 2}, and the bases are {1, 3} and {2, 3}. The rank of an 
independent set is its size. For the dependent sets, we have r({1, 2}) = 1 and 
r({1, 2,3}) =2. 
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Fig. 10.8: Graph of Hereditary System 


Bases in cycle matroids. The bases of the cycle matroid M(G) are the edge 
sets of the maximal forests in G. Each maximal forest contains a spanning tree 
from each component, so they have the same size. Consider B,, B, € B with 
e€ B,—B.,. Deleting e from B, disconnects some component of B,; since B, 
contains a tree spanning that component of G, some edge fe B,— B, can be 
added to B, — e to reconnect it. 


For a hereditary system M, the base exchange property is: if B,, B, € B,,, 
then for alle € B,—B, there exists fe B,—B, such that B,—e+ fe B,,. Matroids 
are the hereditary systems satisfying the base exchange property. 


10.11.2 Rank Function in Cycle Matroids 


Let G be a graph with n vertices. For X C E(G), let G, denote the spanning 
subgraph of G with edge set_X. In M(G), an independent subset of X is the edge 
set of a forest in G,. When G, has & components, the maximum size of such a 
forest isn —k. Hence r(X) = n—k. Below we show such a forest Y (bold) within 
X (bold and solid). 


If r(X + e) =r(X) for some e € FE —X, then the endpoints of e lie in a single 
component of Gx; adding e does not combine components. If we add two such 
edges, then again we do not combine components. Therefore, r(X) = r(X + e) 
=r(X+ f) implies r(X) = 7r(X+ e +f). 

For a hereditary system M on E, the (weak) absorption property is: if X¥ C E 
ande, fe E, then r(X) =r(X+ e) =r(X +f) implies r(X+ e +f) =r(X). Matroids 
are the hereditary systems satisfying the absorption property. 


Fig. 10.9: Cycle Matroids 
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Independent sets in transversal matroids. When M, M’ are matchings in 
G and |M’| > |M|, the symmetric difference Ma M’ contains an M-augmenting 
path P. Replacing Mm P with M’ 7 P yields a matching of size |M| + 1 that 
saturates all vertices of M plus the endpoints of P. 


Consider independent sets /,, /, in the transversal matroid generated by 
A,,...,4,. In the associated bipartite graph, let /,, M, be matchings saturating 
I, I, respectively (on the left below, M,, is solid and M, is dashed). If || > |I,| 
then the snatching obtained from M, by using M_-augmenting path in M,a M, 
saturates /,, plus an element e € J, —/,; this “augments” J/,. For a hereditary 
system on E, the augmentation property is for distinct /,, J, € I with |/| > |Z, 
there exists e € I,—J, such that /, U {e} € I. Matroids are the hereiliitary systems 
satisfying the augmentation property. 


E 


@ 
I 
I 
/ 
| / / / ¢ P\ 7 
I / / 
Im] 
{1,2} {2,3,4) {4,5} 
Fig. 8.10: Transversal Matroid 


The transversal matroid of the family A= {1,2}, {2,3,4}, {4,5}}, illustrated 
by the bipartite graph on the right, is again M(K, — e). a 


10.12 Basic Properties of Matroids 


A hereditary system M on E is a matroid if it satisfies any of the following 
additional properties, where J, B, C, and r are the independent sets, bases, 
circuits, and rank function of M. 
I: augmentation—if /,, J, € I with |/| > |/|, then J, + e € I for some 
eel i. 
U: uniformity—for every X C E£, the maximal subsets of X belonging to 
I have the same size. 
B: base exchange—if B,, B, € B, then for all e € B, — B, there exists 
fe B,—B, such that B,-e+fe B. 
R: submodularity—r (X 4 Y) + r(X U Y) S$ r(X) + r(Y) whenever_x, 
YCE. 
A: weak absorption—(X) = r(X + e) =r(X + f) implies r(X¥ + e + f) = 
r(X) whenever XC E and e, fe E, 
A’: strong absorption—if X, Y Cc E, and r(X + e) =r(X) for alle eé Y, then 
(XU Y)=r(X). 
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C: weak elimination—for distinct circuits C,,C,¢ C andxe C,AC,, 
there is another member of C contained in (C, U C,) — x. 


J: induced circuits—if J € I, then / + e contains at most one circuit. 


G: greedy algorithm—for each nonnegative weight function on £, the 
greedy algorithm selects an independent set of maximum total weight. 


The base exchange property implies that all bases have the same size: if |B. 
< |B,| for some B,, B, € B, then we can iteratively replace elements of B, — B, 
by elements of B, — B, to obtain a base of size |B,| contained in B,, but no base 
is contained in another. 


10.13 Span Function 


The span function of a hereditary system M is the function 0,, on the subsets 
of E defined by 0, (X)=XvU {ee E: Y+ee C, for some YC X}. Ife € o(4), 
then _X Spans e. 


In a hereditary system, X is a dependent set if and only if it contains a 
circuit, holds if and only if e € o(X- e) for some e € X. We can therefore find 
the independent sets from the span function vial = {YX CE: (e€ XS (e€ 
o(X—e))}. 

The properties of span functions that we use in studying matroids are (s,,s,, 
S,) below (an additional technical condition is needed to characterize the span 
functions of hereditary systems). First we illustrate property (s,) using graphs. 


Theorem 10.8: 


If Mis a hereditary system, then each condition below is necessary and sufficient 
for M to be a matroid: 
P: incorporation—7(s(X)) = r(X) for all X CE. 
S: idempotence—o’(X) = o(X) for all XC E. 
T: transitivity of dependence—if e € o(X) and X C 0(Y), thene € o(Y). 
C’: strong elimination—whenever C,C,e Cee C, nC, and fe 
C,aC,, there exists Ce C such thatfe CC(C,UC,)-e. 


Proof: 


U = P: Every element in o(X) — X completes a circuit with a subset 
of X and thus lies in the span of every set between X and o(X). 
Thus it suffices to prove that r(Y + e) = r(Y) when e € r(Y). Let 
Z be a subset of Y such that Z + e € C. Augment Z to a maximal 
independent subset J of Y + e. By the uniformity property, |/| = 
r(Y+ e). Since Z+ e € C, we have ee J. Thus] C Y, and we have 7(Y) = 
|| =r(Y + e) (Absorption can be used instead.) 
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P = S: Since o is expensive, 0?(X) D o(X), and we need only show that 
e € 0°(X) implies e € o(X). By the incorporation property, r(o(X) + e) 
= r(o(X)) and r(o(X)) = r(X). Since X C o(X), monotonicity of r yields 
r(X) S$ r(X + e) S r(O(X) + e) = r(X). Since equality holds throughout, 
yields e € O(X). 

S=T: IfX Co (¥), then the order-preserving and idempotence properties 
of a imply o(X) C 0°(v) = o(Y). 

T > C’: Given distinct C,, C, € Cwithe € C,AC, andf € C,-C,, we 
want fe o(Y), where Y= (C,UC,) -e—f. We have f € o(X), where 
X=C,—f. By T, it suffices to show X C 0(Y). Since X¥-e CYC o(Y), 
we need only show e € 0(Y). Since o is order-preserving, we have 
e€ o(C,-e) Cc o(7). 

C’ => C: Cisa leas restrictive statement than C’. a 


Note: 


(7) 


(ii) 


(iii) 


The dual of a hereditary system M on E is the hereditary system M* whose 
bases are the complements of the bases of M. The aspects B*(B,,.), C%, 
I*® r*, 0%, of M* are the cobases, cocircuits, etc., of M. 

The supbases S of M are the sets containing a base. The hypobases H are 
the maximal subsets containing nobase. We write x forE-X. 


The bond malroid or cocycle matroid of a graph G is the heredctary system 
whose circuits are the bonds of G. 

For a hereditary system M on E, the restriction of M to F C E, denoted 
M | F and obtained by deleting F, is the hereditary system defined by 
Ly) p = (XCF: Xe I). The contraction of M to F c E, denoted M.F 
and obtained by contracting F, is the hereditary system defined by 
San (XCF:XUFe S,,)- When F = E—e, we write M—e =M | F and 
M.e=M. F The minors of M are the hereditary systems arising from M 
using deletions and contractions. 


Theorem 10.9: Matroid Intersection Theorem (1970) 


For matroids M_,, M, on E, the size of a largest common independent set satisfies 
max (||: Le 1,01) =min,_r(X) +rX)). 


Proof: 


For weak duality, consider arbitrary J € I, at, and X Cc E. The 
sets I~ X and I ¢ X are also common independent sets, and | J | = 
OX] + POX| Sr (X) |r (X). 
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To achieve equality, we use induction on |E|; when |£| = 0 both sides are 
0. If every element of E is a loop in M, or in M,, then max | J | = 0 = r,(X) + 
r(x ), where X consists of all loops in M,. Hence we may assume that |E| > 0 
and that some e € Fis anon-loop in both matroids. Let F = E — e, and consider 
the matroids M, IF, M) F, M..F, and M,,.F. 

Let k= min,_, (r(X) +r,(X)}; we seek a common independent k-set in M, 
and M.,. If there is none, then M_ | F and M,| F have no common independent 
kset, and M_.F and M,.F have no common independent k — 1-set. The induction 
hypothesis and rank formula yield 

r(X) + r(F-X)<k-—1 for some XC F, and 

ny rele -Yre)—1Sk=2 forsome Yer, 

We use (F— Y) +e = Y and F—X=X+e and sum the two inequalities: 

r(X) +r (Xt e)tr (VY + e)tr,(Y) s2k-1. 

Now we apply submodularity ofr, to X and Y + e and submodularity of r, 
to Y and X+ e. For clarity, write U= ¥ + e and V= Y+ e. Applying this to the 
preceding inequality yields 

rXOV tr (XaV)t+r(Vu UV) +r, (YOU) S2k-1. 

Since YUU =XU Vand Y UU =X0 SJ, the left side sums two instances 
of r,(Z) + r,(Z), and the hypothesis k <r,(Z) + r,(Z) for all ZC E yields 2k < 
2k — 1. Hence M, and M, do have a common independent k-set. 


E 


@ 
é 
Fig. 10.11: Intersection of Metroid 


Theorem 10.10: Metroid Union Theorem [1965] 


If M,.... M, are matroids on E with rank functions r,,..., 1, then the union M = 
M_U,..., UM, is a matroid with rank function r(X) = min,_ (|X —Y | + 2r{¥)). 


Yex 
Proof: 
After proving the formula for the rank function, we will verify the submodularity 


property to prove that /is a matroid. First we reduce the computation of the rank 
function to the computation of 7(£). In the restriction of the hereditary system M to 
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the set.X, we have IM| X= {YC X: Ye I) and Ky xX) =r) for YEX. Thus | 
X= U(M |X), and applying the formula for the rank of the full union to M |X 
yields r,(X). 

Consider a k by | E | grid of elements E’ in which the jth column E consists 
of k copies of the element e€ E. We define two matroids N,, N, on E’ such that 
the maximum size of a set independent in both N, and N, equals the maximum 
size of a set independent in M. We then compute r,(£) by applying the Matroid 
Intersection Theorem to N, and N,. Let M’, be a copy of M, defined on the 
elements E ' of row i in E”. Lets N, be the direct sum matroid M’,® ...0M’,, 
and let N, be the partition matroid uiduced on E” by the column partition {E}. 


——$ + —: - -—_—o—m 


Fig. 10.12: Metroid Union 


Each set X € I,, has a decomposition as a disjoint union of subsets 
X,€ I, because I. is a hereditary family. Given a decomposition {X,} of 
Xe I,,, let X”; be the copy of X, in £ ‘. Since {X}} are disjoint, U x is 
independent in N,, and_X, € I, implies that UX’, is also independent in N.. 
From X € I, we have constructed UX’, of size |X] in I, 7 I,,. Conversely, 
any X”€ I,,, O1,,, corresponds to a decomposition of a set in I, of size |X”| 
when the sets X” 4 E ‘are transferred back to £, because N, forbids multiple 
copies of elements. 


Hence r(£) = max{| /|:/¢ I,,, 0 1,,,). To compute this, let the rank 
functions of N,, N, be q,, g,, and let 7’, be the rank function of the copy M’, 
of M, on E.. We have q,(X’) = Zr’ (X" A E ‘), and q,(X’) is the number of 
elements of E that have copies in X”. The Matroid Intersection Theorem yields 
r(E) = min,» {9,(X) + 9, (FE - X)}. 

The minimum is achieved by a set X” such that E’— X” is closed in N,. The 
closed sets in the partition matroid N, are the sets that contain all or none of the 
copies of each element-the unions of full columns of £”. Given X” with E’ —X’ 
closed in N,, let Y C E be the set of elements whose copies comprise X”. Then 
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q({E’ —X") = |E— Y |, and X’ contains all copies of the elements of Y, so g,(X’) 
= Zr’ (XO E’) = Zr(Y). We conclude that r(£) = min, _ ,{|E — Y| + 2r(Y)}. 
To show that M is a matroid, we verify submodularity for r. Given X, Y Cc 
E, the formula for r yields UC X and VC Y such that 
r(X) = |X- U| + Br(U); 
r(Y) =|Y-Vi+ =r(V). 
Since UN VCXO YandUUVCXUY, we also have 
MXOY) Ss |(XAY)-(UN VY) + 2r(Un Y); 
MXUYS|(XUNY-(WVUV)+2r(U Vy YP). 
After applying the submodularity of each r, and the diagram below, these 
inequalities yield r.X¥ A Y)+7r(X VU Y) << r(X) + 7(Y). 


CO) 


(XN Y-(UNV) + |XU Y-(UU V)| = |X-U t+ |Y-V 7 
10.14 Encodings of Graphs 


Each model of encoding has assigning vectors to vertices, and the parameter 
is the minimum length of vectors that suffice. We study the maximum of this 
parameter over n-vertex graphs. The parameters are intersection number, product 
dimension and squashed-cube dimension. 


An intersection representation of length ¢ assigns each vertex a 0, 1 vector 
of length ¢ such that u <> v if and only if their vectors have a 1 in a common 
position. Equivalently, it assigns each x € V(G)aset SC [¢] such that u <> vif 
and only if S. 7 S, # Q. The intersection number; O’(G) is the minimum length 
of an intersection representation of G. 

The elements of [f] in a representation correspond to complete subgraphs 
that cover E(G). This motivates use of Q’ for intersection number: Q(G) is the 
minimum number of cliques needed to cover V(G). 

A product representation of length t assigns the vertices distinct vectors of 
length t so that u © v if and only if their vectors differ in every position. The 
product dimension paradigm G is the minimum length of such a representation 
of G. 

By devoting one coordinate to each e € E(G), in which the vertices of e have 
value 0 and other vertices have distinct positive value, we obtain pain G< e(G). 
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An equivalence on G is a spanning subgraph of G whose components are 
complete graphs. 

A squashed-cube embedding of length N is a map f: v((G) > S™ such that 
d (u, v) = d (flu), fv)). The squashed-cube dimension g dim G is the minimum 
length of such an embedding of G. 


10.15 Ramanujan Graphs 


Ramanujan Graph constitute a different family of regular graph. In contemporary 
mathematics, a great deal of interest has been shown in Ramanujan graph 
by research community in graph theory, number theory, cryptography and 
communication theory. A Ramanujan Graph is a k-regular connected graph 
G, k >2 such that if be any eigenvalue of G with |A| # k, then A <2 Jk-1. 
The following graph may be considered as Ramanujan graph: 

(i) The complete graph K,, n > 3. 

(ii) Cycle C.. 
(iii) K ,Herek=nand Sp(K. )= (’ 7 

ae 1 2n-2 


n, 1 1 
(iv) The Petersen graph. 


The Moebius ladder M, is the cubic graph obtained by joining the opposite 
vertices of the cycle C,,. we have 


1, = eos +(-1), 0<j<2h-1 


nep=?) 1=2cos~ +1 > 

2p p 
2./k—1 (when p becomes large) = 2 ./2 (as k = 3). Hence, not every regular 
graph is a Ramanujan graph. 


Take A = 2p andj = 4p —2. Then d,, , = 2cos 


Let G be a k-regular Ramanujan graph of order n, and A is adjacency matrix. 
As A is symmetric, R” has an orthonormal basis {u, ,..., u,} of eigenvectors of 


T 
: 1 1 
A. Since A, = k,, we can take u, = [oe . Let oe Lig Aig 2 onkeg 
> }, where A, =k and Au,=Ku, 1<i<n. We can write A= > A ,ujlty . (This 
i=l 
is seen from the fact that the matrices on the two sides when postmultiplied by 


u, 1< j<n both yield Au.) More generally, as i, 1 <i<nare the eigenvalues 
of A’, we have 


AP = YOdP ua (i) 
i=l 
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Let u, = (4), GJ, sa (Us «-» (u,),). Then the (7, s)th entry of 


n n 

A,= AP (u;)- (Uj) = VA a, Gs : =X. As A isa binary matrix, X._ is 
i=l i=l 

a nonnegative integer. Moreover, as G is k-regular and connected, i, = k. Set 


MG) : = max|A, |. Then, 
[A /@k n 
X,= LAP) Gs 


i=l 


= |IAP @,), (ui)s 
i=l 
2 K(u,) (u,), ~ Sa (u;), (u; . 
i=2 


-—k —|Xo| where Z, = VM (u;), (ui) 


pl (ii 
=> (il 
Vn Vn a 

Assume that G is not bipartite, so that A, = — k. Hence, the eigenvalues 


Kaoe++s A, all satisfy |A,| < A(G), and therefore 


IE < AG)? Dal (m), @)s | 
i=2 


1/2 1/2 
( 


Ce oe (eal 
X : i/r i/s 
SMA" Lledr lJ [| Bles|] 
(by Cauchy-Schwarz inequality) 


1/2 2 
<(G)? E — (uy ) | E —(u, ) | (as the w,’s are unit vectors) 


1/2 1/2 
eM@yli-2] [1-2] 
n n 


P [ = 4 
<G) : 


kP 1 
Hence, the (r, s)th entry of A’ is positive if —>A(G)” (1 4) , that is, 
n n 
kP 
> 
MG)? 


if n—l. 
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on taking logarithms, 


p> log(n —1) (iii) 

log(k/2X(G) 
then every of A? is positive. Now the diameter of G is the least positive 
integer p for which A? is positive. Hence, the diameter D of G satisfies the 


inequality. 


2 log(m —1) 4] 


= Jog(k / iG) () 


Note: 


The author has only touched upon the periphary of Ramanujan graph. A 
deeper study of Ramanujan graph requires expertise in number theory. Interested 
readers can refers to the two survey articles by Ram Murty and the relevent 
references contained therein. Some parts can also be seen in authors book 


entitled ‘Elements of Number Theory and Cryptography’. 


EXERCISES 


1. Prove that every tree of minimum order in which G has a subtree representation 
is a clique tree of G. 

2. Compute ¥(G) and w(G) for complement of odd cycle C 24 + 1. 

3. Prove that every graph is the intersection graph of a family of subtree of some 
graph. 

4. Determine the trees that split graphs, and construct a pain of nonisomorphic 
split graph with the same degree sequence. 

5. Prove that every perfectly orderable graph is strongly perfect. 

6. If Mis a matroid, then prove that the subbases we the spanning sets and the 
hypobases are the hypoplanes. 

7. Characterize the graphs whose matchings from the family of independent 
sets of a matroid on the set of edges. 

8. Prove that for n = 4, the minimum number of edges in a gossip scheme on 


n-vertices is 2n — 4. 
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(2k —1) . 
9. Ifm= | k J , than prove that K,,_,, is not A-chorable. 


10. Prove that c¢, (G) = c¢(G) for all G. 
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